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Abstract: 

       In  the this paper  ,  modified   three − step iteration  process for three 

self  mappings  is  introduced   in  strictly  convex  and  uniformly    smooth  

Banach space . Also the  strongly  and weakly  convergence theorems of this  

iteration  are  proved  for  three   asymptotically  quasi  nonexpansive  

mappings in  uniformly  smooth  and  uniformly  convex Banach space.  
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𝟏. Introduction 

         Rafiq[1]   introduced three−  step iteration process and used it to 

approximat    the   unique   comman    fixed    point  of     three    strongly 

pseudocontractive  operators in a real Banach space. Let   𝐸 , 𝐻 , 𝐷: 𝐺 → 𝐺  

are  mappings ,for any  𝑥1 ∈ 𝐺 , the sequence {𝑥𝑛}  defined by 

      𝑥𝑛+1  =  (1 −  𝜑𝑛)  𝑥𝑛  +   𝜑𝑛 𝐸 𝑦𝑛 

     𝑦𝑛      =   (1 − 𝜔𝑛) 𝑥𝑛  +  𝜔𝑛 𝐻 ʑ𝑛 

       ʑ𝑛    =  (1 − 𝜉𝑛) 𝑥𝑛 + 𝜉𝑛 𝐷 𝑥𝑛   , ∀𝑛 ≥ 0                                 … (𝑖) 

 {𝜑𝑛} , {𝜔𝑛} and   {𝜉𝑛} are  three  sequences  in [0,1].  Xu  and   Noor  [2] 

 introduced three step− iteration process {𝑥𝑛} as  follows, for any  𝑥1 ∈ 𝐺   

      𝑥𝑛+1  =  (1 −  𝜑𝑛)  𝑥𝑛  +   𝜑𝑛 𝐸𝑛 𝑦𝑛 

     𝑦𝑛      =   (1 − 𝜔𝑛) 𝑥𝑛  +  𝜔𝑛  𝐸
𝑛ʑ𝑛 

       ʑ𝑛    =  (1 − 𝜉𝑛) 𝑥𝑛 + 𝜉𝑛 𝐸𝑛𝑥𝑛   , ∀𝑛 ≥ 1                              … (𝑖𝑖)   

{𝜑𝑛} , {𝜔𝑛} and  {𝜉𝑛} are  real  numbers  in [0,1] and then who established 

the  convergence  results of  the  modified  iteration (𝑖𝑖) in Banach space. 

Nantadilok  [3]   presented  three− step iteration  process with  errors and 

gave   condition   for  convergence  of   comman   fixed  point   for   three 

generalized  asymptotically  nonexpansive  mappinge.   

Let  𝐸 , 𝐻 , 𝐷: 𝐺 → 𝐺  are  mappings ,for any  𝑥1 ∈ 𝐺 , the sequence {𝑥𝑛}  

defined by    

    𝑥𝑛+1  =  (1 − 𝜑𝑛)  𝑥𝑛  +   𝜑𝑛 𝐸𝑛 𝑦𝑛 + 𝜇𝑛 

     𝑦𝑛      =   (1 − 𝜔𝑛) 𝑥𝑛  +  𝜔𝑛  𝐻
𝑛ʑ𝑛 + 𝜀𝑛 

       ʑ𝑛    =  (1 − 𝜉𝑛) 𝑥𝑛 + 𝜉𝑛 𝐷𝑛𝑥𝑛 + 𝜓𝑛   , ∀𝑛 ≥ 1                        … (𝑖𝑖𝑖)   

{𝜇𝑛} , {𝜀𝑛} and {𝜓𝑛} are  sequences  in  𝐾 and {𝜑𝑛} , {𝜔𝑛} and  {𝜉𝑛}  are real  

sequencess  in [0,1]. If  𝜉𝑛 = 0 𝑖𝑛 (𝑖𝑖𝑖) , 𝑛 ∈ 𝑁 . Then , the sequence {xn}  

defined by  

    𝑥𝑛+1  =  (1 − 𝜑𝑛)  𝑥𝑛  +   𝜑𝑛 𝐸𝑛 𝑦𝑛 + 𝜇𝑛 
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     𝑦𝑛      =   (1 − 𝜔𝑛) 𝑥𝑛  +  𝜔𝑛  𝐻
𝑛𝑥𝑛 + 𝜀𝑛  , ∀𝑛 ≥ 1           

Is called the  Ishikawa  iteration sequence.  

If  𝜉𝑛 = 𝜑𝑛 = 0 𝑖𝑛 (𝑖𝑖𝑖) , 𝑛 ∈ 𝑁 . Then , the sequence {𝑥𝑛}  defined by 

xn+1  =  (1 − φn)  xn  +   φn En xn + μn , ∀𝑛 ≥ 1          

Is called the  Mann  iteration sequence.  

 𝟐. Preliminaries  

       In this section,  some  basic definitions  and  properties  concept  which 

needed are  presented . 

