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Abstract:

The main objective of this research is to study some properties of Injective for topological
module. More result in this paper are obtained we show you can find Injective topological module.
Keywords: Topological module, Topological submodule, the tensor product of Topological
submodule, injective Topological module.
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Article History:

Algebraic topology is one of the important branches of mathematics and embodies the
relationships between the algebra and the topology. The true beginning of the study of algebraic
topology in 1920s through the study of topological group. In 1955, Cabaske introduced a definition
of topological module, and the Partial topological measurement, the number of research like Dikran
Dikran. In this paper we study topological modules especially injective topological modules. The
Important of this work is to evaluate the tensor product of injective topological module.
1-Introduction

In this paper, we have the principal goal is to study a topology property of important
algebraic construction namely the injective module. We use a new tool with a injective module
which is a tensor product of modules. Therefore all topogy submodules in this notion are a tensor
product. The meaning of the tensor module introduced in this notion and the important fact of this
article is to explain the injective module when all submodules are tensor. Finally, several results
have been obtained about the injective topology module.

The scientists needed to consider the topography module. In 1955, Cabaske presented the
meaning of the topogical module. A definition and a few properties of the topogical module and
topogical submodule can discover it in [1,7]. To contemplate the remainder module we need to
present a simple meaning of shape similarity topogical module:

Let M:D — D; be a mapping between two topogical modules. u is called a shape similarity
topogical module if H is a shape similarity and continuous [4], and in [1]

A tensor module of topography R-modules H and S have been defined in and more details
about a tensor concept in [4]. A tensor product of topography R-module H, S is a topography R-
module dented by H @ S together with R-bilinear mapping T: H X S - H @ S such that for every
R-bilinear mapping y: H X S — X. There exists a unique linear mapping @: H @ S — X such that
the:
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Commutes thatisyp = @ o T.[2]
Leave D alone a left topography R-module. A subset H of D is called a topogical submodule if:

1. Hisasubmodule of D
2. H is atopogical subspace of topography space D.

In [5,6] Let D, D’ be a topogical module. The planning v: D—D' is called homomorphism topogical
module if

1. wvis ashape similarity module.
2. v s acontinuous map

And v is called homeomorphism topology module if

e v isisomorphism module
e v isshape similarity topology.

Now the mapping v: D — D’ is called regular embedding if it’s the embedding mapping and
v(D) is open of D’ where D, D' be a topological module.

Let D be a topologic module and H; @ H, is a topological submodule of E then E is called
exending injective for H; @ H, isa D is injective and H; @ H, is open of D.

Let D; ® D, be a topological module on topological ring. S; ® S, is called maximal

essential extension for D; @ D, if:

1) S, ® S, is essential extension for D; ® D,
2) IfS; ® S', is proper S; ® S, is essential for D; @ D,

Then S; ® S, is not essential extension for D; @ D,.

A topological module D; @ D, on topological ring R is essential for topological submodule
M; @ M, then D; ® D, is minimal essential injective for M; @ M, if :

1) D, @ D, is injective.
2) If D, ® D', is topological submodule of D; ® D, contain proper M; @ M,.

Then D; @ D,is not injective.

Let D be topological module and let M; @ M, be a topological submodule of D then D is
called essential extension of M; @ M, if M; @ M, is open in D and

(51 ® S2) N (M; ® My) # 0[3,2]
Where §; @ S, is any topological submodule of D.

2. on some Results of Injective Topological module
In this section we give some results about the work. But before that we need to introduce
the following definition.

Definition ( 2-1)

Let D be a left topological module. Then D is called injective if it has the properties
H, ® H, is a left is left open topological submodule of topological module H; ® H, and v: H; ®
H, — D be a homomorphism topological module then v extendent to homomorphism topological
module H; ® H, to D.
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Proposition (2.2):

Let D be a discrete of topological module D, then D is injective if and only if for any closed
of topological submodule S; ® S, of a topological module D'. homomorphism of topological
module
fi5: ® S, » D extended to D'.

Proof: Let S; ® S, be left open of topological submodule of topological module D’. hence its
closed and by assumption we get extended g: D’ — D and by definition( 2-1) D is injective.

H, Q H, i D

Let v be a homomorphism of topological module:S; ® S, = D, ker(v) is open of
topological submodule of D, and therefore contain intersection

(5, ® S,) N (H; ® H,). of D. we can extension v to (S; ® S,) + (M; @ M,)
17((51 Rsy)+(h ® hz)) =v(s; ® s3)

51 ®S; > (51 ®S,)+ (H @ Hy) » D’

D

Since D is injective of topological module and (S; ® S,) + (H; ® H,) is open topological
submodule of D then v is extension to homomorphism of topological module from D’ to D, then
v extension to D.

