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Abstract 
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Introduction: 

   The concept of fuzzy set was introduced by Zadeh in his classical paper [12]  

in 1965. The fuzzy topological space on fuzzy set was introduced by 

Chakrabarty and Ahsanullal [2] in 1992, Fatteh and Bassan [5] in 1985 

introduce the notions of fuzzy connected and disconnected spaces , Benchalli 

and Jenifer [1] has introduced the concepts of fuzzy b-open and fuzzy b-closed 

. The purpose of this paper is to introduce and study two stronger forms of 

fuzzy disconnectedness .  

 

Preliminaries 

A fuzzy set Ã in a universe set X is characterization by a membership function 

µÃ:X→I , which an  associated with each point x in X a real number in closed 

 interval I = [0 ,1] .The collection of all fuzzy subset in X will be denote by IX [12].  

p(Ã) ={ B̃: B̃ ∈ Ix and B̃ ⊆ Ã } which p(Ã) is called fuzzy power set [2].  

For any two fuzzy sets B̃ , C̃ in X we write , ∀𝑥 ∈ 𝑋                                             

B̃ ⊆ C̃ if µB̃ (x) ≤ µC̃ (x) , B̃ = C̃  if µB̃ (x) = µC̃ (x) , B̃c is the complement of  B̃ 

with membership function µB̃
c
 (x) = 1- µB̃ (x) , D̃ = B̃ ∩ C̃ if                                    

µD̃ (x) = min{µB̃ (x) , µC̃ (x)} and Ẽ =B̃ ∪ C̃ if µẼ (x) =max{µB̃ (x), µC̃ (x)}[3,11].  

The support of a fuzzy set B̃ in Ã will be denoted by                                             

Supp(B̃) = {𝑥 ∈ 𝑋 : µB̃ (x) > 0 } [6] .                                                                      

Finally a fuzzy point 𝑥𝑟 in X is a fuzzy set with membership function                             

µ𝑥𝑟 (x) = r , if x = v where   0 < r ≤ 1 and  µ𝑥𝑟  (x) = 0 , if x ≠ v , such that 
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v is called the support of 𝑥𝑟  and r the value of 𝑥𝑟 [9] , 𝑥𝑟 ∈ Ã iff                                  

µ𝑥𝑟  (x) ≤ µÃ (x) and 𝑥𝑟 ∉ Ã iff µ𝑥𝑟  (x) > µÃ (x)  [8] .  

A family 𝜏̃ of fuzzy sets of Ã in X is called a fuzzy topology on Ã if 𝜑̃ and Ã  

belong to 𝜏̃ and 𝜏̃ is closed with respect to arbitrary union and finite 

intersection [2].The members of 𝜏̃ are called fuzzy open sets and their 

complements are fuzzy closed sets [2]. A fuzzy set B̃ which is both fuzzy open 

and  fuzzy closed is called fuzzy clopen set [4] .We shall denote a fuzzy  

topological  space on fuzzy set (fts. for short) by (Ã , 𝜏̃) . Let B̃ be a fuzzy set 

in fts (Ã , 𝜏̃) , then we  define cl(B̃)  = ∩{ C̃i  : C̃𝑖
𝑐
∈ 𝜏̃ , B͂ ⊆ C̃i } and       

int(B͂)  = ∪{ C̃i  : C̃i ∈ 𝜏̃ , C̃i ⊆ B͂ } [2]. A fuzzy point 𝑥𝑟  is said to be quasi 

coincident with a fuzzy set B̃ in Ã denoted by B̃ 𝑞 𝑥𝑟if there exists x ∈ X such 

that µB͂ (x) + µ𝑥𝑟  (x) > µÃ (x) and denote by B̃ 𝑞 ⏞  𝑥𝑟if µB͂ (x) + µ𝑥𝑟  (x) ≤µÃ 

(x) , ∀𝑥 ∈ 𝑋 [2] . A fuzzy set B̃ is said to be quasi coincident with a fuzzy set 

C̃ in Ã denoted by B̃ 𝑞 C̃ if there exists x ∈ X such that µB͂ (x) + µC̃ (x) > µÃ 

(x) and denote by B̃ 𝑞 ⏞  C̃ if µB͂ (x) + µC̃ (x) ≤µÃ (x) , ∀𝑥 ∈ 𝑋 [2] . B̃ 𝑞 ⏞  B̃c [10]. 
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1. Basic Definition and Some Results  

Definition  1. 1 [1] :   
 

      A fuzzy set B̃ of fts (Ã , 𝜏̃) is said to be  

 Fuzzy b-open set if B͂ ⊆ int(cl(B͂)) ∪ cl(int(B͂)) 

 Fuzzy b-closed set if int(cl(B͂)) ∩ cl(int(B͂)) ⊆ B͂ 

 

The family of fuzzy b-open sets is denoted by FBO(Ã) and the  complement 

of a fuzzy b-open set is a fuzzy b-closed set . 

 

Definition  1.2 [7] : 
 

      If  B͂ is a fuzzy set in fts (Ã , 𝜏 ) , then : 

 The b-closure of B͂ is denoted by (bcl(B͂))  and defined by    

bcl(B͂)  = ∩{ C̃i  : C̃𝑖
𝑐
∈ FBO(Ã), B͂ ⊆ C̃i } .  

 The b-interior of B͂ is denoted by (bint(B͂))  and defined by    
bint(B͂) = ∪{ C̃i  : C̃i ∈ FBO(Ã), C̃i ⊆ B͂ } . 

