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 :المستخلص
 جديد من المجموعات المفتوحة في فضاءات التبولوجيا مع دراسة بعض خواصها. دراسة نوع

Abstract: 

       The authors introduce some new open sets in bitopological spaces and 

study some of their basic properties. 

1.Introduction:  

     The concept of bitopological spaces was initiated by Kelly 1 .Let  21,, TTX  

be a bitopological spaces. For XA  set by   Acli  and  Aiint  we denote the 

iT closure and iT interior of A  for 2,1i .       

2.1Definition:   

       A subset A  in bitopological space  21,, TTX  will be termed L  -open iff 

there exists an 1T -open set U  such that  UclAU 2 . 

      The family of all L  -open sets  in bitopological space  21,, TTX  is denoted  

by  XOL ..  . It’s clear that every 1T -open set is L  -open but the converse is not 

true. The complement of L  -open set will be called a L –closed set. 

          The following theorems give some properties of L  -open sets. 
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2.2Theorem:   

         Let  21,, TTX be a   bitopological space. Let XA , A is L  -open  iff 

  AIntclA 12 . 

Proof: 

Let   AIntclA 12 .Put  AIntU 1 , we have  UclAU 2 . 

Conversely.  Let A  be L  -open set. Then  UclAU 2  for some 1T -open 

setU .But  AIntU 1 and 

thus     AIntclUcl 122  .Hence     AIntclUclA 122  . 

2.3 Theorem : 

Let  21,, TTX  be a bitopological space. Let A and B be two subsets 

of X .then 

1) Let  
A be a collection of L  -open sets in a bitopological 

space X .then


A  is L  -open. 

2) Let A  be L  -open in the bitopological space X  and 

suppose  AclBA 2 .then B  is L  -open. 

Proof: 

1) For each  ,we have an 1T -open U an such that   UclAU 2  . 

Then   






















 UclUclAU 22 .Hence, let 





UU . Then 

 UclAU 2





  . 

2) Since A  is L  -open, there exists an 1T -open set U such that  UclAU 2  
. Then BU  . But     UclAcl 22  and thus  UclB 2 . Hence  UclBU 2  
and B   is 

L  -open. 

2.4 Theorem : 

Let   B  be a collection of sets in X such that, 
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1) 21 TT   

2) If B  and  BclUB 2 , then U .Then   XOL .. . Thus  XOL .. is 

the smallest class of sets in X  satisfying (1) and (2). 

Proof: 

Let  XLA .0. .then  OclAO 2  for some 1T -open setO . Then O  by (1) 

and thus A  by (2). 

2.5 Theorem : 

Let XYA   where X  is a bitopological space andY  is a subspace of 

bitopological space  21,, TTX . Let  XOLA .. , then.  YOLA ..  

Proof: 

 OclAO 2 , where O  is 1T -open in X .now YO  and thus 

 OclYYAYOO 2  or  OclAO Y2  . 

Since YOO  ,O is YT1 open inY  and the theorem is proved. 

2.6 definition : 

A Set XM X   is said to be L -neighborhood of a point Xx iff there exists 

a  XOLA ..   such that XMA . 

2.7 Theorem: 

 XOLA .. Iff A  is L -neighborhood of each Ax . 

Proof: easy. 

2.8 definition : 

A point Xx  is said to be L -limit point of A iff for 

each  XOLU x .. ,   xAU x  . 

       The following theorems give some properties of L -limit points. 

2.9 Theorem : 

A  is L –closed  iff it contains the set of its L -limit points. 
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Proof: Easy 

        The set of all L -limit points of A  is said to be the L -derived set of 

A and is denoted by  AderL  . 

 

2.10 Theorem : 

If A , B  by subsets of bitopological space  21,, TTX . Then, 

(1) if BA  ,then    BderLAderL  . 

(2)      BAderLBderLAderL   . 

(3)      BderLAderLBAderL   . 

(4)     AderLAAderLderL  . 

(5)     AderLAAderLAderL   . 

