JOURNAL OF COLLEGE OF EDUCATION..... 2017....... NO.5

On Modified Three — Step Iteration Process For Three
Asymptotically Quasi Nonexpansive Mappings .

Shahla Abd AL-Azeaz Khadum

Directorate — General of Education Baghdad’ s Karkh
Third/ Ministry of Education.

E—mail: ouss—kadd@yahoo.com

Abstract:
In the this paper , modified three — step iteration process for three
self mappings is introduced in strictly convex and uniformly smooth
Banach space . Also the strongly and weakly convergence theorems of this
iteration are proved for three asymptotically quasi nonexpansive
mappings in uniformly smooth and uniformly convex Banach space.
Keywords: Modified three — step iteration , three asymptotically quasi
nonexpansive mappings, Lipschitz single duailty mapping.
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1. Introduction

Rafiq[1] introduced three — step iteration process and used it to
approximat the uniqgue comman fixed point of three strongly
pseudocontractive operators in a real Banach space. Let E,H,D:G - G
are mappings ,for any x; € G , the sequence {x,,} defined by

Xn+1 = (1 - QDn) Xn + ©n Eyy
Yn = (1 - wn) Xn + wnHzy
2z, = A-&)x,+ &, Dx, ,vyn=0 .. (1)

{p,}, {w,}and {&,} are three sequences in [0,1]. Xu and Noor [2]
introduced three step— iteration process {x,,} as follows, forany x; € G

Xn+1 = (1- §0n) Xn + @ E"yy
Yn = (1 - wn) Xp T Wy Enz’n
Zn = (11— &) x+ & E™x, , V21 . (i)

{p,},{w,}and {&,} are real numbers in [0,1] and then who established
the convergence results of the modified iteration (ii) in Banach space.
Nantadilok [3] presented three— step iteration process with errors and
gave condition for convergence of comman fixed point for three
generalized asymptotically nonexpansive mappinge.

Let E,H,D:G — G are mappings ,for any x; € G , the sequence {x,,}
defined by

Xn+1 = (1 - Qon) Xn T @n E™ Yn T Un
Yn = (1 - wn) Xn T Wy HnZn + &
Zn = (1—=§&)x,+ & D'+, ,Vn2>1 .. (iii)

{u,},{e,} and {3, } are sequences in K and {¢,,},{w,}and {&,} are real
sequencess in [0,1].If &, = 0 in (iii) ,n € N . Then , the sequence {x,}
defined by

Xn+1 = (1_ Qon) Xn t QonEnyn'l'/“‘n
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Yo = (11— w)x, + 0w, H*'x, + &, ,Vn =1
Is called the Ishikawa iteration sequence.
If &, = ¢, =0in (iii) ,n € N.Then, the sequence {x,} defined by
Xpe1 = (L= @n) Xp + @ E"xp + 1, Vn =1
Is called the Mann iteration sequence.
2. Preliminaries

In this section, some basic definitions and properties concept which
needed are presented .

Definition (2.1), [4] and [5]:

Let Gisa Banach space, K is a nonempty subset of G . A mapping
E:K = K is said to be

(i) Asymptotically nonexpansive .If 3 a sequence {e,} c [1, o[ with
e, = 1 as n > oo suchthat ||[E"x — E™y| < e,llx — y|| (D

Vx,y € Kandn>1

(ii) Asymptotically quasi nonexpansive. If F(E) = {x e K:E(x) = x} # @
and 3 asequence {e,} © [1,00[ with e, > 1 as n - o such that

IE™"x — pl| < enllx — pll - (2)
Vx € K andn>1,p€F.
Definition (2.2), [6]:

Let G is a real Banach space with the dula space G* and the
mapping J: E = 2F is defined by

J)={f € E: (x,f) = IfllllxIl, [IfIl =llx|I}, vx € G is said tobe
normalized duality mapping.
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Definition (2.3), [7]:
A Banach space G is said to be (i) Strictly convex . If ”%” <1,

forall x,y € Gwith||x||=|lyll=1andx #y.