 

Definition  1.3 :   
 

      A fuzzy set B̃ of fts (Ã , 𝜏̃) is said to be : 

 Fuzzy b-regular open set if B͂ = bint(bcl(B͂)) 

 Fuzzy b-regular closed set if B͂ = bcl(bint(B͂)) . 

 

Theorem 1.4 [7] : 
 

      If B͂ , C̃ are a fuzzy set in fts (Ã , 𝜏 ) , then   

 int(B͂) ⊆ bint(B͂) ⊆ B͂ ⊆ bcl(B͂) ⊆ cl(B͂) .  

 bint(B͂ ∩ C̃) = bint(B͂) ∩ bint(C̃) . 
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Theorem 1.5  :  
  

      If B͂ is a fuzzy set in fts (Ã , 𝜏 ) , then ; 
 

1. bint(B͂) = (bcl(B͂c))c .  
2. bcl(B͂) = (bint(B͂c))c . 

 
Proof : (1) Since  bint(B͂) ⊆ B͂ and bint(B̃) is a fuzzy b-open set .  

Then B͂c ⊆ (bint(B͂))c and bcl(B͂c) ⊆ (bint(B͂))c , hence                                                                

bint(B͂) ⊆  (bcl(B͂c))c ………….(*)                                                                                                                          

Since B͂c ⊆ bcl(B͂c) and bcl(B̃c) is a fuzzy b-closed set , then                                          

(bcl(B͂c))c ⊆ B͂ , hence (bcl(B͂c))c ⊆ bint(B͂) ………….(**)                                         

From (*) and (**) we get bint(B͂) = (bcl(B͂c))c . 

(2) Obvious . 

Theorem 1.6 [7] :  
   

   If B͂ is a fuzzy set in fts (Ã , 𝜏 ) , then ;  

1. B͂ is a fuzzy b-closed set  iff  B͂= bcl(B͂).  
2. B͂ is a fuzzy b-open set  iff  B͂= bint(B͂). 

 

Theorem  1.7 :  
 

       If (Ã , 𝜏 ) is a fuzzy topological space , then : 
 

1. The b-closure of a fuzzy b-open set is a fuzzy b-regular closed set . 

2. The b-interior  of a fuzzy b-closed set is a fuzzy b-regular open set . 
 

Proof :(1) Let B̃ be a fuzzy b-open set in (Ã , τ ) and 

 

Since bint(bcl(B͂)) ⊆ bcl(B͂) , then bcl(bint(bcl(B͂))) ⊆ bcl(B͂) ………….(*) 
 

Since B̃ ⊆ bcl(B͂) and B̃ is a fuzzy b-open set , then                                                                    
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B̃ ⊆ bint(bcl(B͂)), hence bcl(B͂) ⊆ bcl(bint(bcl(B͂)))………….(**) 

 

From  (*) and (**) we get bcl(bint(bcl(B͂))) = bcl(B͂).                                        
 

(2) Obvious . 

 
Theorem 1.8  :  
   

   A fuzzy set B͂ of fts (Ã , 𝜏 ) is a fuzzy b-regular closed (b-regular open) set iff 

B͂ is both fuzzy b-open set and fuzzy b-closed set .  

 

Proof : Obvious. 

 

Proposition  1.9: 
 

   If B͂ is a fuzzy open set and C̃ is a fuzzy b-open set in fts (Ã , 𝜏 )  , then 

 

B͂ ∩ C̃ is a fuzzy b-open set in (Ã , 𝜏 ) .  
 

Proof : To prove B͂ ∩ C̃ = bint(B͂ ∩ C̃) . 
 

Since B͂ = int(B͂) and C̃ = bint(C̃) , then  

 

int(B͂) ∩ bint(C̃) ⊆ bint(B͂) ∩ bint(C̃) = bint(B͂ ∩ C̃).  

 

Hence B͂ ∩ C̃  ⊆ bint(B͂ ∩ C̃) .…………..(*) 

 

and since bint(B͂ ∩ C̃) ⊆ B͂ ∩ C̃ ……………(**) 

 

Then from (*) and (**) we get B͂ ∩ C̃ = bint(B͂ ∩ C̃) . 
 

Thus  B͂ ∩ C̃ is a fuzzy b-open set in Ã  .             
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Corollary   1.10  : 
 

  If B̃ is a fuzzy open subspace in (Ã , 𝜏 ) and C̃ is a fuzzy b-open set in (Ã , 𝜏 ),  
 

then C̃ ∩ B̃ is a fuzzy b-open set in  B͂ . 

  

Proof : Obvious  .  

 

Proposition  1.11 : 
 

    If  B͂ is a fuzzy open subspace of (Ã , 𝜏 ) and C̃ is a fuzzy b-open set in B͂ .  

 

Then there exists a fuzzy b-open set  D̃ in (Ã , 𝜏 ) such that C̃ = D̃ ∩ B̃ . 

 

Proof : Obvious  .  

 

Definition  1.12  [7] : 

 
   A fuzzy set B͂ in fts (Ã , 𝜏 ) is said to be fuzzy quasi neighborhood  (fuzzy b-

quasi  neighborhood) of a fuzzy point 𝑥𝑟  in Ã , if there exists a fuzzy open set 

(fuzzy b-open set)  C̃ in (Ã , 𝜏 ) such that 𝑥𝑟  𝑞 C̃ and  C̃ ⊆ B͂. 

 

Theorem 1.13 [7] :  
  

  If B͂ is a fuzzy set  and 𝑥𝑟  fuzzy point in fts (Ã , 𝜏 ) , then 𝑥𝑟 ∈ bcl(B͂) if and 

only  if  for every fuzzy b-quasi neighborhood of  𝑥𝑟is quasi coincident with B̃. 