Definition (𝟐. 𝟏), [𝟒] 𝐚𝐧𝐝 [𝟓]:  

       Let 𝐺 is a   Banach   space , 𝐾 is a nonempty  subset of 𝐺 . A mapping   

𝐸: 𝐾 → 𝐾  is  said  to  be   

(i)  Asymptotically    nonexpansive  .If  ∃ a sequence  {ҽ𝑛} ⊂ [1, ∞[  with 

ҽ𝑛 → 1  𝑎𝑠  𝑛 → ∞   such that   ‖𝐸𝑛𝑥 − 𝐸𝑛𝑦‖ ≤  ҽ𝑛‖𝑥 − 𝑦‖            … (1)  

∀ 𝑥, 𝑦 ∈  𝐾 and 𝑛 ≥ 1 

(ii)Asymptotically quasi nonexpansive. If 𝐹(𝐸) = {𝑥 ∈ 𝐾: 𝐸(𝑥) = 𝑥} ≠ ∅ 

and  ∃  a sequence  {ҽ𝑛}  ⊂   [1, ∞[  with   ҽ𝑛 → 1  𝑎𝑠   𝑛 → ∞   such  that   

                ‖𝐸𝑛𝑥 − 𝜌‖ ≤  ҽ𝑛‖𝑥 − 𝜌‖                                                   … (2)  

∀ 𝑥 ∈  𝐾   and  𝑛 ≥ 1 , 𝜌 ∈ 𝐹 .   

Definition (𝟐. 𝟐), [𝟔]: 

          Let  𝐺  is  a  real   Banach  space  with  the  dula   space  𝐺∗ and  the  

mapping  𝐽: 𝐸 → 2𝐸∗
 is defined by 

 𝐽(𝑥) =  {𝑓 ∈  𝐸 ∶  〈𝑥 , 𝑓〉  = ‖𝑓‖‖𝑥‖ , ‖𝑓‖  = ‖𝑥‖},   ∀𝑥 ∈ 𝐺  is  said  to be  

normalized  duality  mapping. 
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Definition (𝟐. 𝟑), [𝟕]: 

    A Banach space  𝐺 is said to be (𝑖) Strictly convex . If ‖
𝑥+𝑦

2
‖ < 1 , 

for all  𝑥, 𝑦 ∈ 𝐺 with ‖𝑥‖ = ‖𝑦‖ = 1 and 𝑥 ≠ 𝑦 . 

(ii) Uniformly convex . If  𝑙𝑖𝑚
𝑛→∞

‖𝑥𝑛 − 𝑦𝑛‖ = 1, for any two sequences 

{𝑥𝑛}, {𝑦𝑛}  𝑖𝑛 𝐺  such that ‖𝑥𝑛‖ = ‖𝑦𝑛‖ = 1 𝑎𝑛𝑑 𝑙𝑖𝑚
𝑛→∞

‖
𝑥𝑛+𝑦𝑛

2
‖ = 1. 

        Let  𝑈 = { 𝑥 ∈ 𝐺: ‖𝑥‖ = 1} be the unit sphere  of  𝐺 , then  the Banach 

space  is said  to be   

(iii) Smooth . If  the 𝑙𝑖𝑚
𝑛→∞

‖𝑥+𝑡𝑦‖−‖𝑥‖

2
  exists , ∀𝑥, 𝑦 ∈ 𝑈.  

(iv ) Uniformly Smooth . If  the  limit exists uniformly  ∀𝑥, 𝑦 ∈ 𝑈. 

Proposition (𝟐. 𝟒), [𝟕]: 

        Let 𝐺 is a   Banach   space  and  𝐽: 𝐺 → 2𝐺∗
 is  the  normalized  duality 

mapping , then 

(𝑖) 𝐽  : 𝐺 → 𝐺∗  and   uniformly   norm  to  norm  continuous  on  each 

bounded   subset  of  𝐺  ↔ 𝐺  be  a  real  uniformly  smooth  Banach  space  

(𝑖𝑖) 𝐽−1 ∶ 𝐺∗ → 𝐺  , bijective   , 𝐽𝐽−1  =  𝐼𝐺∗
  and  𝐽−1  𝐽 =  𝐼𝐺   if  𝐺   is 

reflexive  convex  and  smooth   Banach space .   

(iii) If  𝐺 is  uniformly  smooth  , then it is  smooth  and  reflexive .         (iv)  

If  𝐺 is  uniformly  convex    , then it is   strictly  convex .  

Definition (𝟐. 𝟓), [𝟖] 

               Let    𝐺   is     uniformly     smooth      Banach     space      and       

𝐵 =  𝐵𝑟[0] =  {𝑥 ∈ 𝐺 ; ‖𝑥‖  ≤  𝑟} , 𝑟 > 0.  A  duality  map     𝐽: 𝐵 → 𝐺∗ 

is  said to be 𝐿 − Lipschitz  if   ∃ 𝐿 > 0  such that    

‖𝐽(𝑥) − 𝐽(𝑦)‖   ≤   𝐿 ‖𝑥 − 𝑦‖                          … (3)                            

  ∀ 𝑥, 𝑦 ∈ 𝐵. 
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Definition (𝟐. 𝟔), [𝟗]: 

        Let 𝐺 is a   Banach   space , 𝐾 is a nonempty  subset of 𝐺. A mapping 

𝐸: 𝐾 → 𝐾  is  said  to  be  

(𝑖) Uniformly  equi  continuous  if  and  only  if   ‖𝐸𝑛𝑥𝑛 − 𝐸𝑛𝑦𝑛‖ → 0 when 

ever  ‖𝑥𝑛 − 𝑦𝑛‖ →0  as 𝑛 → ∞  for all 𝑥𝑛  , 𝑦𝑛 ∈ 𝐺 . 

(𝑖𝑖) Semi –compact  if  ∃  a subsequence   {𝑥𝑛𝑖
} of  {𝑥𝑛}  such  that {𝑥𝑛𝑖

}  →

𝑥 ∈ 𝐾  as 𝑖 →  ∞  for  any  bounded   sequence  {𝑥𝑛} in 𝐾   

 with  ‖𝑥𝑛 − 𝐸𝑥𝑛‖ →0  as  𝑛 → ∞ .   