Proposition (2.3)
Let D be a topological module on topological ring R, D is injective if and only if for every

injective regular of any topological module Z; @ Z, to any topological module Q; ® @, and any
homomorphism of topological module

9:Z1 Q Z, — D there exists homomorphism topological module

proof:

suppose that D is injective topological module. Since
f:Z: ®Z, - Q; ® Q, is injective regular map, then f(Z; ® Z,) is open topological submodule
of Q; ® 0,

o)



Sl mstll Y e Ly ill A2 dlna — By pomiswall dealpl

gv Y f(Z, ® Z,) — D extension to homomorphism of topological module

h:Q, ® Q, » D itmeanthathoi = gv1.

f(Z, ®7,) QL R Q,

i
-1

gv

Andtheng =hov =

Let H, ® H, be open topological submodule of topological module D' and let g: H'; ®
H, -» D be a homomorphism topological, i:. H; ® H, » H; @ H,,since H; ® H, be open
topological submodule of H; @ H, then i is regular injective map.and then there exists
homomorphism topological module h: H; @ H, — D such that g=h o i hence h is extended to g.

Proposition (2.4):
Let D, ® D, be a left injective topological module on the topological ring R and let D; ®
D, be a left topological module of the same topological ring if

I:D; ® D, —» D; ® D, be homomorphism of topological ring then D; & D, is injective.
Proof: By the diagram

Z; ® Z; B Q0

)
. . h
b, ® D, l :

D; ® D,

Such that Z; ® Z,, Q; @ Q, are two topological R-module, and v:Z; ® Z, » Q; ® Q5.
Since D; @ D, is injective topological module then there exists homomorphism of topological
module h: Q; @ Q; » D; ® D, such that

hov=iog.
Now define 4: Q; ® Q, — D; ® D', such that

h(g; ® q;) = (it o h)(q; ® g,) which can be confirmed that is homeomorphism of topological
module forall a; ® a, € Z, K Z,

(hov)(a; ® ay) = (i" o h)(a; ® ay)
=("Tohog)(a, ® ay)
= g(a1 X az)

Hence D', ® D, is injective.
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Proposition (2.5)
Let D;, D, ...D,,_4,D, be a left topological modules, and let D;,D, ...D,,_; be a left injective
topological module on the topological ring R if i: D,, = D,,_; homomorphism of topological ring
then D,, is injective.
Proof:

Let Z and Q are topological module on the same topological ring R, f:Z — Q and let
g:Z — D, be a homomorphism of topological module since D,,_; is injective topological module
then there exists homomorphism of topological module h: Q — D,,_; suchthathev =io g.
Now define h,,: Q = D,, h,,(b) = {i~1 o h(b)}

(hpov)(b) = {i"t o hov(b)}
= (i o goi)(b)
=9g(b)
Ifb=0
h(0) = {i o h(0) = {0}}
hence h is homeomorphism of topological module
fora € Z
(hov)(@) = (i"tehov)(a)
v

= (it oio g)(a)

Z N
_ g \L /
g(a) D, hn
h

Proposition (2.6):
Let {D,},ea be family of topological module,
D =Qqea IS injective if and only if for all D,, is injective

Proof:

Suppose that D, is injective, the diagram in figuer 1

Z; ® Z; 0, ¥z

(Figuerl)
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Such that z; ® z,,Q; @ Q, are topological module on the same topological ring, v:Z; @
Z, = Q1 ® Q, is injective map,

9:Z1 ® Z, — D is homomorphism of topological module since D, is injective topological module
then there exists homomorphism of topological module

he: Q1 ® Q, » D, such that (h, o v) =i, g .Now define h: Q; ® Q, —» D define by h(a; ®
a,) ==(ig o h)(a; ® ay) ={(ig o hy)(a; Q ay)}.If (a; @ a;) = 0 & 0 It mean that h(0 ® 0)=

= {ig ° he(0 ® 0)}
=(0®0)
Hence h is homomorphism topological module.Now if (a; @ a,)eZ; Q Z, then
(hov) (a1 @ az) ={ig °hy o v(a; @ az)}
ia °P aogla;®a,)
=g(a; @ az)
Conversely:

Suppose that D =Q ,ea D, IS injective topological module, the diagram figure 2

Z,Q 7, s Q1 ®Q;
g v
Dy ‘
_ h
la
\
(ngure 2)

Since D is injective topological module then there exists a homomorphism of topological
module h: Q; ® Q, —» D

hov=i,og.
Now define hy: Q1 @ Q; = D,
ha(by ® by) = {(i™" e h)(b; ® b,)}
(hg o v)(by ® by) = {(i™ o hov)(by ® by)}
(hg o v)(by ® by) = {(i™* 0 iy © g) (b ® by)}
= 9(b1 ® by)
Hence D, is injective.

Corollary (2.7):
Let {D,},ea be a family of discrat of topological module if @,ecp D, is injective then
any D, is injective for all a € A.
Proof:
Since D, is tensor product then by the above Proposition D,, is injective.
of
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Proposition (2.8):

Let D, @ D, be a topological module of a topological ring R and let F be essential
extending then inclusion map. i:D; @ D, - S; ® S, extending for injective map from v: F —
S51QS,.