 

Proposition  1.14 [7] : 
 

    If  B͂ is a fuzzy set and C̃ is a fuzzy b-open set in fts (Ã , 𝜏 ) , then C̃ 𝑞⏞ B͂ iff   

 

C̃ 𝑞⏞ bcl(B͂) . 
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Definition  1.15 [9] : 

     Let (Ã , 𝜏  ) be any fts and B͂ be any fuzzy set of Ã . Define  

𝜏 B̃ = { B͂ ∩ C̃ :  C̃ ∈ 𝜏  } . Then it is well known that 𝜏 B̃ is a fuzzy topology in B͂ 

and  the fts (B̃ , 𝜏 B̃) is called a fuzzy subspace of (Ã , 𝜏 )  .  

 

2. On Fuzzy b-Separation Axioms : 

Definition  2.1  :  

     A fts (Ã , 𝜏 ) is said to be : 

 Fuzzy b-T̃0 space if for each distinct fuzzy points 𝑥𝑟  , 𝑦𝑠 ∈ Ã , there 

exists fuzzy b-open set B͂ in (Ã, 𝜏 ) such that 𝑥𝑟 ∈ B͂, B͂ 𝑞⏞ 𝑦𝑠 or  𝑦𝑠 ∈ B͂, 

B͂ 𝑞⏞  𝑥𝑟. 

 Fuzzy b-T̃1 space if for each distinct fuzzy points  𝑥𝑟  , 𝑦𝑠 ∈ Ã , there 

exists two fuzzy b-open sets B͂, C̃ in (Ã, 𝜏 ) such that 𝑥𝑟 ∈ B͂, B͂ 𝑞⏞ 𝑦𝑠 and  

𝑦𝑠 ∈ C̃,                     C̃ 𝑞⏞ 𝑥𝑟.  

 Fuzzy b-T̃2 space if for each distinct fuzzy points 𝑥𝑟  , 𝑦𝑠 ∈ Ã , there 

exists two fuzzy b-open sets B͂, C̃ in (Ã , 𝜏 ) such that   𝑥𝑟 ∈ B͂ , 𝑦𝑠 ∈  C̃ 

and  B͂ 𝑞⏞ C̃. 

 Fuzzy b-regular space if for each  𝑥𝑟  ∈ Ã and each fuzzy closed set B͂ in                         

(Ã , 𝜏 )  such that 𝑥𝑟 𝑞 ⏞  B͂ , there exists two fuzzy b-open sets C̃ , D̃ in (Ã 

, 𝜏 )  such that   𝑥𝑟  ∈  C̃ ,  B͂ ⊆ D̃  and  C̃ 𝑞 ⏞  D̃ . 

 Fuzzy b-normal space if for each two fuzzy closed sets B͂1 and B͂2 in (Ã 

, 𝜏 ) such that B͂1 𝑞⏞ B͂2 , there exists two fuzzy b-open sets C̃ , D̃ in (Ã , 𝜏 )  

such that B͂1 ⊆ C̃ , B͂2 ⊆ D̃  and  C̃ 𝑞 ⏞  D̃ . 

Theorem   2.2 :   

     If (Ã , 𝜏 ) is a fuzzy b-T̃i=0,1,2 space and B̃ is a fuzzy open subset of  (Ã , 𝜏 ) , 

then  (B̃ , 𝜏̃B̃ ) is a fuzzy b-T̃i=0,1,2 space .  

Proof  : Obvious . 
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Theorem   2.3 : 

    If (Ã , 𝜏 )  is a fts , then the following statements are equivalents . 

1. (Ã , 𝜏 )  is a fuzzy b-regular space . 

2. For each  𝑥𝑟  ∈ Ã and each fuzzy closed set B͂ in (Ã , 𝜏 )  such that 𝑥𝑟 𝑞 ⏞  B͂ 

, there exists two fuzzy b-open sets C̃ , D̃ in (Ã , 𝜏 ) such that  𝑥𝑟  ∈  C̃ ,  

B͂ ⊆ D̃ and  C̃ 𝑞 ⏞  bcl(D̃) . 

3. For each  𝑥𝑟  ∈ Ã and each fuzzy open set B͂ in (Ã , 𝜏 ) such that  

𝑥𝑟 ∈  B͂, there exists a fuzzy b-open set C̃ in (Ã , 𝜏 ) such that   

 𝑥𝑟  ∈  C̃ ⊆ bcl(C̃) ⊆ B͂ . 

4. For each  𝑥𝑟  ∈ Ã and each fuzzy closed set B͂ in Ã such that  

𝑥𝑟 𝑞 ⏞  B͂ , there exists two fuzzy b-open sets C̃ , D̃ in (Ã , 𝜏 ) such that                              

 𝑥𝑟  ∈  C̃ , B͂ ⊆ D̃  and bcl(C̃) 𝑞 ⏞  bcl(D̃). 

5. For each fuzzy set B̃  and each fuzzy closed set C̃ in (Ã , 𝜏 ) such that B̃  

𝑞 ⏞  C̃, there exists two fuzzy b-open sets  D̃1 , D̃2 in (Ã , 𝜏 ) such that                              

 𝑥𝑟  ∈  D̃1 , B͂ ⊆ D̃2  and D̃1 𝑞 ⏞  D̃2. 