(ii) Uniformly convex . If lim||x,, — y,|| = 1, for any two sequences
n—>0o

XntY¥Yn

= 1.

{x,},{y,} in G suchthat [|x,|]| = |ly,ll =1 and lim
n—-oo

Let U ={x € G:||x|| = 1} be the unit sphere of G ,then the Banach
space is said to be

(iii) Smooth . If the lim Xr2I=lixl

n—oo

exists,vx,y € U.

(iv ) Uniformly Smooth . If the limit exists uniformly vx,y € U.
Proposition (2.4),[7]:

Let Gisa Banach space and J:G — 2¢ is the normalized duality
mapping , then

(i)J :G - G* and uniformly norm to norm continuous on each
bounded subset of G < G be a real uniformly smooth Banach space

(i) J7': G* > G , bijective , JJ7' =1; and J7'J=1; if G is
reflexive convex and smooth Banach space .

(iii) If G is uniformly smooth , then itis smooth and reflexive . (iv)
If G is uniformly convex ,thenitis strictly convex.

Definition (2.5), [8]

Let G is uniformly  smooth Banach space  and
B= B.[0]={x€aG; |lx|| < r},r>0. A duality map J:B - G*

Is said to be L — Lipschitz if 3 L > 0 such that

17 =JWIl = Llx =yl . (3)
Vxvy €B.
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Definition (2.6), [9]:

Let Gisa Banach space,K isanonempty subset of G. A mapping
E:K = K is said to be

(i) Uniformly equi continuous if and only if |[E™x, — E™y,|| = 0 when
ever ||x, —y,ll =0 asn - o forall x,, ,y, €G.

(it) Semi -compact if 3 asubsequence {x, }of {x,} such that{x,} —
x EK as i—» o for any bounded sequence  {x,} InK
with ||x,, — Ex,|| #0 as n - oo.

(iii) demiclosed at y € G , if for any sequence {x,,} € K and x € G,
{x,} -~ x and Ex,, —» y implythat x e K and Ex=1y.
Definition (2.7):

Let G is astrictly convex and uniformly smooth Banach space,

K is a nonempty and convex subsetof ¢ and E,H,D:K — K are
mappings . For any x; € G, the iteration sequence {x,} < K is defined

by
Xne1 = JTH(A = @p) Jxn + @JE" )
Yn = ]_1( (1 - wn)]xn + wy ]an’n)

Zn = ]_1 ((1- ‘fn)]xn'l' $n JD"xy ), Vvn>1 .. (4)

Y, ,w, and &, ara sequence in [0,1]. If &, =0in(4),vn € N. Then
iteration sequence is defined by

Xne1 = JTH(A = @) Jxn + @JE" yn)
Yn = ]_1( (1 - wp)Jx, + 0w, JH"x,), Vn =1 ..(5)
[s called the Ishikawa iteration sequence .

If w, = 0 in (5), then iterative sequence defined by
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Xnpr = JTHA = @) Jxn + @ JE" X)),V 2 1 . (6)
Is called the Mann iteration sequence.
Lemma (2.8),[6]:

A Banach space G is uniformly convex < 3 continuous strictly
increasing map Y': [0,1[ — [0,1[ such that

(@) 1) =0

(llrx+ A=y I> <zllxlI* + A =) lIyll* = (1 = DYlx = D,
Vx,y € B.[0] ,and T € [0,1].

Lemma (2.9),[9]:

Let G is auniformly convex Banach space,K is a nonempty
convex and bounded subset of G and E : K — K is asymptotically
nonexpansive mapping ,then I —E is demiclosed at 0.

3. Strongly and weakly convergence:

In this section, the following results develop the Main Results
of [2], [5],[10], [11] and others.

Theorems (3.1):

Let G is uniformly smooth and uniformly convex ,K is a
nonempty convex and bounded subset of G. Let E,H,D: K — K are quasi
asymptotically  nonexpansive mappings with {e,},{h,} and {d.,} c
[1,0[ such thate, - 1,h,— 1land d,, 1 as n— oo.Let ] be
lipschitz valued mapping defined onK with L < 1.