(𝑖𝑖𝑖) ɖemiclosed  at  𝑦 ∈ 𝐺   , if  for any sequence {𝑥𝑛}  ∈ 𝐾  and  𝑥 ∈ 𝐺,     

{𝑥𝑛} ⇀ 𝑥  and   𝐸𝑥𝑛  →  𝑦  imply that  𝑥 ∈ 𝐾  and  𝐸𝑥 = 𝑦 . 

Definition (𝟐. 𝟕): 

       Let  𝐺  is  a strictly  convex  and   uniformly  smooth   Banach  space , 

𝐾  is   a   nonempty  and  convex  subset of  𝐺  and    𝐸 , 𝐻 , 𝐷: 𝐾 → 𝐾  are  

mappings . For any   𝑥1 ∈ 𝐺, the  iteration  sequence  {xn}  ⊂ K  is defined 

by  

 𝑥𝑛+1  =   𝐽−1( (1 − 𝜑𝑛) 𝐽𝑥𝑛  +   𝜑𝑛𝐽𝐸𝑛 𝑦𝑛) 

𝑦𝑛     =   𝐽−1(  (1 − 𝜔𝑛)𝐽𝑥𝑛  +  𝜔𝑛  𝐽𝐻𝑛ʑ𝑛)  

   ʑ𝑛    =  𝐽−1 ( (1 −  𝜉𝑛) 𝐽𝑥𝑛 + 𝜉𝑛 𝐽𝐷𝑛𝑥𝑛    ), ∀𝑛 ≥ 1                        … (4) 

   

𝜑𝑛 , 𝜔𝑛  and  𝜉𝑛  ara  sequence  in  [0,1].  If  𝜉𝑛 = 0 in (4) , ∀𝑛 ∈ 𝑁 .  Then 

iteration  sequence  is defined  by 

𝑥𝑛+1  =   𝐽−1( (1 − 𝜑𝑛) 𝐽𝑥𝑛  +   𝜑𝑛𝐽𝐸𝑛 𝑦𝑛) 

𝑦𝑛     =   𝐽−1(  (1 − 𝜔𝑛)𝐽𝑥𝑛  +  𝜔𝑛  𝐽𝐻𝑛𝑥𝑛) , ∀𝑛 ≥ 1                         … (5)  

Is called the Ishikawa  iteration sequence .  

If 𝜔𝑛 = 0  in (5), then  iterative  sequence  defined by 
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𝑥𝑛+1  =   𝐽−1( (1 − 𝜑𝑛) 𝐽𝑥𝑛  +   𝜑𝑛𝐽𝐸𝑛 𝑥𝑛) , ∀𝑛 ≥ 1                     … (6) 

 Is called the Mann  iteration  sequence.  

Lemma (𝟐. 𝟖) , [𝟔]: 

         A Banach  space  G  is  uniformly  convex ↔  ∃  continuous   strictly 

increasing   map  ϒ ∶  [0,1[ → [0,1[  such that  

(𝑖) ϒ(0) = 0  

 (𝑖𝑖)‖𝜏 𝑥 + (1 − 𝜏)𝑦 ‖2 ≤ 𝜏‖𝑥‖2 + (1 − 𝜏) ‖𝑦‖2 − 𝜏(1 − 𝜏)ϒ(‖𝑥 −  𝑦‖),

∀𝑥 , y ∈ Br[0] , and τ ∈ [0,1].   

Lemma (𝟐. 𝟗), [𝟗]: 

            Let   𝐺  is  a uniformly  convex   Banach   space , 𝐾 is  a nonempty  

convex  and   bounded   subset  of  𝐺   and   𝐸 ∶ 𝐾 → 𝐾  is   asymptotically  

nonexpansive  mapping , then   𝐼 − 𝐸  is  demiclosed  at 0 . 

𝟑. Strongly and weakly convergence:   

          In  this  section , the  following  results    develop  the  Main  Results                       

of [2], [5], [10], [11] and others. 

𝐓𝐡𝐞𝐨𝐫𝐞𝐦𝐬 (𝟑. 𝟏):  

           Let  𝐺 is  uniformly  smooth  and  uniformly  convex , 𝐾  is  a 

nonempty convex  and  bounded subset of  G.  Let  𝐸, 𝐻, 𝐷: 𝐾 → 𝐾 are quasi  

asymptotically   nonexpansive mappings  with  {ҽ𝑛} , {ħ𝑛}  and {ȡn} ⊂
[1, ∞[   such that ҽ𝑛  → 1 ,  ħ𝑛 →  1 and  ȡ𝑛 → 1  as  n → ∞. Let   𝐽   be     

lipschitz   valued      mapping      defined    on 𝐾   with   𝐿 ≤  1.    

Let {𝑥𝑛} define  by condition   (4)  satisfying  : (𝑖) 𝑙𝑖𝑚
𝑛→∞

𝜑𝑛 =   𝑙𝑖𝑚
𝑛→∞

𝜔𝑛 = 0  

(𝑖𝑖) ∑ 𝜑𝑛𝜔𝑛 < ∞∞
𝑛=1  . If    𝐹(𝐸) ∩ 𝐹(𝐻) ∩ 𝐹(𝐷) ≠ ∅ ,  then                                  

‖ 𝑥𝑛 − 𝐸𝑥𝑛 ‖ → 0 ,    ‖𝑥𝑛 − 𝐻𝑥𝑛‖ →  0    and     ‖𝑥𝑛 − 𝐷𝑥𝑛‖  →  0    … (7) 

𝑎𝑠   𝑛 →  ∞ .         