Proof: 

We prove parts (4),(5), and the others follow directly from definitions. 

(4) Let    AAderLderLP  and  XOLU .. . Then      PAderLU  . 

Let    pAderLUq   . Now since  AderLq   and Uq ,   qAU  . 

Let  qAUr  . Then pr   for Ar  and  Ap . Therefore    pAU   

implies that  AderLp  . 

(5) Let    AderLAderLb   .If  Ab ,   the result is obvious. So let 

   AAderLAderLb   .Then, if   XOLU ..  containing b , 

      bAderLAderLU  , then      bAderLU  . Now it follows 

similarly from (4) that   bAU  . Therefore  AderLb  . 

Thus in any case     AderLAAderLAderL   . 

2.11 definition : 

Let A  be a subset of a bitopological space  21,, TTX  ,  AderLA  is defined 

to be the L -closure of A  and is denoted by  AclL   . 

          The following theorem gives some properties of L -closure sets. 
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2.12 Theorem : 

Let  21,, TTX  be a bitopological space. Let A and B  be two subsets of X . 

Then  

(1)    AderLAAclLA    

(2) If BA , then    BclLAclL  . 

(3)      BAclLBclLAclL   . 

(4)      BclLAclLBAclL   . 

(5)     clL .   XXclL  . 

(6)     AclLAclLclL  . 

(7) A  is a L –closed iff   AAclL  ,  AclL   is L –closed. 

(8)    FAandclosedLisFFAclL  ,  , (  AclL  is the smallest L –

closed set containing A  ). 

Proof: 

We prove parts (2),(6),(7) and the others follow directly from definitions. 

(2) Since BA and by theorem 2.10 part (1)    BderLAderL  . 

Then    BderLBAderLA   , therefore    BclLAclL  . 

(6)

           

    AclLAderLA

AderLAderLAderLAAderLAclLAclLclL








. 

(7) By theorem 2.9, A  is L -closed iff   AAderL   ,i.e., iff   AAclL  . 

          We introduce the following definition of the L –interior of a set 

which is similar to that of standard interior. 
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2.13 definition : 

A point Xx  is said to be a L –interior point of A  iff there exists 

 XOLU ..  containing x  , such that AU  . The set of all L –interior points 

of A  is said to be the L –interior of A  and is denoted by  AL int . 

            The following theorem gives properties of L –interior sets. 

2.14 Theorem : 

For any subsets A , B  of bitopological space  21,, TTX  .Then, 

(1)  AL int  is L -open. 

(2)  AL int  is the largest L -open set contained in A  . 

(3) A  is L -open iff  ALA int . 

(4)     ALALL intintint  . 

(5)    AXderLAAL  int . 

(6) I)    AXclLALX  int .    II)    ALXAXL intint  . 

(7) I)    AXLAclLX int .  II) If BA , then    BLAL intint   . 

(8) I)      BALBLAL  intintint  II) 
     BLALBAL intintint   . 

(9) I)   


















 ALAL intint . 

     II)        BLALBALBAL intintintint  . 

Proof: 

We prove part (1),(2),(5),(6) and the others follow directly from 

definitions. 

(1) Let  ALx int . Then AU  for some  XOLU ..  , containing x  . 

Also Uy , then  ALy int , therefore  ALU int . Hence  AL int  is 

L  –neighborhood of x . Therefore  by theorem 2.7,  AL int  is L –open. 

(2) Let  XOLV .. , AV  then Vy ,implies that Ay  , so that  ALy int . 

Therefore  ALV int . Now the result follows from part (1). 
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(5) Let Ax  . Then  AXderLx  , then exists L –open set U containing x  

such that AXU   ,implies that AUx   ,then  ALx int . 

Conversely, let  ALx int , then  AXderLx   for  AL int  is L –open and 

   AXAL int . Therefore    AXderLAAL  int . 

(6) I)           AXclLAXderLAXAXderLAXALX  int . 

    II)      ALXAXclLAXAXL intint  . 