Let {x, } define by condition (4) satisfying : (i) lim¢, = lim w, =0
n—->oo n—->0o

(D) Yyeq Prw, <o . If F(EYNnF(H)NF(D) # @, then

” xn_Exn ” -0, ”xn_Hxn” — 0 and “xn_Dxn” - 0 (7)

as n — oo,

Proof:

Since K is bounded , there exists B,.[0] for some r >0, from
conditions (4) and (2), proposition [(2.4),(ii)], lemma (2.8) and
condition (3),p € F, then
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2 =P I12 = 7 (L= &) Jxn + & JD"x, ) =p |2
= VU (A= &) Jxn + & JD™x, ) —Jpl|”
= 1(1 = &) Jxn + EJD"x, —JplI?
< (1= &N Jxn —Jpll? + & IUD™x, —Jpll?
~&, (1= &) YUl Jxp — JD"x )
<= &) Lllx,—pl2 + & L2 D"x, — pl?
~&, (1= &) YUl Jx, — ID"x, )
<S@= &) %, —pl2 + & do?ll %, —pll?
~&, (1= &) YUl Jx, — ID™x, ) (8

From condition (4),(2), proposition [(2.4),(ii) ], lemma (2.8) and
condition (3), p € F , then

lyn = plI? =710 (A = w]xn + @ JH"2,) = p |I?

= 1JUC A= w)Jxy + wp JH"2)) =] p |I?

= (1 = w)jxy + wp JH"20 = JplI?

< (1= w)llixn=Jp I? + wn I JH 2, — JplI?

—wn (1 = wp) YU Jx, = JH" 2, 1])

< (A= wp) Lllxn—pll? + @, L2 | H'2, — plI?
—wn (1= wp) YUl Jxn = JH" 24 ])

< (1= wp) 12 = plI* + wp Byl 2 —pll?

—wn (1 = wp) YU Jx, = JH" 2, 1D) - (9)

Putting (8) into (9), leads to

|IYn - p”2 < (1 - wn) ” Xn — pllz + Wn hnz(l - En)” Xn — p”2
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twp by’ & dy’ I, —plI2 —wphy® &1 — &)
Y(”]xn _]ann”)
—Wn (1 - wn) Y.(”]xn _]ann”) (10)

From condition (4) and (2), proposition [(2.4), (ii) ], lemma (2.8) and
condition (3),p € F . Then

IXner = 12 =1/ (A= @) Jxn + @ JE™ Y, )—p |I?
=07 (A= @) Jan+ @aJE™ ) —Jp|’
=11 = @p) Jxn + @uJE™yn —JplI?
< (- @)l Jxa—Jpll? +onllJE™yn —Jpll?

—n (1= @) YU Jxn = JE"ynll)

< (- @) L2l xy —pll* + @ L2 1 E™y, —pll?

—on (1= @) YUl Jxn —JE™ynll)

< (A= @n) llxp—pll? + on e’llyn —pll

—n (1 — @) YU Jxn = JE"ynll) - (11)

Putting (10) into (11), imply that

1%nt1 = p II?
< [(1 = @n) +onen?(1 = wy) + Pnen? wphy® (1— &)
+ pnen? 0l 6 dn ] Il X, — plI?

— pnen? wahy* & (1= &) Yl Jxn = JD" x4 1)
— @pen’ (1 — wp) Yl Jxn — JH 2,1
— 0 (1= @)Y (Il Jx = JE™ynll)
< [(1 = @)Kn® +onkn® (1 — wp) + @n wpkn® (1= &)

+ Pn Wy gnKn8 ]” Xn — .0”2 - Qonenz wnhnzfn (1 - fn)
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Y(ll Jxn = JD™xp|1) = ¢pen’wn (1 = wp)Y (12 — JH 2, 1)
—¢on (1= @)Y (Il Jxn = JE"yul))
< Nl % = plI* = @ren® 0l &y (1= &) YUl Jxn — JD™xp 1)
—pnen’wn (1 — 0)Y (| Jxn — JH 2, 1)
—¢on (1= @)Y (Il Jxn = JE"yul)) - (12)