Proof: 

      Since 𝐾 is  bounded ,  there  exists   𝐵𝑟[0]  for  some 𝑟 > 0,  from 

conditions (4) and (2),  proposition  [(2.4) , (ii) ], lemma  (2.8) and 

condition (3), 𝜌 ∈ 𝐹, then  
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‖ʑ𝑛 − 𝜌 ‖2 = ‖𝐽−1 ( (1 − 𝜉𝑛) 𝐽𝑥𝑛 + 𝜉𝑛 𝐽𝐷𝑛𝑥𝑛   ) − 𝜌    ‖2  

= ‖𝐽(𝐽−1 ( (1 − 𝜉𝑛) 𝐽𝑥𝑛 + 𝜉𝑛 𝐽𝐷𝑛𝑥𝑛   )) − 𝐽𝜌‖
2
 

                    = ‖(1 − 𝜉𝑛) 𝐽𝑥𝑛 + 𝜉𝑛 𝐽𝐷𝑛𝑥𝑛   − 𝐽𝜌‖2 

                    ≤ (1 − 𝜉𝑛)‖ 𝐽𝑥𝑛 − 𝐽𝜌‖2  + 𝜉𝑛 ‖𝐽𝐷𝑛𝑥𝑛   − 𝐽𝜌‖2  

                     −𝜉𝑛 (1 − 𝜉𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐷𝑛𝑥𝑛‖) 

                     ≤ (1 − 𝜉𝑛)  𝐿2 ‖ 𝑥𝑛 − 𝜌‖2  +  𝜉𝑛  𝐿
2 ‖ 𝐷𝑛𝑥𝑛   − 𝜌‖2 

                     −𝜉𝑛 (1 − 𝜉𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐷𝑛𝑥𝑛‖) 

                     ≤ (1 − 𝜉𝑛)  ‖ 𝑥𝑛 − 𝜌‖2  +  𝜉𝑛  ȡ𝑛
2‖ 𝑥𝑛   − 𝜌‖2 

                     −𝜉𝑛 (1 − 𝜉𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐷𝑛𝑥𝑛‖)                               … (8) 

                                                                 

From  condition (4), (2), proposition  [(2.4) , (ii) ],  lemma (2.8)   and 

condition (3), 𝜌 ∈ 𝐹  , then 

‖𝑦𝑛 −  𝜌‖2 = ‖𝐽−1(  (1 − 𝜔𝑛)𝐽𝑥𝑛  +  𝜔𝑛  𝐽𝐻𝑛ʑ𝑛) −  𝜌 ‖2 

                            =  ‖ 𝐽(𝐽−1(  (1 − 𝜔𝑛)𝐽𝑥𝑛  +  𝜔𝑛  𝐽𝐻𝑛ʑ𝑛)) − 𝐽 𝜌 ‖2 

          =  ‖(1 − 𝜔𝑛)𝐽𝑥𝑛  +  𝜔𝑛  𝐽𝐻𝑛ʑ𝑛 − 𝐽𝜌‖2 

 ≤ (1 − 𝜔𝑛)‖𝐽𝑥𝑛 − 𝐽𝜌 ‖2 +  𝜔𝑛 ‖ 𝐽𝐻𝑛ʑ𝑛 − 𝐽𝜌‖2                                 

−𝜔𝑛 (1 − 𝜔𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐻𝑛ʑ𝑛‖)   

                              ≤ (1 − 𝜔𝑛)  𝐿2 ‖ 𝑥𝑛 − 𝜌‖2  +  𝜔𝑛  𝐿
2 ‖ 𝐻𝑛ʑ𝑛   − 𝜌‖2 

−𝜔𝑛 (1 − 𝜔𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐻𝑛ʑ𝑛‖) 

                         ≤ (1 − 𝜔𝑛)  ‖ 𝑥𝑛 − 𝜌‖2  +  𝜔𝑛  ħ𝑛
2‖ ʑ𝑛   − 𝜌‖2 

−𝜔𝑛 (1 − 𝜔𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐻𝑛ʑ𝑛‖)              ... (9) 

Putting (8) into (9), leads to  

‖yn −  ρ‖2  ≤ (1 − ωn)  ‖ xn − ρ‖2 + ωn  ħn
2(1 − ξn)‖ xn   − ρ‖2 
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                     +𝜔𝑛  ħ𝑛
2 𝜉𝑛 ȡ𝑛

2 ‖ 𝑥𝑛   − 𝜌‖2   − 𝜔𝑛 ħ𝑛
2 𝜉𝑛(1 − 𝜉𝑛)    

                       ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐷𝑛𝑥𝑛‖)  

                       −𝜔𝑛 (1 − 𝜔𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐻𝑛ʑ𝑛‖)                          … (10)  

