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Abstract

The aim of this paper is to investigate Jordan higher reverse derivations on prime T" -
semirings. We introduce a higher revers derivation and a Jordan higher derivation in " -semirings.
For a 2-torsion free prime I -semiring M such that xoyPz = xpyaz for all x,y, zEM and o, €I’ we
prove that every Jordan higher reverse derivation of M is a higher reverse derivation of M.
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1. Introduction

I'-semirings were first studied by M. K. Rao [11] as a generalization of I'-ring as well as of
semiring. It is noted that I"-rings were considered by N. Nobusawa in 1964 in [9], there have been a
few slightly different definitions for a I'-ring. The concepts of I'-semirings by M.Murali Krishna
Rao [10 ] let M and I' be two additive semigroups. If there exists a mapping M xI' x M — M
(images to be denoted by xay for X,y € M and a€ I') satisfying, for all x,y,z€ Mand a, B €T,
(i) xa (yPz) = (xay)pz (ii) Xxa (y + z) = Xay + Xaz (iii) (X +Yy) az = Xaz + yaz
(iv) X(a + B)y = xay + xPy then M is called a I —semiring. [2] Throughout this PaPer M denotes a
' -semiring with center Z(M)[1], recall that a " - semiring M is called prime ifaT’ M T b = (0)
implies a = 0 or b = 0[8], and it is called semiprime if al'MT'a = (0) implies a = 0[6], a prime
[' — semiring is obviously semiprime and a I' — semiring M is called 2 -torision free if 2a =0
implies a = 0 for every a € M[5], an additive mapping d from M into itself is called a derivation s if
d(aab) = d(a)ab + aad(b), for all a,b € M, a € I'[7] and d is said to be Jordan derivation of a I -
semiring M if d(aea) = d(a)aa + aad(a), for all a € M, a € I'[4] Bresar and Vukman [3] have
introduced the notion of a reverse derivation as an additive mapping d from a semiring S into itself
satisfying d(xy) = d(y)x + yd(x) for all x,y € S M. Sammn[13] presented the study between the
derivation and reverse derivation in semiprime ring SAlso it is shown that non-commutative prime
rings don’t admit a non-trivial skew commuting derivation. We defined in [12] the
concepts of higher reverse derivation of I' -semiring M

o4


mailto:hu99uh@uomustansiriyah.edu.iq
mailto:audaymath@gmail.com
mailto:audaymath@gmail.com

Slill el . T e Loy ill 4. dlna — Ay gomiiaall dealpll

we introduce a higher reverse derivations and a Jordan higher reverse derivation s in I' —
semirings.we definition a Jordan triple higher reverse derivations on I" —semirings we prove every
Jordan higher reverse derivation of a prime I'-semiring is higher reverse derivation.

2. Jordan higher Reverse Derivations on I'-semirings
Definition (2.1):

Let M be a I'-semirings and D =(d,);ey be a family of additive mappings of M, such that d, =
Idy; then D is called a higher reverse derivation s on M if for every a, b€ M, A € I'and n N

dy(a2b) = ) di () 2d(@) .. ()
i+j=n
D is called a Jordan higher reverse derivations on M if for every a € M, A €l'and n EN.
d (ala) = Z di ()2 dy(a) ... .. (ii)
i+j=n
D is, called a Jordan triple higher reverse derivations on M if for every a, b€ M, A, Bel'and n €N
i<n
d_(aAb Ba) = d (a)Balb + 2 di (@) d(b)Ady (@) -.... (i)
i+j+r=np

Any higher reverse derivation on a I'-semirings M is obviously a Jordan higher reverse derivation
on M, but this is not always the case, as the following example demonstrates:
Example (2.2):
Let M be a I'-semirings and a € M such that xI'a I'x = 0 for all x € M and let a 'a = 0, let
D=(d;);en be a family of additive mappings of M into itself define by for each n €N:
d,(x) = nxla + alx Forall x € M, A€T
We note that D is Jordan higher reverse derivation on M but not higher reverse derivation on M.