3 L –Boundary, L -Exterior and L –Frontier Operators :  

          In this section we define L –boundary, L -exterior and L –frontier of 

a set ,we study these three operators and prove some standard results. 

          The following are elementary definitions which are used throughout 

the work. 

3.1 Definition : 

           Let A be a subset of a bitopological space  21,, TTX ,  ALA int is said 

to be the L –boundary of A and is denoted by  AbL   . 

3.2 Definition : 

            Let A  be a subset of a bitopological space  21,, TTX , 

   ALAclL int is said to be the L –frontier of A  and is denoted 

by  AfrL  . 

3.3 Definition : 

             Let A be a subset of a bitopological space  21,, TTX ,  AXL int  is 

said to be the L -exterior of A  and is denoted by  AextL  . 

3.4 Theorem : 

For any subsets A  , B of bitopological space  21,, TTX . Then, 

(1) I )    AbLALA  int , 

    II )      AbLAL int , 
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(2) A is L –open iff    AbL , 

(3)     ALbL int , 

(4)     AbLL int , 

(5)     AbLAbLbL  , 

(6)    AXbLAAbL   , 

(7) I )    AXderLAbL  , 

    II )    AXbLAderL  , 

(8) If BA  , then    AbLBbL   , 

(9) I)      BbLAbLBAbL   , 

    II)      BAbLBbLAbL   , 

Proof: 

We prove part (4),(6),(7I),(8) and the others follows directly from 

definitions and above theorems. 

(4)If possible, let   AbLLx  int ,then  AbLx  ,also   AAbL  . 

Therefore     ALAbLLx intint  .Hence    AbLALx  int , which 

contradicts parts (1II). Consequently     AbLL int . 

(6)         AXclLAAXclLXAALAAbL  int . 

(7I)         AXderLAXderLAAALAAbL  int . 

(8) Let Ax ,  BbLx  , then  BLx int , implies that  ALx int . 

Then  AbLx  , therefore    AbLBbL  . 

3.5 Theorem : 

For any subsets A  , B of bitopological space  21,, TTX . Then, 

(1)  I)      AfrLALAclL  int , 

     II)      AfrLAL int , 
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(2)    AfrLAbL  , 

(3)      AderLAbLAfrL   , 

(4) A  is L –open iff    AderLAfrL  , 

(5)      AXclLAclLAfrL   , 

(6)    AXfrLAfrL  , 

(7)  AfrL   is L –closed, 

(8)     AfrLAfrLfrL  , 

Proof: 

We prove parts (3),(7),(8) and the others follows directly from definitions 

and above theorems. 

(3)              AderLAbLALAderLAAclLAfrLAL   intint .

Therefore      AderLAbLAfrL   . 

(7)
             

     .AfrLAXclLAclL

AXclLclLAclLclLAXclLAclLclLAfrLclL









(8)

             AfrLAfrLclLAfrLXclLAfrLclLAfrLfrL   . 

3.6 Theorem : 

For any subsets A  , B of bitopological space  21,, TTX .Then, 

(1)  AextL   is L –open set. 

(2)    AclLXAextL  , 

(3)      AclLLAextLextL  int , 

(4) I)     BAXLBAextL  int , 

    II)      BAextLBextLAextL   , 

Proof: 

We prove parts (2),(3),(4I) and the others follows directly from definitions 

and above theorems. 

(2)      AclLXAXLAextL  int . 

(3) 

           AclLLAclLXLXAclLXextLAextLextL  intint . 
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(4I)     BAXLBAextL  int

        BXLAXLBXAXL intintint   =    BextLAextL   . 

4 Examples : 

           In this section, we shall show that the converse of the above 

theorems are not true. 

4.1 Remark : 

The revers in clusion in the theorem 2.10 par (2),(3) are not true as shown 

by the following example. 