From  condition (4) and (2), proposition   [(2.4) , (ii) ], lemma  (2.8)  and 

condition (3), 𝜌 ∈ 𝐹 . Then 

‖𝑥𝑛+1 − 𝜌 ‖2 = ‖𝐽−1 ( (1 − 𝜑𝑛) 𝐽𝑥𝑛 + 𝜑𝑛 𝐽𝐸𝑛𝑦𝑛    ) − 𝜌    ‖2  

= ‖𝐽(𝐽−1 ( (1 − 𝜑𝑛) 𝐽𝑥𝑛 + 𝜑𝑛 𝐽𝐸𝑛𝑦𝑛    )) − 𝐽𝜌‖
2
 

                    = ‖(1 − 𝜑𝑛) 𝐽𝑥𝑛 + 𝜑𝑛 𝐽𝐸𝑛𝑦𝑛   − 𝐽𝜌‖2 

                    ≤ (1 − 𝜑𝑛)‖ 𝐽𝑥𝑛 − 𝐽𝜌‖2  + 𝜑𝑛 ‖𝐽𝐸𝑛𝑦𝑛   − 𝐽𝜌‖2  

                     −𝜑𝑛 (1 − 𝜑𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐸𝑛𝑦𝑛‖) 

                     ≤ (1 − 𝜑𝑛)  Ł2 ‖ 𝑥𝑛 − 𝜌‖2  +  𝜑𝑛  Ł
2 ‖ 𝐸𝑛𝑦𝑛   − 𝜌‖2 

                     −𝜑𝑛 (1 − 𝜑𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐸𝑛𝑦𝑛‖) 

                     ≤ (1 − 𝜑𝑛)  ‖ 𝑥𝑛 − 𝜌‖2  +  𝜑𝑛  ҽ𝑛
2‖ 𝑦𝑛   − 𝜌‖2 

                     −𝜑𝑛 (1 − 𝜑𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐸𝑛𝑦𝑛‖)                           … (11) 

Putting (10) into (11), imply that 

‖𝑥𝑛+1 − 𝜌 ‖2 

 ≤ [(1 − 𝜑𝑛) +𝜑𝑛ҽ𝑛
2(1 − 𝜔𝑛) + 𝜑𝑛ҽ𝑛

2 𝜔𝑛ħ𝑛
2 (1 − 𝜉𝑛)                      

                   + 𝜑𝑛ҽ𝑛
2 𝜔𝑛ħ𝑛

2𝜉𝑛ɖ𝑛
2] ‖ 𝑥𝑛 − 𝜌‖2 

− 𝜑𝑛ҽ𝑛
2 𝜔𝑛ħ𝑛

2𝜉𝑛 (1 − 𝜉𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐷𝑛𝑥𝑛‖)                        

 − 𝜑𝑛ҽ𝑛
2 𝜔𝑛(1 − 𝜔𝑛) ϒ(‖ 𝐽𝜒𝑛 − 𝐽𝐻𝑛ʑ𝑛‖)                       

                   − 𝜑𝑛 (1 − 𝜑𝑛)ϒ (‖ 𝐽𝑥𝑛 − 𝐽𝐸𝑛𝑦𝑛‖)          

≤ [(1 − 𝜑𝑛)𝜅𝑛
8 +𝜑𝑛𝜅𝑛

8(1 − 𝜔𝑛) + 𝜑𝑛 𝜔𝑛𝜅𝑛
8 (1 − 𝜉𝑛)     

+ 𝜑𝑛 𝜔𝑛 𝜉𝑛𝜅𝑛
8 ]‖ 𝑥𝑛 − 𝜌‖2 − 𝜑𝑛ҽ𝑛

2 𝜔𝑛ħ𝑛
2𝜉𝑛 (1 −  𝜉𝑛)  
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ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐷𝑛𝑥𝑛‖) − 𝜑𝑛ҽ𝑛
2𝜔𝑛 (1 − 𝜔𝑛)ϒ (‖ 𝐽𝑥𝑛 − 𝐽𝐻𝑛ʑ𝑛‖)  

− 𝜑𝑛 (1 − 𝜑𝑛)ϒ (‖ 𝐽𝑥𝑛 − 𝐽𝐸𝑛𝑦𝑛‖)    

  ≤ ‖ 𝑥𝑛 − 𝜌‖2 − 𝜑𝑛ҽ𝑛
2 𝜔𝑛ħ𝑛

2𝜉𝑛 (1 − 𝜉𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐷𝑛𝑥𝑛‖) 

 −𝜑𝑛ҽ𝑛
2𝜔𝑛 (1 − 𝜔𝑛)ϒ (‖ 𝐽𝑥𝑛 − 𝐽𝐻𝑛ʑ𝑛‖)  

− 𝜑𝑛 (1 − 𝜑𝑛)ϒ (‖ 𝐽𝑥𝑛 − 𝐽𝐸𝑛𝑦𝑛‖)                                     … (12)  

From (12), three  inequalities  be  obtained . That  are                          

‖𝑥𝑛+1 − 𝜌 ‖2 ≤  

 ‖ 𝑥𝑛 − 𝜌‖2 − 𝜑𝑛ҽ𝑛
2 𝜔𝑛ħ𝑛

2𝜉𝑛 (1 − 𝜉𝑛)  ϒ(‖ 𝐽𝑥𝑛 − 𝐽𝐷𝑛𝑥𝑛‖)        … (13) 

‖𝑥𝑛+1 − 𝜌 ‖2 ≤ ‖ 𝑥𝑛 − 𝜌‖2 −  𝜑𝑛ҽ𝑛
2𝜔𝑛 (1 − 𝜔𝑛)ϒ (‖ 𝐽𝑥𝑛 − 𝐽𝐻𝑛ʑ𝑛‖)  

(14) 

‖𝑥𝑛+1 − 𝜌 ‖2 ≤ ‖ 𝑥𝑛 − 𝜌‖2 − 𝜑𝑛 (1 − 𝜑𝑛)ϒ (‖ 𝐽𝑥𝑛 −

𝐽𝐸𝑛𝑦𝑛‖)   … (15)   