6. For each fuzzy set B̃1  and each fuzzy open set B̃2 in (Ã , 𝜏 ) such that                  

B̃1 ⊆ B̃2 , there exists fuzzy b-open set C̃ in (Ã , 𝜏 ) such that   

B̃1 ⊆ C̃ ⊆ bcl(C̃) ⊆ B̃2.  

Proof : 

 (1)→(2)  Let  𝑥𝑟  ∈ Ã and B͂ be a fuzzy closed set in (Ã , 𝜏 ) such that 𝑥𝑟 𝑞 ⏞B͂,  

then there exists two fuzzy b-open sets C̃ , D̃ in (Ã , 𝜏 ) such that  𝑥𝑟  ∈  C̃ ,  

B͂ ⊆ D̃ and  C̃ 𝑞 ⏞  D̃ , hence by proposition 1.14 C̃ 𝑞 ⏞  bcl(D̃).  

(2)→(3) Let  𝑥𝑟  ∈ Ã and B͂ be a fuzzy open set in (Ã , 𝜏 ) such that  

 𝑥𝑟  ∈ B͂, then  𝑥𝑟 𝑞 ⏞  B͂c and there exists two fuzzy b-open sets C̃ , D̃ in (Ã , 𝜏 ) such 

that  𝑥𝑟  ∈  C̃ , B͂
c ⊆ D̃  and  C̃ 𝑞 ⏞  bcl(D̃) , hence   C̃ 𝑞 ⏞  D̃ .  

This implies that C̃ ⊆ D̃c and bcl(C̃) ⊆ bcl(D̃c)  =  D̃c                   

Therefore  𝑥𝑟  ∈  C̃ ⊆ bcl(C̃) ⊆ B͂ .  
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 (3)→(4) Let  𝑥𝑟  ∈ Ã and B͂ be a fuzzy closed set in (Ã , 𝜏 ) such that                                        

𝑥𝑟 𝑞 ⏞  B͂ , then  𝑥𝑟  ∈  B͂c and there exists fuzzy b-open set C̃ in (Ã , 𝜏 ) such that                         

𝑥𝑟  ∈  C̃ ⊆ bcl(C̃) ⊆ B͂c , hence  B͂ ⊆ bint(C̃c).                                             

Since C̃ is fuzzy b-open set and let D̃ = bint(C̃c) , then C̃ 𝑞 ⏞bcl(D̃) ,  

by proposition 1.14 and every fuzzy b-regular closed is fuzzy b-open set we 

get bcl(C̃) 𝑞 ⏞ bcl(D̃) . 

(4)→(5) Let B̃  be a fuzzy set and C̃ be a fuzzy closed set in (Ã , 𝜏 ) such that B̃  𝑞 ⏞C̃, 

 then for each  𝑥𝑟  ∈  B͂ , 𝑥𝑟 𝑞 ⏞  C̃ and there exists two fuzzy b-open sets C̃1 , D̃2 in                              

(Ã , 𝜏 ) such that  𝑥𝑟  ∈  C̃1 , B͂ ⊆ D̃2 and  bcl(C̃1) 𝑞 ⏞  bcl(D̃2).                                                                          

 Since  𝑥𝑟  ∈  C̃1 , then  B͂ =∪ 𝑥𝑟𝑖 ⊆ ∪ C̃1i , let D̃1 = ∪ C̃1i and D̃1 𝑞 ⏞  D̃2. 

(5)→(6) Let B̃1 be a fuzzy set and B̃2 be a fuzzy open set in (Ã , 𝜏 ) such that                                   

B̃1 ⊆ B̃2 , then B̃1 𝑞 ⏞  B̃2
𝑐
 and there exists two fuzzy b-open sets C̃ , D̃ in                              

(Ã , 𝜏 ) such that B̃1 ⊆ C̃ , B̃2
𝑐
 ⊆ D̃  and  C̃ 𝑞 ⏞  D̃ , hence  C̃ ⊆ D̃c . 

This implies that bcl(C̃) ⊆ bcl(D̃c) = D̃c                                      

Therefore B͂1 ⊆ C̃ ⊆ bcl(C̃) ⊆ B̃2.                                                                                      

(6)→(1) Let  𝑥𝑟  ∈ Ã and B͂ be a fuzzy closed set in (Ã , 𝜏 ) such that                                                 

𝑥𝑟 𝑞 ⏞  B͂ , then  𝑥𝑟  ∈ B͂c and there exists fuzzy b-open set C̃ in (Ã , 𝜏 ) such that 

 𝑥𝑟  ∈ C̃ ⊆ bcl(C̃) ⊆ B͂c , B͂ ⊆ bint(C̃c) and C̃ 𝑞 ⏞bint(C̃c)     .   

Hence (Ã , 𝜏 )  is a fuzzy b-regular space .                                       
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Theorem   2.4 : 

     If (Ã , 𝜏 )  is a fts , then the following statements are equivalents . 

1. (Ã , 𝜏 )  is a fuzzy b-normal space . 

2. For each two fuzzy closed sets B͂1 , B͂2 in (Ã , 𝜏 ) such that  

B͂1 𝑞⏞ B͂2 , there exists two fuzzy b-open sets C̃1 , C̃2 in (Ã , 𝜏 ) such that                    

B͂1 ⊆ C̃1 , B͂2 ⊆ C̃2 and bcl(C̃1)  𝑞⏞ C̃2 . 

3. For each fuzzy closed set B͂1 and each fuzzy open set B͂2 in (Ã , 𝜏 ) such that  

B͂1 ⊆ B͂2 , there is a fuzzy b-open set C̃ in (Ã , 𝜏 ) such that   

B͂1 ⊆ C̃ ⊆ bcl(C̃) ⊆ B͂2 .  

