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Abstract

In this paper, the solvability and uniqueness ( of the solution ) of some
classes of semilinear operators equations in infinite dimensional space
have been considered. The linearity of the semilinear class is of maximal
monotone operator perturbed by duality maping, and the nonlinearity are
of Leray-Schauder type operator of quasi-positive or satisfying some
suitable conditions. The spaces of solvability are real reflexive Banach
space or real Hilbert space.

Keywords: maximal monotone, duality map, Leray-Schauder degree,
quasi-positive, Lipschitz operator.

1.Introduction:

In Mortici [4], The semilinear equation of the form Ax + F(x) =0, is
considered where A is a linear maximal monotone operator and the
nonlinear operator F is of a strongly monotone Lipschitz operator. It is
proved that, under these assumptions, the equation Ax + F(x) = 0 has a
unigue solution.

Where in [5],the problem Ax + F(xX) = 0 , where A is a densely
defined linear operator, and the nonlinearity F is a quasi-positive operator
of Leray-Schauder type have been considered and the existence and
uniqueness result under some monotonicity conditions are also obtained
as a consequence of the properties of the Leray-Schauder degree. The
existence and uniqueness result for the semilinear equation Au + F(u) = f
, Where A is a linear maximal monotone operator and the nonlinearity F is
a Lipschitz operator is considered, in [8].

In this paper, it is presented an existence and uniqueness result for
some classes of semilinear operator equations in infinite dimensional
spaces, where the linearity is a maximal monotone operator perturbed by
duality map on a real reflexive Banach space and the nonlinearity is a
Leray-Schauder type operator for quasi-positive operator or satisfies
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some necessary conditions. The solvability approach of this paper are
based on Banach fixed point theorem for Leray-Schauder degree theorem
as well as Minty-Browder theorem. Some illustrations are also presented
with a suitable remarks and discussions .

The following theorem, which is a semilinear perturbed operator
equation have been developed.

2.Basics and concepts:
2.1 Definition ,[6]:

Let X be real Banach spaces, and let A : D(A) ¢ X—— X* be an
linear operator where X' the dual space to X, then:

(i) As called monotone if and only if:
<Au-Av,u-v>2>0

(i) Ais called strictly monotone if and only if:
<Au-Av,u-v>>0

(iii) A'is called strongly monotone if there is a constant ¢ > 0, such that:
<Au -AvV, u —v>>c||u — vl

(iv) Ais called coercive if and only if:

<Au,u>
lufl—>e [l u]

2.2 Definition, [6]:

—> +o0

Let A : D(A) c H—— H be an linear operator on the real Hilbert
space H, then:

(i) A is called maximal monotone if it is monotone and Au = b if and
only if <b - Av,u-v>2>0, forall v e D(A)implies A has no
proper monotone extension.

(i) A is called accretive if and only if (I + AA) : D(A) — H is
Injective and (1 + LA) ™ is nonexpansive for all A, > 0.

(iii) A is called maximal accretive if and only if A is accretive and (I +

LA) ™ exists
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on H forall A > 0.
2.3 Remarks :

Let X, Y be Banach spaces. The following properties for an operator
A X——> Y may be define as :

1. A is Lipschitz continuous on M < X, if and only if ther exists a
constant L > 0 such that:

IAU — Av]| < K|Ju — ]}, for all u, v € M and fixed k.[1]

2. A'is k-contractive if and only if A is Lipshitz continuous with and 0 <
k<1.[1]

3. A is nonexpansive if and only if A is Lipschitz continuous with k =
1.[10]

4. The operator A is called positive if and only if:
<Au,u>2>0, Vue X [11]

5- The operator A is called quasi-positive if there exist aell | such that:
<Au,u> > o|Aulf , aell , ueX.[7]
2.4 Lemma [11]:

Let A : D(A) c H—— H be any linear operator on the real Hilbert
space H. Then the following three properties of A are mutually
equivalent:

(1)  Aismonotone and R(l + A) = H.
(i)  A'is maximal accretive.
(iii)  A'is maximal monotone.

2.5 Theorem (The Riesz theorem ),[10]

Let H be a real Hilbert space and let H™ denote the dual space of H ,
then feH* iff there is a veH such that

f(v) = < v,u > for all ueH
(2.1)
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Here ,the element v of H is uniquely determined by f . In addition
1= v
2.6 Definitions (Duality Map),:
1.

et H be a real Hilbert space , the duality map J;: H —— H™ of H
through J(v) =f where fis given by (2.1), and

<f,u>=f(u) forall feH andueH

Hence <J(v) ,u>=<v,u> forall u,v € H.[10]

Set f(u) =2 ||ul?, for all u e X, where X is a real Banach space. The
duality map J: X—— X* of X is defined to be J = of. [11]

2.7 Remark ,[11]:
1_

The duality map J is bijective, continuous and norm preserving,
le., I3 = ||u|, for all u € X..