Suppose  that   ∃ 𝑛0  ∈ 𝑁 ∋  {‖ 𝑥𝑛 − 𝜌‖}  be  decreasing  and  bounded  

then   {‖ 𝑥𝑛 − 𝜌‖}   convergent .                                                                    

Then  𝑙𝑖𝑚
𝑛→∞

{‖ 𝑥𝑛 − 𝜌‖ − ‖ 𝑥𝑛+1 − 𝜌‖} = 0                                      (16) 

By  using (16), ∑ 𝜑𝑛𝜔𝑛
∞
𝑛=1  < ∞ and  𝑙𝑖𝑚

𝑛→∞
𝜉𝑛 = 0 in (13) 

Then  ,    𝑙𝑖𝑚
𝑛→∞ 

ϒ (‖ 𝐽𝑥𝑛 − 𝐽𝐷𝑛𝑥𝑛‖) = 0.                                                      

There fore     𝑙𝑖𝑚
𝑛→∞ 

 (‖ 𝐽𝑥𝑛 − 𝐽𝐷𝑛𝑥𝑛‖) = 0 .  

From  proposition  [(2.4)  (i)] , then   𝑙𝑖𝑚
𝑛→∞

 ‖ 𝑥𝑛 − 𝐷𝑛𝑥𝑛‖  =

0                                                                            … (17) 

  Simillary  by  use (16) and  ∑ 𝜑𝑛𝜔𝑛
∞
𝑛=1  < ∞ in (14),  lead to 

𝑙𝑖𝑚
𝑛→∞ 

ϒ (‖ 𝐽𝑥𝑛 − 𝐽𝐻𝑛ʑ𝑛‖) = 0.     

 There fore   𝑙𝑖𝑚
𝑛→∞ 

 (‖ 𝐽𝑥𝑛 − 𝐽𝐻𝑛ʑ𝑛‖) = 0 .  



JOURNAL OF COLLEGE OF EDUCATION….. 2017…….NO.5 

 
 

80 

Also , from  proposition  [(2.4) (i)] , then 

𝑙𝑖𝑚
𝑛→∞ 

 (‖ 𝑥𝑛 − 𝐻𝑛ʑ𝑛‖) =

0                                                                          … (18)                 

Also ,by use (16) and  𝑙𝑖𝑚
𝑛→∞

  𝜑𝑛  = 0  in (15), 

Then  𝑙𝑖𝑚
𝑛→∞ 

ϒ (‖ 𝐽𝑥𝑛 − 𝐽𝐸𝑛𝑦𝑛‖) = 0.   

 

 𝑙𝑖𝑚
𝑛→∞ 

 (‖ 𝐽𝑥𝑛 − 𝐽𝐸𝑛𝑦𝑛‖) = 0. There  fore     

Also , from  proposition  [(2.4) (i)], lead to 

𝑙𝑖𝑚
𝑛→∞ 

 (‖ 𝑥𝑛 − 𝐸𝑛𝑦𝑛‖) = 0.                                                                   … (19) 

From  conditions (4) and (17), imply that 

‖𝑥𝑛 − ʑ𝑛‖ =  𝜉𝑛 ‖𝑥𝑛 − 𝐷𝑛𝑥𝑛‖  → 0   as  𝑛 → ∞                           ...  (20) 

Using conditons (18), (1) and (20), then 

‖𝑥𝑛 − 𝐻𝑛𝑥𝑛‖ ≤   ‖𝑥𝑛 − 𝐻𝑛ʑ𝑛‖ + ‖ 𝐻𝑛ʑ𝑛 − 𝐻𝑛𝑥𝑛‖    

≤   ‖𝑥𝑛 − 𝐻𝑛ʑ𝑛‖ + ħ𝑛‖ ʑ𝑛 − 𝑥𝑛‖  → 0    as     𝑛 → ∞   … (21)                    

From  condition (4) and (18) , lead to        

 ‖𝑥𝑛 − 𝑦𝑛‖ =  𝜔𝑛‖ 𝑥𝑛 − 𝐻𝑛ʑ𝑛‖  → 0    as     𝑛 → ∞                            … (22) 

By  use conditions (19), (1) and (22)  , then 

‖𝑥𝑛 − 𝐸𝑛𝑥𝑛‖ ≤   ‖𝑥𝑛 − 𝐸𝑛𝑦𝑛‖ + ‖ 𝐸𝑛𝑦𝑛 − 𝐸𝑛𝑥𝑛‖ 

≤   ‖𝑥𝑛 − 𝐸𝑛𝑦𝑛‖ + ҽ𝑛 ‖ 𝑦𝑛 − 𝑥𝑛‖  → 0  as  𝑛 → ∞      (23)                          

By condition (4) and (19), which imply that  

       ‖𝑥𝑛 − 𝑥𝑛+1‖ =  𝜑𝑛‖ 𝑥𝑛 − 𝐸𝑛𝑦𝑛‖  → 0    as     𝑛 → ∞                 … (24) 

From  conditions (24), (23) and  (19), then  

‖𝑥𝑛 − 𝐸𝑥𝑛‖ ≤   ‖𝑥𝑛 − 𝑥𝑛+1‖ + ‖ 𝑥𝑛+1 − 𝐸𝑛+1𝑥𝑛+1‖ 
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                         +‖𝐸𝑛+1 𝑥𝑛+1 − 𝐸𝑛+1 𝑥𝑛‖ + ‖ 𝐸𝑛+1 𝑥𝑛 − 𝐸𝑥𝑛‖  