Proof : (1)→(2) Let B͂1 , B͂2  be a fuzzy closed sets in (Ã , 𝜏 ) such that                                                 

B͂1 𝑞⏞ B͂2 , then there exists two fuzzy b-open sets C̃1 , C̃2 in (Ã , 𝜏 ) such that                      

B͂1 ⊆ C̃1 , B͂2 ⊆ C̃2 and C̃1  𝑞⏞ C̃2 . Hence by proposition 1.14 bcl(C̃1)  𝑞⏞ C̃2.  

(2)→(3) Let B͂1 be a fuzzy closed set and B͂2 be a fuzzy open set in (Ã , 𝜏 ) such                             

that B͂1 ⊆ B͂2 , then B̃2
𝑐
 𝑞⏞ B͂1 and there exists two fuzzy b-open sets C̃ , D̃ in (Ã , 𝜏 )  

such that  B͂1 ⊆ C̃ , B̃2
𝑐
⊆ D̃ and bcl(C̃)  𝑞⏞ D̃ , hence C̃  𝑞⏞ D̃ ……………(*)                                                                                 

by  (*) we get C̃ ⊆ D̃c then bcl(C̃) ⊆ bcl(D̃c) = D̃c 

Therefore B͂1 ⊆ C̃ ⊆ bcl(C̃)  ⊆ B͂2 . 

(3)→(1) Let B͂1 , B͂2 be a fuzzy closed sets in (Ã , 𝜏 ) such that                                                                

B͂1 𝑞⏞ B͂2  , then B͂1 ⊆ B̃2
𝑐 and there exists fuzzy b-open set C̃ in (Ã , 𝜏 ) such that                      

B͂1 ⊆  C̃ ⊆ bcl(C̃) ⊆ B̃2
𝑐 , hence  B͂2 ⊆ bint(C̃c).                                                                                                                      

Since bint(C̃c) is fuzzy b-open set and bint(C̃c) ⊆ B̃2
𝑐  , then there exists two fuzzy  

b-open sets C̃ , bint(C̃c) such that B͂1 ⊆  C̃, B͂2 ⊆ bint(C̃c)   and  C̃ 𝑞⏞ bint(C̃c) .                                                                                                                 

Hence (Ã , 𝜏 )  is a fuzzy b-normal space .         
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3. Fuzzy b-extremely Disconnected Space  

Definition   3.1 : 
 

    A fts (Ã , 𝜏 ) is said to be fuzzy b-extremely disconnected  space iff the                            

 

b-closure of every fuzzy b-open set is a fuzzy b-open set  

 

i.e if  B͂ ∈ FBO(Ã) →bcl(B͂) ∈ FBO(Ã) . 

 

Example   3.2 : 

 

     Let X = {a , b , c} , Ã = {(a , 0.5) , (b , 0.5) , (c , 0.5)} ,  

 

B̃ 1 = {(a , 0.5) , (b , 0.0) , (c , 0.0)} , B̃ 2 = {(a , 0.0) , (b , 0.5) , (c , 0.0)} ,   

 

B̃ 3 = {(a , 0.5) , (b , 0.5) , (c , 0.0)} , B̃4  = {(a , 0.5) , (b , 0.0) , (c , 0.5)},  

 

B̃5  = {(a , 0.0) , (b , 0.5) , (c , 0.5)} and B̃6  = {(a , 0.0) , (b , 0.0) , (c , 0.5)} be a  

 

fuzzy sets in A͂ and 𝜏  ={𝜑̃ , Ã , B̃ 1, B̃2  , B̃3  , B̃4 , B̃5 ,B̃6} be a fuzzy topology on A͂,  
 

then the FBO(Ã) = 𝜏   and (Ã , 𝜏 ) is a fuzzy b-extremely disconnected space . 

 
Theorem   3.3 : 
 

     A fts (Ã , 𝜏 ) is a fuzzy b- extremely disconnected space iff for every pair of  
 

fuzzy b-open sets B̃ , C̃ in (Ã , 𝜏 ) such that B̃ 𝑞 ⏞ C̃ , then bcl(B̃) 𝑞 ⏞ bcl(C̃) . 

  

Proof: Let B̃ and C̃ ∈ FBO(Ã) such that  

B̃ 𝑞 ⏞ C̃ , then by proposition 1.14 bcl(B̃) 𝑞 ⏞ C̃ . 

Since (Ã , 𝜏 ) is a fuzzy b- extremely disconnected space . 

Then bcl(B̃) ∈ FBO(Ã) . 

Hence by proposition 1.14 bcl(B̃) 𝑞 ⏞ bcl(C̃) . 
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Conversely : Let B̃ ∈ FBO(Ã), then B̃ and bint(B̃c) ∈ FBO(Ã) 

 such that B̃ 𝑞 ⏞bint(B̃c). 

By hypothesis bcl(B̃) 𝑞 ⏞bcl(bint(B̃c)) , hence 

 bcl(B̃) ⊆ (bcl(bint(B̃c)))c = bint(bcl(B̃)) ….….(*) 

Since bint(bcl(B̃)) ⊆ bcl(B̃) ……………….(**) 

From (*) , (**) we get bint(bcl(B̃)) = bcl(B̃). 

Hence  bcl(B̃) ∈ FBO(Ã).  

Theorem   3.4 : 
 

    A fts (Ã , 𝜏 ) is a fuzzy b-extremely disconnected space iff bint(bcl(B̃)) = 

bcl(B̃),  ∀ B̃ ∈ FBO(Ã) . 