From (12), three inequalities be obtained . That are
Xn41 —p |17 <

I xn = pII* = @ren? wahn & (1= &) YUl Jxy = JD"xul) .. (13)
%41 = p 117 < 120 = plI* — @ren®wpn (1= @)Y (1 Jxy — JH" 2, 1)
(14)

e =P 12 < Ml 20 — plI? = @ (1= @)Y (1 Jxn —
JE"ynll) ... (15)

Suppose that 3n, € N 3 {|| x,, — pl|} be decreasing and bounded
then {|| x,, —pll} convergent.

Then lim{|| x, — pll — [l Xn41 — pll} =0 (16)
By using (16), Yoy @nw, <o and lim &, =0in (13)
n—-oo

Then , limY (|| Jx, —JD"x,]||) = 0.
n—oo
There fore  lim (|| Jx,, —JD"x,||) = 0.
n—-oo

From proposition [(2.4) (i)],then lim || x,, — D™x, || =
n—>0o

0 .. (17)

Simillary by use (16) and };_; ¢,,w,, < oo in (14), leadto

Lim Y (Il Jx = JH" 2 ]1) = 0.

There fore lim (|| Jx,, —JH"%,]|) = 0.
n—>00
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Also , from proposition [(2.4) (i)], then

lim (Il %, ~ H"zl)) =

0 ..(18)
Also ,by use (16) and nlg;a @, =0 in(15),

Then lim Y (|| Jx,, — JE™y,]||) = 0.
n—oo

There fore lim (|| Jx, — JE™y,||) = 0.
n—-oo

Also , from proposition [(2.4) (i)], lead to
Jim (o, = Enyll) = 0. - (19)
From conditions (4) and (17), imply that
IXn = 2ull = & llXn = D™xpll =0 as n— oo .. (20)
Using conditons (18), (1) and (20), then
X = H™xpll < X — H"2yll + || H"2y, — H" x|
< |lx, = H"z,|| + hyll 2z, —x,]| 20 as n- oo ..(21)
From condition (4) and (18), lead to
X0 = wnll = wpll X, = H"24ll 20 as n—- oo .. (22)
By use conditions (19), (1) and (22) , then
1% = E"xnll < xXn — E™ynll + [l E™yp — E™ x|
< llxn —E%ynll +enll yn —xnll 20 @as n—-o0  (23)
By condition (4) and (19), which imply that
IXn = Xn4all = @nll xp —E™ypll -0 as n— oo .. (24)
From conditions (24), (23) and (19), then

”xn - Exn” < ”xn - xn+1” + ” Xn+1 — En+1xn+1”
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HIE™ xppq — E™ xpll + 1| E™ xn, — By

< lxp — Xpga I + 1l Xpr — E™ 4l

tenir IXne1 = Xnll +enll E™ xp — x|

-0 asn - o ...(25)

Similary ,from (24), (22) and condition (1), lead to
[x, —Hxy|l - 0 asn — oo
Similary ,from (24), (17) and condition (1), then
Ix, —Dx,|l > 0 asn — oo
Introduce main theorems by using theorem (3.1).
Theorem (3.2):

Let ¢ and Kas in the theorem (3.1) and E,H,D:K — K are
uniformly equi continuous mapping and semi compact and quasi
asymptotically nonexpansive mappings with{e,}, {h,}and {d.,} c
[1,0[ suchthat €, —1,h,—> 1 andd, > 1 asn—>o. Let J be
lipschitz singule valued map defined on K with L < 1.Let {x,} define as
in (4) satisfying:

(@) lime, =0and limw, =0 (ii) Yooy Pnwy < ©.
n—->0o n—-oo
IFF = F(E)NF(H)NF(D) # @, then lim|lx,—p|l=0,p €F.
n—oo

Proof:

Let H is asemicompact. As lim||lx, —Hx, || = 0, there exist a
n—-oo

subsequence {x, }of {x,}suchthat x, — 0as i - co. Using x, = x,,
in (7), Then lim||x,, — Hx,, || = 0 and the uniformly equi continuous
n—>0oo

of mapping H we get p = Hp and so p € . Similary , we prove that
p=Epand so pe F and p=Dp and so p € F.