                        ≤ ‖𝑥𝑛 − 𝑥𝑛+1‖ + ‖ 𝑥𝑛+1 − 𝐸𝑛+1𝑥𝑛+1‖ 

                         +ҽ𝑛+1  ‖𝑥𝑛+1 −  𝑥𝑛‖ + ҽ𝑛‖ 𝐸𝑛 𝑥𝑛 −  𝑥𝑛‖   

→ 0      𝑎𝑠 𝑛 →  ∞                                                          … (25) 

Similary ,from (24), (22) and condition (1), lead to 

   ‖𝑥𝑛 − 𝐻𝑥𝑛‖  →  0     𝑎𝑠 𝑛 → ∞ 

Similary ,from (24), (17) and condition (1), then 

‖𝑥𝑛 − 𝐷𝑥𝑛‖  →  0     𝑎𝑠  𝑛 →  ∞       

Introduce  main theorems by using theorem (3.1). 

Theorem (𝟑. 𝟐):  

         Let  𝐺  and   K as  in  the  theorem  (3.1)    and    𝐸, 𝐻, 𝐷: 𝐾 → 𝐾 are 

uniformly   equi   continuous   mapping   and   semi   compact   and  quasi  

asymptotically   nonexpansive    mappings    with{𝑒𝑛} ,  {ℎ𝑛} and   {ȡ𝑛} ⊂

[1, ∞[   such that    ҽn → 1 , ħn →  1  and ȡn → 1  as 𝑛 → ∞.    Let   𝐽   be 

lipschitz  singule valued  map  defined  on  𝐾 with  𝐿 ≤ 1. Let {𝑥𝑛} define as 

in (4)  satisfying∶ 

(𝑖)  𝑙𝑖𝑚
𝑛→∞

𝜑𝑛 = 0  𝑎𝑛𝑑 𝑙𝑖𝑚
𝑛→∞

𝜔𝑛 = 0   (𝑖𝑖)  ∑ 𝜑𝑛𝜔𝑛 < ∞∞
𝑛=1  .  

If 𝐹 = 𝐹(𝐸) ∩ 𝐹(𝐻) ∩ 𝐹(𝐷)  ≠ ∅ , then  𝑙𝑖𝑚
𝑛→∞

‖𝑥𝑛 − 𝜌 ‖ = 0 , 𝜌 ∈ 𝐹. 

Proof: 

       Let  𝐻  is  a semi compact .  As   𝑙𝑖𝑚
𝑛→∞

‖𝑥𝑛 − 𝐻𝑥𝑛 ‖ = 0 ,  there exist a 

subsequence  {𝑥𝑛𝑖
} of   {𝑥𝑛} such that  𝑥𝑛𝑖

→ 0 as  𝑖 → ∞.  Using 𝑥𝑛 = 𝑥𝑛𝑖
  

in (7),  Then   𝑙𝑖𝑚
𝑛→∞

‖𝑥𝑛𝑖
− 𝐻𝑥𝑛𝑖

 ‖ = 0 and  the  uniformly equi  continuous  

of  mapping  𝐻 .we get  𝜌 = 𝐻𝜌   and  so  𝜌 ∈ Ғ . Similary ,  we prove that  

𝜌 = 𝐸𝜌 and  so  𝜌 ∈  𝐹  and  ρ = Dρ  and  so  𝜌 ∈ 𝐹 . 
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Corollary(𝟑. 𝟑. ) 

        Let  𝐺 , 𝐾 and   𝐸, 𝐻, : 𝐾 → 𝐾  as in  the theorem (3.2).  Also   E   is  

uniformly equi continuous  mappinq  and  𝐽  be  lipschitz  singule  valued  

map   defined on  𝑘   with   𝐿 ≤ 1 .   Let  {𝑥𝑛}  define    by  condition  (5)    

satisfying  (i) lim
n→∞

φn = 0  and   lim
n→∞

ωn = 0      (ii)  ∑ φnωn < ∞∞
n=1  .        

If  Ғ = Ғ(𝐸) ∩ Ғ(𝐻)  ≠ ∅ , then      𝑙𝑖𝑚
𝑛→∞

‖𝑥𝑛 − 𝜌 ‖ = 0 , 𝜌 ∈ Ғ.      

Proof: 

Follows  from  theorems(3.2)  and (3.1) with  𝜉 𝑛 = 0  , ∀ 𝑛 ≥ 1. 

Corollory  (𝟑. 𝟒. ): 

               Let  𝐺 , 𝐾 and   𝐸: 𝐾 → 𝐾  as   in  the  theorem  (3.2).  Also   E  is  

uniformly   equi continuous  mappinq   and  𝐽  be  lipschitz  singule  valued  

map   defined on  𝐾   with   𝐿 ≤ 1 . Let  {𝑥𝑛}  define by condition  (6) with  

 𝑙𝑖𝑚
𝑛→∞

𝜑𝑛 = 0 and ∑ 𝜑𝑛 < ∞∞
𝑛=1  . If  Ғ = Ғ(𝐸)  ≠ ∅ , then  

 𝑙𝑖𝑚
𝑛→∞

‖𝑥𝑛 − 𝜌 ‖ = 0 , 𝜌 ∈ Ғ.     