 

Proof: 

 Let B̃ ∈ FBO(Ã) and  (Ã , 𝜏 ) is a fuzzy b-extremely disconnected space.  
 

Then bcl(B̃) ∈ FBO(Ã) , hence bint(bcl(B̃)) = bcl(B̃) . 

    

  Conversely : Let B̃ ∈ FBO(Ã) , then bint(bcl(B̃)) = bcl(B̃) 

  

Hence bcl(B̃) ∈ FBO(Ã) . 
 

Therefore (Ã , 𝜏 ) is a fuzzy b-extremely disconnected space . 

 

Corollary   3.5 : 
 

    A fts (Ã , 𝜏 ) is a fuzzy b-extremely disconnected space iff                                     
 

bcl(bint(B̃)) = bint(B̃), ∀ B̃c ∈ FBO(Ã). 
 

Proof: Let B̃c ∈ FBO(Ã) , then bint(bcl(B̃c)) = bcl(B̃c). 
 

Hence (bint(bcl(B̃c)))c = (bcl(B̃c))c . 
 

Therefore bcl(bint(B̃)) = bint(B̃) . 
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   Conversely : Let B̃ ∈  FBO(Ã) , then B̃c is a fuzzy b-closed  

 

set in Ã and by hypotheses we get  bcl(bint(B̃c)) = bint(B̃c)  and  

 

(bcl(bint(B̃c)))c = (bint(B̃c))c  . 

 

 Hence bint(bcl(B̃)) = bcl(B̃) . 

 

Therefore (Ã , 𝜏 ) is a fuzzy b- extremely disconnected space . 
 

Theorem   3.6 : 
 

       Every fuzzy open subspace of fuzzy b-extremely disconnected space is 

 

A fuzzy b-extremely disconnected space . 

 

Proof: Let C̃1 be a fuzzy b-open set in (B̃ , 𝜏̃B̃ ) , then  

there exists fuzzy b-open set C̃2 in (Ã , 𝜏 ) such that B̃ ∩ C̃2 = C̃1 . 

Since B̃ ∩ C̃2 ∈  FBO(Ã) and (Ã , 𝜏 ) is a fuzzy b-extremely disconnected space.  

Then  bcl(B̃ ∩ C̃2) ∈  FBO(Ã) . 

Hence bcl(C̃1) ∈ FBO(B̃) . 

Theorem   3.7 : 
 

  For any fts (Ã , 𝜏 )  the following statement are equivalent :- 
 

1. (Ã , 𝜏 ) is a fuzzy b-extremely disconnected space . 

2. For each fuzzy b-closed set B̃ , then bint(B̃) is a fuzzy b-closed set .  

3. For each fuzzy b-open set B̃ we have µbcl(B̃) (x) + µbcl(bint(B̃
𝑐

) (x) = µÃ (x). 

4.  For every pair of fuzzy b-open sets B̃, C̃ with  

µbcl(B̃) (x) + µC̃ (x) = µÃ (x) we have µbcl(B̃) (x) + µbcl(C̃) (x)  = µÃ (x). 
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Proof: (1) → (2) Let B̃ be a fuzzy b-closed set , then B̃c is a fuzzy b-open set . 
  

Since (Ã , 𝜏 ) is a fuzzy b-extremely disconnected space , then bcl(B̃c) is a  

fuzzy b-open set  , hence (bcl(B̃c))c is a fuzzy b-closed set . 

 

Since (bcl(B̃c))c = bint(B̃) , then  bint(B̃) is a fuzzy b-closed set . 

 
(2) → (3) Let B̃ be a fuzzy b-open set , then B̃c is a fuzzy b-closed set  

 

µbcl(B̃) (x) + µbcl(bint(B̃
𝑐
) (x) = µbcl(B̃) (x) + µbint(B̃

𝑐
) (x) (by (2))  

 

= µbcl(B̃) (x) + µ(bcl(B̃))
c
 (x)  = µÃ (x). 

 

(3) → (4) Let B̃, C̃ be a fuzzy b-open sets such that µbcl(B̃) (x) + µC̃ (x) = µÃ (x),  
 

then C̃ = (bcl(B̃))c = bint(B̃c) ………….(*) 

 

Since µbcl(B̃) (x) + µbcl(bint(B̃
𝑐
) (x) = µÃ (x), then 

 

From (*) we get µbcl(B̃) (x) + µbcl(C̃) (x)  = µÃ (x) . 

 
(4) → (1) Let B̃ be a fuzzy b-open set and let C̃ = (bcl(B̃))c , then  

 

µbcl(B̃) (x) + µC̃ (x)  = µÃ (x) and by (4) µbcl(B̃) (x) + µbcl(C̃) (x)  = µÃ (x), hence  

 

bcl(C̃) =  (bcl(B̃))c = bint(B̃c) . 

 

Since  bcl(C̃) is a fuzzy b-closed set , then bint(B̃c) is a fuzzy b-closed set . 

 

Hence bcl(B̃) is a fuzzy b-open set . 

 
Theorem  3.8 : 

In a fuzzy b-extremely disconnected space (Ã , 𝜏 ) is a fuzzy b-T̃2 space iff for  

every distinct fuzzy points   𝑥𝑟  , 𝑦𝑠 ∈ Ã, there exists two fuzzy b-open sets B̃ , C̃ in  
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(Ã , 𝜏 ) such that   𝑥𝑟  ∈ B̃ , 𝑦𝑠 ∈ C̃  and bcl(B͂) 𝑞⏞ bcl(C̃) . 