Lemma (2.3):
Let M be a I'-semiring and D = (d; )y be a higher reverse derivation on M then for all a,b, ¢ €
Mand 4,8 €I the following statements are hold:
(D) d(a2b +baa) = ) di(b)Adi(@) + di(@)Ad;(b)
i+j=n

In special case if be Z (M)

i<n

(i6) d,(a2b fa + afb Aa) = d,(@Barb + » d;(@)f di(b)Adr(@)
' i+i+r=n
+d(@aafb + ) d;(@)f di(b)Adr(@
e i+j+r=n
(iii)d (@b 2a) = d,(@Aatb + ) di(@f d(b)Ad,(@)
i+j+r=n

(iv) d,(aAbAC + ¢Abla) = d()Aalb + Z d; ()Ad;(b)A dy.(a)

i+j+r=n
i<n

Fd@2Tb + ) di@Ad (B,

i+j+r=n



Slill el . T e Loy ill 4. dlna — Ay gomiiaall dealpll

Proof:
(1) Replace (a + b) for a in definition (2.1)(ii) we have:

d,((@+b)Aa@+Db)) = > di(a+bAd(a+b)

i+j=n

= > (@ + d(0)) Ay (@ + dy(b))
i+j=n
= ) d(@) 2@ + di(b)Ady(@) + d@AGD) + dBAGD) .. (1)
Onltﬁ;;econd party:
d,((a+b)A(a+b)) = d,(ata+ alb + b la + b Ab)
= d,(ala+bib) + d,(alb + b 1a)
= Y di@Ad(@ + dib) Ady(b) + dalb +bAa) ....(2)
Co;ngz;ing (1) and (2) we get:
d,(a2b +bAa) = ) di(b)Adi(@) + di(@)d;(b)
(ii) Replace afb + IbJ,[_;; for b in (i) we get:
d,(aA(aBb + bpa) + (afb + b pa)ia)
d,(aA(apb) + al(bpa) + (apb)ia + (b pa)ia)
d,((ada)Bb + (aib)Ba + (apb)ia + (bpa)la)

z di (b)Bdj(ata) + di(a)Bdj(aib) + di(a)Adj(apb) + di(a)Adi(b Ba)

i+j=n
= ) d®IBA@,(@) + d@pd (b)) + d(@)d(b)Bd, (@)
i+j+r=n
+ di()Ad;(@) B, (b) |
= d,(b)pada+ Y dBIBA@I@ + d@pab + Y di@ pd(b)Ad (@)
i-?i:r=n i+jtr=n
+d@afb + ) di(@Ad(h)fdr(@)
i-|-£1<+r=17
+ d(a)Ab Ba + z di(a)Ad;(a)Bd,-(b) ... (1D
i+j+r=n

On the Second party:
d,(aA(@fb + bfa) + (afb + bp a)la)
d(atafb + albfa + afbla + b ala)
d(alaf b + bpBala)+ d,(aAbf a + af bla)
i<n
dyb)fata+ ) di(B) d@)2 dy(a)
i+j+r=n
i<n
+ d,(a)Ab Ba + Z di(a)Adj(a)pd,(b) + d,(aib Ba+ afbla) ...(2)
i+j+r=n
Comparing (1) and (2) we have the expected outcome.
(iii) Changing out A for g in definition (2.1)(iii) we get:

1)
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i<np
d,(alb Aa) = d,(a)Aalb + Z di(a)Ad;(b)Ad,(a)
i+j+r =n
(iv)Replacing a + ¢ for a in (iii) we have:
i<n
d((a+ Db Aa+ ) = d(a+DAa+ Db + Z di(a + ¢©)Ad;(b)Ad,(a + ©)
i+j+r=n
i<n
= d,(a)2alb + Z di(a)Ad,(b)Ad, (a)
i+j+r=n
i<n
+ d(¢)Aalb + z di(c)Ad;(b)Ad,(a)
i+j+r=n
i<n
+ d,(a)AcAb + Z di(@)Ady(b)Ad, ()
i+j+r=n
i<n
+ d,(HACAD + Z di()Ad;(b)Ad,-(¢) e (D)
i+j+r=n
On the second party:
d,((a+ )b A(a + ©))
d,(albla + aib Ac¢ + ¢AbAa + ¢Ab A¢)
d,(albla + ¢AbA¢) + d,(alb A¢ + ¢Ab da)
i<n
d()ladb + Z di(a)2 dy(b)A d,(a)
i+j+r=r
i<n
+d, (HACADb + z di()Adi(b)Ad.(c) +d,(adbAc + ¢AbA@) ........(2)
i+j+r=r
Comparing (1) and (2) we have the required result.
Definition (2.4):
Let D= (d;);en be a Jordan higher reverse derivation on a I'-semirings M with additive inverse
and identity element for every n €N, a,b € M and A€l" we define:

Va(@b)y = dyaib) = ) di(h)Adi(a)

i+j=n

Lemma (2.5):

Let D= (d;);ey be a Jordan higher reverse derivation on a I'-semirings M with additive inverse
and identity element for all a, b, ¢ € M, 4, pel'and n €N then:
(l) \pn(a, b))l = - Wn(bl a))l
(”’) Wn(a + br d)l = Wn(al Cr)l + Wn(bi d)/l
i)y, (ab +)y= vy (ab)+vy (a0,

(v, (a,b)rip = v, (@, b)r+ v, (ab)g
proof:
(i) By 1emma (2.3)(i) and since d, is additive mapping
d,(aib +bAa) = ) di(b)Ad(@) + di(@Ad;(h)
i+j=n
d,(a2b) + dy(bia) = Y diBAd@ + ) d(@id(b)
i+j=n Hj=n

a1y
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d,(a2b) = ) dib)d(@) = ~d,(bi)+ ) d(@id(b)

i+j=n i+tj=n
dy(@th) = ) diAdi(@) = ~(dybAa) = ) di(@Ad;(b)
i+j=n i+j=n

\Vn(ai b))l = - \Vn(bi a))l
(i) wy(@+ b,z = dy((@+b)A) = > di(©Ad(a+b)
i+j=n
= 4@+ b2 = () (@ + d(OAdD))
i+j=n
= d,(a1) = ) d(OM(@) + d(bA) — ) di()Ady(D)
i+j=n i+j=n
= \Vn(ar C.)/1 + \Vn(bJ d)/l
(iii) — (iv): As the same way of (ii).

Remark (2.6):

Note that D= (d;);ey IS higher reverse derivations on I'-semirings M with additive inverse and
identity if and only if v (a,b), = 0 forall a,b € M, A €I" and n €N.

3. The Main Results

Lemma 3.1: [5]

Let’s M is a 2-torsion free semi prime I'-semiring with additive identity and inverse and supposing
thata,h € M, ifafm/’h + HIm7a =0 forany meM, thena/m/I’h = hI/mla=0.
Lemma (3.2):

Let d = (d;);ey be a Jordan higher reverse derivations of a 2-torsion free I' — semiring M with
additive inverse and identity element. Let n € N and assume that a,b,m € M; A, € T Then:

v, (a,b)2fmpBla,b]s + [a, b]afmpB v, (a,b); =0
Proof:
We consider U=aAbfmpBbAla+balapmpBaib. first, we compute
dn (U)=dn (a2 bpmpbia+blapmpaib)
=dn (@l (bfmpb) Aa) +dn (b A (@fmpBa) 1 b)

Since d, is additive mapping then by lemma (2.3) iii we obtain on one hand

_ Z dy(a 1 (bfmBh) 1 a) + d.(b A(aBmpa) 1 b)

S+t=n

= Z d;(a) A di(b)Bd,(m)Bds(b) A de(a)

i+j+r+t=n

+ Z d;(b) 2d;(a)Bd,(m)Bds(a) Ad.(b)
i+j+r+t=n
On the other hand: J
d,(U)=d, (@ibpmpbila+biafmpBaib)

=d,((aAb)fmB(bra) + (bAa)fmB(a b))

Using lemma (2.3 iv)

dn(U) = Z di(bAa)pd;(m)pd,(aib) + Z di(a Ab)Bd;(m)Bd,(b 1 a)

i+j+r=n i+j+r=n
Comparing the tow expressions for d,,(U), we have:

ay



Slill el . T e Loy ill 4. dlna — Ay gomiiaall dealpll

di(b) A dj(a)pd,(m)Bds(a) 2 de(b) — Z di(a Ab)Bd;(m)Bd, (b1 a)

i+j+r+s+t=n i+j+r=n
+ Z di(a) A dj(b)Bd,(m)Bds(b) A d.(a)
i+j+r+s+t=n

- ) dbrDpdmpd(@ib)  ..(1)

i+j+r=n
By the inductive assumption we can substitute:

ds(udv)for Z d; (v)A dj(u) where g <ndoru=a,b

i+j=g
and v = b,a
Therefore:
d;(b) A1 dj(a)Bd,(m)Bds(a) Ad:(b) — z di(aAb)pd;(m)Bd,(b1a)
i+j+r+s+t=n i+j+r=n
=~ (dn(@lb) = )" di(b) 2di(@)BmBbAa — albfmB(dn(bia) = ) ds(@2de(H))
itj=n s+t=n
=-(y,(a,b)a fmp bia +albpmBy (b,a)y)  ...... (2)
Similarly,
D @A dBBd-mBdsDAd@ ~ ) di(bAa)d;(m)fdy(arb)
i+j+r+t=n i+j+r=n
=-(y,(b,a)a mp aAb+ bAapmB vy (a,b)y ....cen. 3)

Hence, by using (2) and (3) we obtain:
-(v,(a,b)a BmB bra + aib pmpBy (b,a); + v (b, a); fmPBaib+
bAapmpB y (a,b)3) =0

By lemma(2.5i) we get:

— (wy(ab)a fmBbAa—y,(ab) fmBaib

+ bAapmB v, (a,b)i- aAbpmB vy, (a,b)) =0
-(y,(@b) fmp (bAa—aAb)+ (brla—aib)y, (b)) =0
v,(a, b)afmpBla, bl + [a,blafmBy (a,b)y =0

Lemma (3.3):

Let d = (d;);en be a Jordan higher reverse derivation s of a 2-torsion free prime I' — semiring M

with additive inverse and identity element. Letn € N and a,b,m € M; A, € T Then:
v, (a,b)apmpBla,b]y =0

Proof:

By lemma 3.2 we get:

v,(a,b)apmpBla,b]y + [a,b]afmBy (a,b); =0

By Lemma (3.1):

v,(a,b)apmpBla,b]; =0

Theorem (3.4):

Let d = (d;);en be alJordan higher reverse derivations of a 2-torsion free prime I' — semiring M
with additive inverse and identity element. Letn € N and a,b,m € M; A, € T then:
v, (@, b)aBmBIc,d]; = 0
Proof:

Replacing a + ¢ for a in lemma 3.3

y,(a+cb)fmpla+c, bl =0
v, (a,b)3fmp[a,bly + v, (a,b)afmpB[C, blx + v, (¢, b)aBmpB[a,b]; +

¢
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Vi (dr b)llgmﬁ [(f, b]/l =0

By lemma 3.3 we get:

v, (a,b);fmBla, bl = v (¢, b)afmPB[c,b]; = 0

Then we have:

v, (a,b),BmBIc, bl + v (¢, b);fmBla,b]; =0

Therefore, we get:

v, (a,b),BmBIc, bl fmpBy, (a,b)afmpB[c, b,

= =y, (a,b)afmpB[c,blafmPBy (¢, b),fmBla,b]; =0

Hence,by primness of M:

v, (a,b);BmB[c¢,b]; =0 ..(1)

Similarly, by replacing b +d for b in lemma 3.3 we get:

v, (@ b)pmBla,d]; =0 ..(2)

Thusy_(a,b)afmBla+c,b+d]; =0

v, (a,b)apmpa, bl + v (a b)yfmBla,d]; + v (a b)apmpB[c bla
+y, (a,b)apmp[c,d]; =0

By (1),(2) and lemma (3.3) we get:

v, (a,b),fmB[c,d]; =0

Theorem (3.5)
Let M be a 2-torsion free prime I'-semiring. Then every Jordan higher reverse derivation of M

is higher reverse derivation of M.
Proof:

Let d = (d;)ien be a Jordan higher reverse derivation of 2-torsion free prime I'—semiring M, by
theorem 3.4 we get:
v, (a,b)pmp[c,d]; =0
Since M is prime, we get either v (a,b), =0 or [c¢,d]; =0 forall a,b,¢,d € M,A€T and
neN,if[¢,d], #0forallc,d e Mand A €T.
Then vy (a,b); =0 foralla,b €M and A € T and ne N and by remark (2.6)
d is higher reverse derivation of M.

But if [¢,d]; =0 for all ¢,d € M and A1 € T then M commutative and therefore, we have from
lemma 2.3(i).

dn2alb) = 2 D" di(h) 2 dy()

i+j=n
Since M is 2-torsion free, we find d is a higher reverse derivation

10
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