Proof: 

Follows  from  theorems  (3.2) and (3.1)  with  𝜉 𝑛 = 𝜔𝑛 = 0  , ∀ 𝑛 ≥ 1    

Theorem (𝟑. 𝟓) 

   Let 𝐺 and  𝐾 as in  the  theorem (3.1)  , 𝐾is   closed  and  𝐸, 𝐻, 𝐷: 𝐾 → 𝐾 

is   quasi   asymptotically   nonexpansive  mappings  with   {ҽn} , {ħn}  and  

{ȡn} ⊂ [1, ∞[  such that  𝑙𝑖𝑚
𝑛→∞

ҽ𝑛 = 1 , 𝑙𝑖𝑚
𝑛→∞

ħ𝑛 = 1  and  lim
n→∞

ȡn = 1.   Let  

𝐽  be lipschitz  singule  valued  map  defined on 𝐾 with 𝐿 ≤ 1. Let{𝑥𝑛}  define  

by condition  (3)   satisfyin :  (𝑖)𝑙𝑖𝑚
𝑛→∞

𝜑𝑛 = 0  𝑎𝑛𝑑  𝑙𝑖𝑚
𝑛→∞

𝜔𝑛 = 0.   

(𝑖𝑖)  ∑ 𝜑𝑛𝜔𝑛 < ∞∞
𝑛=1  . If Ғ = Ғ (𝐸) ∩ Ғ (𝐻) ∩ Ғ (𝐷)  ≠ ∅ , then 𝑥𝑛 ⇀  𝜌,   

𝜌 ∈ Ғ .    

Proof: 

     Let 𝑊𝑤(𝑥𝑛) = {𝑦 ∈ 𝐾: 𝑥𝑛𝑘
 ⇀  𝑦  𝑓𝑜𝑟 {𝑥𝑛𝑘

}   ⊆  {𝑥𝑛} } where  𝑊𝑤(𝑥𝑛)  
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is  the weak  𝑤 − limit  set  of  {𝑥𝑛} . since   𝐾  be  closed  and  bounded , 

∃{𝑥𝑛𝑖
}  𝑜𝑓  {𝑥𝑛} such that {𝑥𝑛𝑖

}   ⇀  𝜌 ∈ 𝑊𝑤(𝑥𝑛)   ≠ ∅   𝑎𝑠  𝑖 →   ∞   and 

by theorem  (3.1) and by using  𝑥𝑛 = 𝑥𝑛𝑖
  ,   then    𝑙𝑖𝑚

𝑛→∞
‖𝑥𝑛𝑖

 − 𝐸𝑥𝑛𝑖
 ‖ =

0    lim
n→∞

‖xni
− Hxni

 ‖ = 0   and     𝑙𝑖𝑚
𝑛→∞

 ‖𝜒𝑛𝑖
 − 𝐷𝑥𝑛𝑖

 ‖ = 0  , since   𝐼 − 𝐸, 

𝐼 − 𝐻 and  𝐼 − 𝐷  are   demiclosed  at  0  by  lemma (2.9),  therefore 𝐸𝜌 =

𝜌 , 𝐻𝜌 = 𝜌  and  𝐷𝜌 = 𝜌 .  That is  𝑊𝑤(𝜒𝑛)   ⊂   Ғ.    

Corollary(𝟑. 𝟔) 

         Let 𝐺 ,  𝐾  and   𝐸, 𝐻, : 𝐾 → 𝐾  as in  the theorem(3.5) .Let  𝐽  be  

lipschitz   singule   valued    map  defined  on  𝐾  with  𝐿 ≤ 1 .   Let  {𝑥𝑛} 

defined  by condition  (5)   with   (𝑖) 𝑙𝑖𝑚
𝑛→∞

𝜑𝑛 = 0  𝑎𝑛𝑑   𝑙𝑖𝑚
𝑛→∞

𝜔𝑛 = 0    

 (𝑖𝑖) ∑ 𝜑𝑛𝜔𝑛 < ∞∞
𝑛=1  .  

If  Ғ = Ғ(𝐸) ∩ Ғ(𝐻)  ≠ ∅ , then    then 𝑥𝑛 ⇀  𝜌 , 𝜌 ∈ Ғ . 

:roofP 

Follows  from  theorems (3.5) and(3.1)  with  𝜉 𝑛 = 0  , ∀ 𝑛 ≥ 1 . 

Corollory  (𝟑. 𝟕): 

        Let 𝐺 ,  𝐾  and   𝐸: 𝐾 → 𝐾  as in  the  theorem (3.5) . Let 𝐽 is lipschitz 

singule  valued  map  defined  on  𝐾   with    𝐿 ≤ 1.    Let  {𝑥𝑛} define as in 

(6) with    𝑙𝑖𝑚
𝑛→∞

𝜑𝑛 = 0 and ∑ 𝜑𝑛 < ∞∞
𝑛=1  .  If Ғ = Ғ(𝐸)  ≠ ∅ , then  𝑥𝑛 ⇀

 𝜌 , 𝜌 ∈ Ғ .     

Proof: 

Follows  from  theorems (3.5)  and(3.1)  with  𝜉 𝑛 = 𝜔𝑛 = 0  , ∀ 𝑛 ≥ 1  

𝟒. Conclusions: 

        Let   𝐺   is  uniformly   smooth   and    uniformly  convex  ,  then 

Modified three – iteration  process  convergence  strongly to comman fixed 

of   three   semi  compact   and   quasi   asymptotically   nonexpansive  self 

mappings  while  Modified  three – iteration  process  convergence  weakly 

to comman  fixed of  three quasi  asymptotically  nonexpansive self 

mappings and 𝐼 − 𝐸, 𝐼 − 𝐻 , 𝐼 − 𝐷 are  demiclosed  at 0.   
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