Proof:
By the diagram in figure 3
D; ® D, T F
i //,’/ v
. Vgl
Figure 3 5 ® S,

Since §; @ S, is injective then there exists homomorphism topological module v: F - S; ®
S, such that v o i; = i and this mean that i extendent to F and
(D; @ D,) N kerv = 0 but F is essential extension for D; ® D,, kerv = 0thatmeanv: F - S; ®
S, on to homomorphism of topological module.
Since D; @ D, open of F and S; @ S, then v: F = §; ® S, is injective mapping.
Proposition (2. 9):
Let D; @ D, be a left topological module then the following statements are requirement:
1) D, ® D, is an injective.
2) If D; ® D, open left topological module of F then F =® (D; @ D,) and discrete of
topological module.
3) If F is essential extension of D; @ D, then D; @ D,has no prove essential extension.
Proof:
1 —— 2

Suppose that D; @ D, open of topological module of, since D; @ D, is injective and
13:D; @ D, =» D; ® D, be a homomorphism topological module by definition of(2.1)
1, extendengl to homomorphism topological module.

g:F = D; @ D, and the diagram in figure 4 is commutative:

D; ® D, 1 F
I ,,//
7T g
L
D; ® D,
(Figure 4)

Now let x € F then g(x) € D; Q D,

I.(g(0) = (g > H(g(x)
It mean that g(x) = g(g(x), but g is homomorphism topological module:

o0
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gx—gkx)=0

x —g(x) € kerg
x € (D1 Q D2) + kerg
F=(D, ®D,;)+ kerg= (D, ® D;) Nkerg =0
AndF = (D; ® D,) Q kerg
kerg is discrete
2=3

Suppose that D; @ D, c F and F is essential extension of D; ® D, by the definition of
essential extention.

D; ® D, is open submodule of F by (2) F is tenser product of D; ® D, and discrete submodule of
F meanthat (D; ® D,) + X = F and (D; Q D,) + X = 0, but F is essential extension for D; @ D,
andthat mean X = 0thenD; ® D, = F

1=3

Suppose that D; @ D, has no proper essential extension and let F is injective topological
module contain open topological submodule D; @ D, and let H; @ H, be another submodule of F
is maximal with the properties

(H, ® H,) n (D; ® D,) = 0 it's clear that
(H, ® Hy) + (D; ® D2)/H, @ H, c F/H, @ H, by
(Hy ® H,) + D; ® D,/H; @ H, requirement topological module with D; ® D,

We cleam that ¥ /H,; ® H, is essential extension of (H; ® H,) + D; ® D,/(H,; ® H,)and
let (K; @ K,) is a submodule of F’ contain D; ® D, then :

(K, ® K;)/H; ® H, is a submodule of £/H; ® H, and suppose that

—(Klf’KZ) ® H,n(H; ® Hy) + [D1H®D] ® H, = 0 we get:
1 1

(K1 ® K;) N D; ® D, + (H; ® Hy) < Dy Q@ D, and

(K1 ® K,) N (D; ® D,) = 0 but H; @ H, is a maximal hence
H, ® H, = K; Q K, and therefore (K; ® K,)/H; ® H, =0
And then F/H, ® H, is essential extension for

D, ®D, =(H, ® Hy) + (D, ® D,)/H; ® H, and from the hypothesis D; @ D, has no proper
essential extension and so:

(Hy ® Hy) + D1 ® D, /H; @ H,
F/H, @ H, =D, @ D,
F=H1®H2+D1®D2

D, @ D, is injective

=
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Proposition (2.10):

Let D be injective topological module and let H; @ H, be open topological submodule of D
not contain in any topological submodule be essential extension of H; @ H, then H; @ H, is
injective.

Proof:

Suppose that F; ® F, is essential extension for H; @ H,, since D is injective from
proposition (2.8) there exists injective map: v: F; ® F, = D, but f(F; ® F,) is a submodule of D
not contain H; @ H, and is essential extension for H; @ H, and therefore:

f(F, ® F,) =H; ® H, andsince nisontothen F; ® F, = H; Q H,.

i

H; ® H, 1 ®F,

(Figure 5)

Proposition (2.11):
Let D; @ D, be a topological submodule of S; ® S, is essential injective for D; ® D, then
S: ® S, has open topological submodule is a maximal essential extension for D; @ D,.

Proof:

Let Q be a family of all essential extension for D; ® D, and its open topological submodule of
S: ® S, hence Q # 0 because D € Q by Zorons lemma Q has maximal element F; @ F, we claim
that F; ® F, is maximal essential extension for D; @ D,.

Suppose that F; ® F, is a maximal essential extension for D; ® D,, since F; ® F, open of
S ®S,and S; ® S, is injective by proposition (2.8) there exists injective map:

v:F; ® F, and then v(F; ® F,) element of S; ® S, contain F; ® F, and is essential extension for
F; ® F, hence is essential extension for D; @ D, and then

v(F, ® F,) € Qbut F; ® F, is maximal and then v(F, ® F,) = F; ® F, but
ker(v) =0andthenF, ® F, = F; ® F,.
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