4.2 Example : 

Let  cbaX ,,  and       babaXT ,,,,,1      cbaXT ,,,,2  .Then it can be 

verified that  21,, TTX  is bitopological space and 

          cbbabaXXOL ,,,,,,,..  .Take 

   cBaA  , .Then       BderLAderL , .Also

            BderLAderLccaderLBAderL  , . 

Take  caA , ,  cbB , .Then    cAderL  ,    cBderL  .Again

      cderLBAderL  .Therefore

         BAderLcBderLAderL  . 

Take    bBcbA  ,, .Then        cbBclLcbAclL ,;,  .Therefore

     cbBclLAclL , ,but BA  . 

Take  bA   ,    cbAclL , , and        ccbderLAclLderL  , . 

Hence         cAclLderLcbAclL  , . 

4.3 Remark : 

The reverse inclusion in theorem 2.12 parts (3) and (4) are not true as 

shown by the following example. 

4.4 Example : 

Let  cbaX ,, and     cbaXT ,,,,1  ,     cabXT ,,,,2  .Then it be verified 

that  21,, TTX  is a bitopological space and        cacbaXXOL ,,,,,,..  .  

Take    bBaA  , .Then        bBclLaAclL  , . Again  baBA ,  

and   XBAclL   . Therefore        baBclLAclLXBAclL ,  . 

Take    baBcbA ,,,  . Then    cbAclL , ,   XBclL  , and 

 bBA  ,    bBAclL   . Therefore 

         bBAclLcbBclLAclL   , . 

4.5 Remark : 
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It is obvious that every 1T –open is  L -open, but the converse is not true as 

the following example show. 

4.6 Example : 

Consider  21,, TTX defined in example 4.4. Take  caA , is L -open set but 

not 

1T -open . 

4.7 Remark : 

If    BLAL intint   does not imply BA   as shown by the following 

example.  

4.8 Example : 

Consider  21,, TTX defined in example 4.2. Take    caBaA ,,  . 

Then        aBLaAL  int,int . Therefore    BLAL intint   but BA  . 

4.9 Remark : 

The revers inclusion in theorem 2.14 parts (8I),(8II) are not true as shown 

by the following example . 

4.10 Example : 

       Consider  21,, TTX  defined in example 4.2.Take    bBcA  , .Then 

   AL int ,    bBL  int ,but    cbBAL ,int   ,therefore

         bBLALcbBAL  intint,int   . 

Let  dcbaX ,,, and     cbacbaXT ,,,,,,,1  ,

        dcacbacadcbacaXT ,,,,,,,,,,,,,,,2   . Then it can be verified 

that  21,, TTX  is a bitopological space and 

           dcbbacbacbaXXOL ,,,,,,,,,,,,..  . Take    dbaBcbA ,,,,   , then 

           BALbaBLcbAL int,,int,,int .Therefore 

         BALbBLAL  intintint  .  

4.11 Remark : 

The revers inclusions in theorem 3.4 parts (9I, II) are not true as shown 

by the following example. 

 



JOURNAL OF COLLEGE OF EDUCATION ········· 2016 ·········   NO.5 

350 

4.12 Example : 

Consider  21,, TTX defined in example 4.10. Take    dbBcaA ,,,   , 

then        dbBbLcAbL ,,  .Therefore

         BAbLdbcBbLAbL  ,,  . 

Take    cbaBbA ,,,   and          bBAbLBbLbAbL  ,,  . Then 

         BbLAbLbBAbL  . 

4.13 Remark : 

If BA  does not imply    BfrLAfrL  as shown by the following 

example. 

4.14 Example : 

Consider  21,, TTX defined in example 4.2. Take    cbBcA ,  and 

       BfrLcAfrL , ,therefore BA  ,but        BfrLcAfrL . 

4.15 Remark : 

The revers inclusion in theorem 3.6 parts (4) are not true as shown by the 

following example . 

4.16 Example : 

Consider  21,, TTX  define in example 4.10. Take    caBbaA ,,,   , 

so  aBA  . Then        dcbBAextLBextLAextL ,,.,   .Therefore 

         BextLAextLdcbBAextL  ,, . 
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