2-
If X is a real Hilbert space, then J is linear.

2.8 Remarks (1.4.15), [11]:

(i) Let A, B are two monotone operators, such that A : X —— X* and B
: X—— X*, where X is a Banach space. Then A + B : X —>X* is
monotone.

(if) Let A : D(A) € X —— X* be maximal monotone, then the mapping
A is not empty, i.e., there exists a (Uo, uy) € G(A), such that up =0

and u, =0, i.e, (0,0) = G(A).

2.9 Lemma, [11]:

Let b € X* be given and assume:

(i) Cisanonempty closed convex set in the real reflexive Banach space.

(i1) The mapping A : C—— X* is maximal monotone.
Ao
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(i) The mapping B : C —— X* is psedomonotone, bounded and
dimicontinuous.

Then the original problem b = Au + Bu, u € C has a solution.
2.10 Lemma, [11]:

Let X be a real reflexive Banach space, where X and X* are strictly
convex, then the monotone mapping A : X —— X* is maximal
monotone if and only if R(A +J) = X*.

2.11 Lemma, [11]:

Let C be a nonempty closed convex subset of the real reflexive B-space
X, where X, X* are strictly convex. Suppose that the mapping A:C —
X* is maximal monotone. Then for all A > 0, the inverse operator (A +
M)t X* —— X is single-values, demicontinuous and maximal
monotone.

2.12 Lemma, [11]:

Let X be a real reflexive Banach space, and let the dual space X*
be a strictly convex. Set:

f(u) =2 |jull, forallu e X

Then the duality map J : X —— X* is single-valued, surjective,
demicontinuous, maximal monotone, bounded and coercive. For all u e
X, we have: Ju="f'(u).

2.13 Lemma .[5]:

If F: H—— H is a quasi-positive operator with o €[l =~ a > 1/2, then

Ix = F| <|IX||, V X € H, x # 0.

AT
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2.14 Lemma , (Compactness of Product), [3]:

Let A; : X—— X be a compact linear operator and A, : X — X
be a bounded linear operator (hence continuous). Then A;A; and AA;
are compact.

2.15 Lemma , (Compact Perturbation), [2]:

Let f, g, h : X —— X be a mapping of Banach space X, then f is called
compact perturbation of the mapping g if and only if f =g + hand h is
compact.

2.16 Definition ,[9]:

Let X ,Y be two topological space and let f, g : X—— Y, we say that
f is homotopic to g if there isa map H : [0, 1]xX —> Y such that:

E(D’X] =f} vV X eX
H(l,x) =g
[0, 1]xX={(t,x) : te[0, 1] , xeX } and

i.e v te[0,1] let f(x) = H(x,t) then H is called homotopic between f,
and f;.

2.17 Lemma ,[5]:

Letf: Uc H—— H be such that | — f is compact and lety € H \
f(oU).. Then the Leray-Schauder degree d(f,U, y) satisfies the following
properties:

(a) If d(f,U, y) = 0, then y € f(U).

(b) If He C([0,1]xU,H) is such that I-H(t, -) is compact, for all
te[0, 1] and y € H\ H ([0, 1] x U ), then the degree
d(H (t, -),U, y) = constant, V t € [0, 1].

(c) The degree for the identity map | : H—— H is
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3.Solvability of semilinear class by using degree theory

3.1 Theorem :

Let the operator A: X ——X* be a maximal monotone and

J:X——X* a duality map on the real reflexive Banach space X such that
X and X* are strictly convex and

D(A)nintDJ)=0; A0)=0
Then the sum A +J : X —— X* is maximal monotone.
Proof:

On using a translation, we may assume that 0 € D(A) n int (J) by
remark (2.8)(ii)

and replacing u — Au with u +— Au + ¢, for fixed c.

The duality map J is maximal monotone and bounded by Lemma
(2.12).

The mapping A + J : X —— X* is monotone, see remark (2.8)(i), and by
Lemma (2.10), the mapping A + J is maximal monotone if and only if

R(A + 2]) = X*,
(3.1)

I.e., to prove that for all b* € X*, the equation

b* = Au + 2Ju, u e X
(3.2)

has a solution.
Replacing u +— Juwith u > Ju — b*.

It is sufficient to prove the equation:

AN
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(3.3)
has a solution.