Proof : 

 Let  𝑥𝑟  , 𝑦𝑠 ∈ Ã , then there exists two fuzzy b-open sets B̃ , C̃ in (Ã , 𝜏 ) 

 such that   𝑥𝑟  ∈ B̃ , 𝑦𝑠 ∈ C̃  and bcl(B͂) 𝑞⏞ bcl(C̃) . 

Since B͂ ⊆ bcl(B͂) and C̃ ⊆ bcl(C̃) , then B͂ 𝑞⏞ C̃ . 

Therefore (Ã , 𝜏 ) is a fuzzy b-T̃2 space . 

Conversely : Let  𝑥𝑟  , 𝑦𝑠 ∈ Ã , then there exists two fuzzy b-open sets  B̃ , C̃ 

in  (Ã , 𝜏 ) such that   𝑥𝑟  ∈ B̃ , 𝑦𝑠 ∈ C̃  and B͂ 𝑞⏞ C̃ . 

Since  C̃  is a fuzzy b-open set , then by proposition 1.14 bcl(B͂) 𝑞⏞ C̃ . 

Since (Ã , 𝜏 ) is a fuzzy b-extremely disconnected space , then bcl(B͂) is a  

fuzzy b-open set and by by proposition 1.14 we get bcl(B͂) 𝑞⏞ bcl(C̃). 

 

Theorem   3.9 : 
 

In a fuzzy b-extremely disconnected space (Ã , 𝜏 ) is fuzzy b-regular space iff for  

every fuzzy point  𝑥𝑟  ∈ Ã and for every fuzzy closed set B͂ in (Ã , 𝜏 ) such that                        

𝑥𝑟 𝑞 ⏞  B͂ , there exists two fuzzy b-open sets C̃1 , C̃2 in (Ã , 𝜏 )  such that   𝑥𝑟  ∈  C̃1 ,   

B͂ ⊆ C̃2 and  bcl(C̃1) 𝑞 ⏞  bcl(C̃2)  . 

Proof: Let  𝑥𝑟  ∈ Ã and B͂ be a fuzzy closed set in (Ã , 𝜏 ) such that                        

𝑥𝑟 𝑞 ⏞  B͂ , there exists two fuzzy b-open sets C̃1, C̃2 in (Ã , 𝜏 )  such that  𝑥𝑟  ∈  C̃1.   

Since  C̃1 is a fuzzy b-open set , then by proposition 1.14 C̃1 𝑞 ⏞  bcl(C̃2) . 

Since (Ã , 𝜏 ) is a fuzzy b-extremely disconnected space , then bcl(C̃2) is a  

fuzzy b-open set and by proposition 1.14 we get bcl(C̃1) 𝑞 ⏞  bcl(C̃2) . 
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Conversely : Let  𝑥𝑟  ∈ Ã and B͂ be a fuzzy closed set in (Ã , 𝜏 ) 
 

𝑥𝑟 𝑞 ⏞  B͂ , by hypotheses there exists two fuzzy b-open sets C̃1 , C̃2 in (Ã , 𝜏 )                           

such that   𝑥𝑟  ∈  C̃1 ,  B͂ ⊆ C̃2 and  bcl(C̃1) 𝑞 ⏞  bcl(C̃2)   . 

 Hence C̃1 𝑞 ⏞  C̃2   .Therefore (Ã , 𝜏 ) is fuzzy b-regular space . 

Theorem   3.10 : 
 

     If  (Ã , 𝜏 ) is a fuzzy b-extremely disconnected fuzzy b-normal space , B͂ is a  

 

fuzzy closed subspace in (Ã , 𝜏 ) and C̃ is a fuzzy clopen subspace in B͂ , then  

 

there exists fuzzy b-open set D̃ in (Ã , 𝜏 ) such that D̃ ∩ B͂ = C̃ . 

 

Proof: Since C̃ is a fuzzy open set in B͂, then here exists a fuzzy open set C̃1 

 

in (Ã , 𝜏 ) such that C̃1 ∩ B͂ = C̃ . 

 

Since C̃ is a fuzzy closed set  and C̃1 is a fuzzy open set in the fuzzy b-normal  

 

space (Ã , 𝜏 ) such that C̃ ⊆ C̃1 , therefore by theorem 2.4 

 

there exists a fuzzy b-open set C̃2 in (Ã , 𝜏 ) such that 

 

 C̃ ⊆ C̃2 ⊆ bcl(C̃2) ⊆ C̃1 

 

Since (Ã , 𝜏 ) is a fuzzy b-extremely disconnected space , then bcl(C̃2) is a  

 

fuzzy b-open set and let bcl(C̃2) = D̃ . Thus bcl(C̃2) ∩ B͂ ⊆ C̃1 ∩ B͂ = C̃……(*) .  

 

Since C̃ ⊆ bcl(C̃2) and  C̃1⊆ B͂ , then C̃⊆ bcl(C̃2) ∩ B͂……….(**) 

 

From (*) and (**) it follows that C̃ = D̃ ∩ B͂ . 
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4. Fuzzy b-hyper Connected Space  

Definition   4.1 : 
 

A fuzzy topological space (Ã , 𝜏 ) is said to be fuzzy b-hyper connected  space if  
 

∀ B͂ ∈ FBO(Ã) →bcl(B͂) = Ã . 