81



JOURNAL OF COLLEGE OF EDUCATION..... 2017....... NO.5

Corollary(3.3.)

Let G, Kand E,H,:K — K asin the theorem (3.2). Also E is
uniformly equi continuous mapping and J be lipschitz singule valued
map definedon k with L <1. Let {x,} define by condition (5)
satisfying (i) r{l_)rglo @, =0 and 31_{210 w, =0 (i) Yoo @pw, < ©.

If F=FE)NF(H) =@,then  lim|lx, —p]|]|=0,p €F.
n—oo

Proof:
Follows from theorems(3.2) and (3.1) with ¢, =0 ,vn > 1.
Corollory (3.4.):

Let G, Kand E:K — K as in the theorem (3.2). Also E is
uniformly equi continuous mapping and J be lipschitz singule valued
map definedon K with L <1.Let {x,} define by condition (6) with

limep,=0and Y;_, ¢, <o.If F=¥F(E) # @, then
n—->0o

lim|lx, —p|l=0,p€ef.

n—oo

Proof:

Follows from theorems (3.2) and (3.1) with {, =w, =0 ,Vvn >1
Theorem (3.5)

Let G and K as in the theorem (3.1) ,Kis closed and E,H,D:K - K
is quasi asymptotically nonexpansive mappings with {e,},{h,} and
{d.,} € [1,00[ suchthat lime, =1,limh, =1 and limd., = 1. Let

n—-oo n—-oo n—-»oo

J be lipschitz singule valued map defined on K with L < 1.Let{x,,} define
by condition (3) satisfyin: (i)lim¢,, = 0 and lim w, = 0.

n—oo n—oo
(i) X2, p 0, <o . IfF =F(E)NF(H)NF (D) #0,thenx, — p,
p€efT.

Proof:

Let W, (x,,) = {y €K:x, —y for {xnk} c {x,} } where W, (x,,)
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is the weak w — limit set of {x,}.since K be closed and bounded,

El{xni} of {x,} such that {xni} -~ peW,(x,) #@ asi— o and
by theorem (3.1) and by using x, = x,,, , then lim|x,, —Ex,, || =

n—->oo

0 lim|lxy —Hxy, [| =0 and  lim ||, —Dxy, || =0 ,since I-E,

n—»>oo

I —Hand I —D are demiclosed at 0 by lemma (2.9), therefore Ep =
p, Hp=p and Dp =p. Thatis W,(x,) < F.

Corollary(3.6)

Let G, K and E,H,:K - K asin the theorem(3.5) .Let J be
lipschitz singule valued map defined on K with L <1. Let {x,}
defined by condition (5) with (i) lim @, =0 and lim w, =0

n—oo

n—-oo

(i0) Xn=1 Py < ©.

If F=F(E)n¥F(H) = 0,then thenx, — p, p€F.

Proof:

Follows from theorems (3.5) and(3.1) with £, =0 ,vn > 1.

Corollory (3.7):

LetG, K and E:K — K asin the theorem (3.5). Let ] is lipschitz
singule valued map defined on K with L < 1. Let {x,} defineasin

(6) with lim¢, =0and Y-, ¢, <oco.IfF=F() #0, then x, =
n—->oo
p, peFT.

Proof:
Follows from theorems (3.5) and(3.1) with ¢, =w,=0,vn >1

4. Conclusions:

Let G is uniformly smooth and uniformly convex , then
Modified three - iteration process convergence strongly to comman fixed
of three semi compact and quasi asymptotically nonexpansive self
mappings while Modified three - iteration process convergence weakly
to comman fixed of three quasi asymptotically nonexpansive self
mappingsand I — E,I — H, I — D are demiclosed at 0.
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