To obtain a solution u of (3.1) it is sufficient to find a (u, b), such that:

—b=(A+2"1)u
b=@+2 )
(3.4)

Where (u, b) € XxX*,
To this and set:

Eb =—(A + 27)*(-b)

Fb=(J +27%)"(b)
By the Lemma (2.11), the operator E , F : X* —— X are monotone
and demicontinuous and we have:

R(F) =D@ + 271) = DQJ)
and hence R(F) is bounded and 0 € int R(F).
To solve problem (3.2) it is sufficient to solve the equation:
Eb+Fb=0,b e X* (3.5)

By Lemma (2.9), the equation (3.5) has a solution, implies the desired
maximal monotone of A + J.

Hence, the operator E + F : X* —— X is monotone and demicontinuous
= E + F is maximal monotone .= A+J is maximal monotone .

Based on the result of theorem (3.1) and lemma (2.13), the following
theorem is developed and it is needed in the applications .

3.2 Theorem,:

Let A : D(A)c H—— H, linear, maximal monotone operator, and let J
: H—— H be a duality map on the real Hilbert space H and they are

A4
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satisfying the conditions of theorem (3.1), where F : H —— H be an
Leray-Schauder type - operator such that

<F(X),x>>alFX)|*, VxeH x£0

for some o > 1/2. Then the equation

Ax+J(X) + F(x) =0
(3.6)

has at least one solution xe D(A+]).

proof:

By the theorem (3.1),the sum operator (A+J) is a maximal monotone,
and by lemma (2.4) it is maximal accretive, hence for all A > 0 , the
operator (I + A(A+J)) is invertible with continuous inverse

(1+AMA+)": H—— H, and by Remarks (2.3) one get

IC1+ A(A+D) Y < 1.
(3.7)

Now, the equation (3.6) can be written as
(I+A+I)x+(-1+F)x=0=

(1+A+)x=(1-F)x<=x=(1+A+)™"(1-F)x
(3.8)

Since F is an operator of Leray-Schauder dgree (see [9]), then I — F is
compact and

(1+A+)(1-F)
is compact, lemma(2.14).

And so on, one can get
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(1-(1+A+)=F))
(3.9)

Is compact perturbation of identity map by lemma(2.15) , and hence

(1-(1+A+)*(1-F))=0
(3.10)

Can be solved using Leray-Schauder degree as follows:
Since

AX+H(X)+F(X)=0 < (I-(1+A+)(1-F))(x)=0
(3.11)

Let B = B(O, r) be such that Be D(A+J)
On using homotopy function we have that

Ht, ) =x — (1 + A+) - F)x), x € B, t e [0, 1].
(3.12)

If 0 eH(1, 8B), the conclusion follows immediately. In order to use the

invariance to homotopy of the Leray-Schauder degree (see [9]), we prove
that 0 ¢ H([O, 1), oB).

Let us suppose by contrary that H(t, x) = 0, for some x € oB
and t e [0, 1).from equation (3.12)
IXII =t T+ A+ = F )
<NCH+ AR [ x = FXI
By equation (3.7) and lemma (2.13) we get

IXIE <l x = FO) T < [ x [T

We must have equalities all over, in particular (1 + A+J)*(1—F )(x) =0
99
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Hence x = 0 e 0B, contradiction. This means that 0 ¢ H([0, 1],6B) and
further, (see [9] and lemma (2.17))

d(H(1, +), B, 0) =d(H(, -),B,0) =

= d(I-(1+A+)*(1-F)(x),B,0)=d(l,B,0)=1.

In conclusion, d(1 - (1 + A+J)*(I-F)(x), B, 0)#0 .

By Leray-Schauder degree, one gets:

The equation (I —( | + A+J)™(1-F )(x)) =0 and equivalent, the equation
Ax+J(X)+F(Xx)=0

has at least one solution in D(A+])
u

Hlustrations(3.3):

Let Qe R" be open set and bounded and let aij € C(Q), 1 <i,j<nbe
real valued functions satisfying the ellipticity property

Y a(¥)EE =0 VE=(&y,....E)eR"

lil[j=k

Let us consider the following elliptic problem

qy
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s (&) 0 in Q
Z]E % (E}E;_ g(t.x) =
) on ¢Q

(3.19)

The nonlinear part g(t,x) :igi (t,x), where gi(t, X) = ai(t)x, with ay; €

c(Q) ao > p > 0, under the assumption that the sum of the
nonlinear part is quasi — positive [see lemma (3.3)],

First , one have to prove that
< Zn:gi(t,x) X)) > >0 D <g t,x),0;(,x)>
i=1 i

for some o'= min{oy, o, oy, o > 1/2.