 

Example   4.2 : 
 

    Let X = {a , b , c} , Ã = {(a , 0.5) , (b , 0.5) , (c , 0.5)} ,  

 

B̃ 1 = {(a , 0.5) , (b , 0.0) , (c , 0.0)}, B̃2 = {(a , 0.5) , (b , 0.5) , (c , 0.0)} ,  

 

B̃3 ={(a , 0.5) , (b , 0.0) , (c , 0.5)} be a fuzzy sets in A͂ , 𝜏  ={𝜑̃ , Ã , B̃1}be a fuzzy  

 

topology on A͂ , then the FBO(Ã) = {𝜑̃ , Ã , B̃ 1 , B̃2  , B̃3 }, and (Ã , 𝜏 ) is a fuzzy  
 

b-hyper connected space . 

 

Proposition   4.3 : 
 

Every fuzzy b-hyper connected space is a fuzzy b-extremely disconnected space.  
 

Proof: Obvious . 

Remark   4.4 : 

The converse of proposition 4.3 is not true in general as shown in the 

following example. 

Example   4.5 : 
 

    The space (Ã , 𝜏 ) in the example 3.2 is a fuzzy b-extremely disconnected 

space but not fuzzy b-hyper connected space. 

Theorem   4.6 : 
 

       Every fuzzy open subspace of fuzzy b-hyper connected space is a fuzzy  
 

b-hyper connected space . 
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Proof: Let C̃1 be a fuzzy b-open set in (B̃ , 𝜏̃B̃ ) , then  

there exists fuzzy b-open set C̃2 in (Ã , 𝜏 ) such that B̃ ∩ C̃2 = C̃1 . 

Since B̃ ∩ C̃2 ∈  FBO(Ã) and (Ã , 𝜏 ) is a fuzzy b-hyper connected space .  

Then  bcl(B̃ ∩ C̃2) = Ã . 

Since  bcl(C̃1) = bcl(C̃1) ∩ B̃  = Ã ∩ B̃ = B̃ . 

Hence bcl(C̃1) = B̃ . 

Lemma 4.7 :  
  

   Let (Ã , 𝜏 1)   𝑎𝑛𝑑 (Ã , 𝜏 2) be two fuzzy topological spaces such that  
 

(FBO(Ã))1 ⊆ (FBO(Ã))2  , then (bcl(B͂))2 ⊆ (bcl(B͂))1 . 
 

Proof: 
 Let  𝑥𝑟  ∉ (bcl(B͂))1 , then there exists fuzzy b-quasi neighborhood C̃ of 𝑥𝑟 in 

(FBO(Ã))1  such that B̃ 𝑞 ⏞  C̃ .  

 

Since C̃ is a fuzzy b-quasi neighborhood of 𝑥𝑟 . 

 

Then , there exists D̃ ∈ (FBO(Ã))1 such that 𝑥𝑟 q D̃ and D̃ ⊆ C̃ .  

 

Hence D̃ ∈ (FBO(Ã))2 and C̃ b-quasi neighborhood of 𝑥𝑟 in (FBO(Ã))2  . 

 
Therefore ,  𝑥𝑟  ∉ (bcl(B͂))2 . 

 

Proposition   4.8 : 
 

Let (Ã , 𝜏 1)   𝑎𝑛𝑑 (Ã , 𝜏 2) be two fuzzy topological spaces such that 𝜏 1 ⊆ 𝜏 2 and  

 

(FBO(Ã))1 ⊆ (FBO(Ã))2 , if (Ã , 𝜏 2) is a fuzzy b-hyper connected space then  
 

(Ã , 𝜏 1) 𝑖𝑠 a fuzzy b-hyper connected space.  
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Proof: Let B͂ ∈ (FBO(Ã))1 , then B͂ ∈ (FBO(Ã))2 . 

Since (Ã , 𝜏 2) is a fuzzy b-hyper connected space , then (bcl(B͂))2 = Ã . 

Since (bcl(B͂))2 ⊆(bcl(B͂))1 , then Ã ⊆ (bcl(B͂))1 but (bcl(B͂))1⊆ Ã . 

Therefore (Ã , 𝜏 1) 𝑖𝑠 a fuzzy b-hyper connected space. 

Remark   4.9 : 

      The converse of proposition 4.8 is not true in general as shown in the 

following  example. 

Example   4.10 : 
 

    Let X = {a , b , c} , Ã = {(a , 0.5) , (b , 0.5) , (c , 0.5)} ,  

 

B̃ 1 = {(a , 0.5) , (b , 0.0) , (c , 0.0)} , B̃ 2 = {(a , 0.0) , (b , 0.5) , (c , 0.5)} ,   

 

B̃ 3 = {(a , 0.5) , (b , 0.5) , (c , 0.0)} , B̃4  = {(a , 0.5) , (b , 0.0) , (c , 0.5)},  

 

B̃5  = {(a , 0.0) , (b , 0.5) , (c , 0.0)} and B̃6  = {(a , 0.0) , (b , 0.0) , (c , 0.5)} be a  
 

fuzzy sets in A͂ , 𝜏 1 ={𝜑̃ , Ã , B̃1} and 𝜏 2 ={𝜑̃ , Ã , B̃ 1 , B̃2} be a fuzzy 

topology on  
 

A͂ , then the (FBO(Ã))1 = {𝜑̃ , Ã , B̃ 1 , B̃3  , B̃4 } ,                                                                   
 

(FBO(Ã))2 = {𝜑̃ , Ã , B̃ 1 , B̃3  , B̃4 , B̃5  , B̃6 } and (Ã , 𝜏 1) is a fuzzy b-hyper  

connected space  but (Ã , 𝜏 2)  is not fuzzy b-hyper connected space. 
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