It should be noticed that:

igi (t’X ): gl(t’X) + gz(t,X) ... +gn(t1X)

i=1

= ap1 ()X + aga()x + ... +aon(t)x

= (agy(t) + aga(t) + ... + agy(t)).x

= ao(t)X
Such that ag(t) = iam (t).

Hence

qy
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jzg t,x ()X (t)dt > ng (t,x (t))dt

—lQ

[3,®)x @©)x (t)dt Za*Ugf(t,x )t +[ g7t x @)t +...+ [ 92t x (t))dtj
[a,)x ()t Za*[j(gf(t,x(t))+g§(t,x(t))+...+g§(t,x(t)))dtj

[EXOEROLE Za*('[(ajl(t)xz(t)+a§2(t)x2(t)+...+a§n (t)xz(t))dtJ
Ja,(t)x* t)dt zo/*U((agl(t)+a§2(t)+...+a§n t))x Z(t))dtj

[EXGEROL Za*(jaéx Z(t)dtJ

jao(t)x (t)dt
jao(t)x (t)dt

Is fulled with a.” < 1/ |Jag|.

If H=L*(Q) , where L*(Q) is standing for the class of then,

A=-3 2 [ m—], D(A) = HA@NHQ), I =0

]

and (ZF(X))(t) = Zg (t, x(t) - The problem (3.19) can be written in the
i=1
abstract form

AX+3 R (x) =0, X € D(A) < L(Q).
i=1

We have that:

q¢
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= —j Nx .xdx +.[aii ﬂ.a—xdx
o0 o OX; O

]

Since Nx =0 on 0Q

= [y 2 a & Ix=<Ax, x>
% ox; U7 oXj

Qi.j

Where < ., . > is defined as < x , x > = [ X*(t)dt
Q

:><Ax,x>:faija—x.a—xdx >0,
o OX; OX

Now, on what the conditions, the sum of quasi-positive operators is
still quasi-positive operator . the following lemma is answers this
guestions

q0
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Proposition(3.4):

The following inequality hold

bénﬁ(x)n2 ZCII%E(X)IF
(3.20) i
ifandonlyifc<b,<F(x),F(x)>>0,Vi#],F(X)#0iel
proof :

L n bn FI 2 bn FI 2
B3RP el SReo e c< PN < 2IRwI
i=1 i=1 n n n
ISR <YR®).,YRKX) >
i=1 i=1

i=1

3 bén ROOIP

YR IF +2Y <R (x),F(x) >
i=1 i=1
Where <Fi(x),F(x)>>0,Vi#j,j=1,2,... n.

< by IR 9 IP <b
i=1

IR0
i=1

And hence one can obtained bill F)IP>c ipi(x) 112
i-1 i=1
|

a1
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Lemma(3.5):

Let F; : H—— H be a quasi-positive operators on the real Hilbert
space H for each

I,i=1,2, ..., n; with real number o; € I , then anpl(x) IS quasi-positive
i—1

if <F(X),F(X)>>0,i=jand F(x) #0 V xeH .Where o=
min{o, 0, ... Oy L},

c<no

Proof:

< Z”:pl(x) , X> = <Fy(X), x> + <F,(x), x>+ ... + <Fy(X), x>
=1

> oul[FL ()| + aalF(I° + ... + oul|Fa(X)II°

> o IF1 QI + alIF00I + .. + o [IFa()I°

- * *, n
2 (o Fot . o) SYRM)|P
i=1
*n
Z N0 1R (x) |12
i=1

n .
2 c|| SR (x) |> by proposition (3.7)
i=1

n n
Hence LR = TREIP
i=1 i=1

(3.21)m
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Lemma(3.6):

If Fi : H—— H is a quasi-positive operators for all i,i=1, 2, ..., n;

b

with real numbers o, cand ; wherec>1 |, a*=min {ay, oy, ..., an}.

2
Then:
x—3 F(x) < [IxIl
i=1
(3.22)
Proof:
n 2 n n
x—> R (x) = <x=2R(X),x-> FK(x)>
i=1 i=1 i=1
2 n d 2
=XII" = 2<x, R ()>+ [ 2 RX)
= =
2 : 2 4
<|IXI[* = 2no* D _IIFOIIP + || SR (x) |2
i=1 i1
n
<[IXIF = 201 YR 002 * 1R () IR by lemma (3.13)
i=1 i=1
< 2_(9c — n 2 < 2
<[X[I" = (2c = 1) SR e 1P < X%
i=1
|

aA
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