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. Abstract. 

   In this paper , iterative sequences with errors  are introduced and strongly 

convergence theorems  of thems are established when 𝐴, 𝐿  self (and 

nonself) quasi uniformly  Hӧlder continuous mappings  for a real Banach 

space 𝑍  and  for a nonempty convex and  bounded subset 𝐾  of 𝑍.  Our 

results  improve  and generalize the results  Khan and Takahashi,Saluja and 

many others.  
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1 −Introduction  

          In 1991, Schu [7]  introdused the iterative sequence  {𝑥𝑛} is a 

nonempty and convex subset 𝐾 of Hilbert space 𝐻 as, for given x1 ∈ K   

                    𝑦𝑛 = (1 − 𝑏𝑛)𝑥𝑛 + 𝑏𝑛𝐴𝑛𝑥𝑛 , ∀𝑛 ≥ 1 

                    𝑥𝑛+1 = (1 − 𝑎𝑛)𝑥𝑛 + 𝑎𝑛𝐴𝑛𝑦𝑛 , ∀𝑛 ≥ 1                    … (𝑖)        

where {𝑏𝑛}  and {𝑎𝑛} be sequences in(0,1) and 𝐴 be a self mapping . 

Who proved weak and strongly convergence theorems of the iterative 

sequence which he defined by (𝑖)  for asymptotically nonexpansive self 

mapping 𝐴 in Hilbert space𝐻 . Liu[4] pressented the iterative sequence{𝑥𝑛} 

with errors as ,for  given 𝑥1 ∈ 𝐾 

                       𝑦𝑛 = 𝑎𝑛𝑥𝑛 + 𝑏𝑛𝐴𝑛𝑥𝑛 + 𝑐𝑛𝑢𝑛 , ∀𝑛 ≥ 1            

                       𝑥𝑛+1 = 𝑑𝑛𝑥𝑛 + 𝑒𝑛𝐴𝑛𝑦𝑛 + ℎ𝑛𝑣𝑛 , ∀𝑛 ≥ 1  … (𝑖𝑖)                          

  where{𝑢𝑛}  and {𝑣𝑛}  be bounded sequences  and{𝑎𝑛}{𝑏𝑛}{𝑐𝑛}{𝑑𝑛} 

{𝑒𝑛}and{𝑟𝑛} are sequence in  [0,1] with 𝑎𝑛 + 𝑏𝑛 + 𝑐𝑛 = 1 and 𝑑𝑛 + 𝑒𝑛 +

ℎ𝑛 = 1.Who introduced strong convergence results of iterative sequence 

which he defined by (𝑖𝑖) for quasi asymptotically   nonexpansive self 

mapping in a uniformly convex Banach space 𝑍. Cho, Guo and Zhou [3] 

extand and improved theorems of iterative sequence (𝑖𝑖)  to uniformly  

𝜑 − continuous and asymptotically quasi nonexpansive in a uniformly 

convex Banach space𝑍.  In 2001 ,Khan andTakahashi [3]  introdused and 

studied  the iterative sequence  {𝑥𝑛} as ,for given  𝑥1 in 𝐾.                                                                                                            

𝑦𝑛 = (1 − 𝑏𝑛)𝑥𝑛 + 𝑏𝑛𝐴𝑛𝑥𝑛 , ∀𝑛 ≥ 1 

                   𝑥𝑛+1 = (1 − 𝑎𝑛)𝑥𝑛 + 𝑎𝑛𝐿𝑛𝑦𝑛 , ∀𝑛 ≥ 1         … (𝑖𝑖𝑖)                

Where 𝐴 𝑎𝑛𝑑 𝐿 are asymptotically nonexpansive  self mappings on K 

with {𝑎𝑛}𝑎𝑛𝑑{𝑏𝑛} ∈ (0,1) . In 2010 ,Khan and Din  [2]  established 

convergence results of iterative  sequence which they defined  by (𝑖𝑖𝑖) with  

errors for two uniformly equi-continuous self mappings 𝐴 𝑎𝑛𝑑 𝐿  in a 

uniformly convex Banach space 𝑍.   In 2014 Saluja [6] generalized the 

iterative  sequence   {𝑥𝑛} with errors   as ,  for  𝑥1 ∈ 𝐾 ⊆ 𝑍  

  𝑦𝑛 = 𝑃(𝑎𝑛𝑥𝑛 + 𝑏𝑛𝐴1(𝑃𝐴1)𝑛−1𝑥𝑛 + 𝑐𝑛𝑣𝑛), ∀𝑛 ≥ 1                            
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  𝑥𝑛+1 = 𝑃(𝑑𝑛𝐴1(𝑃𝐴1)𝑛−1𝑥𝑛 + 𝑒𝑛𝐴2(𝑃𝐴2)𝑛−1𝑦𝑛 + 𝑟𝑛𝑢𝑛), ∀𝑛 ≥ 1 … (𝑖𝑣) 

Where 𝑃  is the nonexpansive  retraction of 𝑍  onto  𝐾  ,{𝑣𝑛}{𝑢𝑛} be 

bounded sequences in  K, {𝑎𝑛}, {𝑏𝑛}, {𝑐𝑛}, {𝑑𝑛}𝑎𝑛𝑑{𝑒𝑛} ∈   [0,1]  with 

𝑎𝑛 + 𝑏𝑛 + 𝑐𝑛 = 1 = 𝑑𝑛 + 𝑒𝑛 + 𝑟𝑛  and proved weak  convergence  

theorems of the iterative  sequence defined by (𝑖𝑣)   for two asymptotically 

nonexpansive  nonself  mappings  in uniformly convex  Banach space Z. 

2- Preliminaries 

Definition (2.1) : [1] and [6] 

    Let 𝑍 be a real Banach  space and 𝐾 be a nonempty subset of  𝑍. 

Amapping  𝐴: 𝐾 → 𝐾 (𝑜𝑟 𝐴: 𝐾 → 𝑍)  is said to be 

(i) Uniformly Hӧlder continuous  .If ∃ constants 𝑆 ≥ 0 and 𝑟 ∈ (0,1) 

∋ ∀ 𝑥, 𝑦 𝑖𝑛 𝐾  and 𝑛 ≥ 1  

                     

                     ‖Anxn − Anyn‖  ≤ 𝑆 ‖𝑥𝑛 − 𝑦𝑛‖𝑟       … (1)                                   

or 

                   ‖𝐴(𝑃𝐴)𝑛−1𝑥𝑛 − 𝐴(𝑃𝐴)𝑛−1𝑦𝑛‖  ≤ S ‖xn − yn‖r                … (2)   

               

Where 𝑃 is a nonexpansive   retraction  of  𝑍 𝑜𝑛𝑡𝑜 𝐾.  

(ii) Quasi uniformly Hӧlder continuous. If F(A)  = {𝑥 ∈ 𝐾: 𝐴(𝑥) = 𝑥} ≠ ∅ 

and ∃ constants 𝑆 ≥ 0 and 𝑟 ∈ (0,1) 

                         ‖𝐴𝑛xn − q‖ ≤ S‖xn − q‖r                                      … (3) 

   𝑂𝑟                      ‖𝐴(𝑃𝐴)𝑛−1𝑥𝑛 − 𝑞‖ ≤ 𝑆 ‖𝑥𝑛 − 𝑞‖𝑟                      … (4)             

where 𝑞 ∈ 𝐹(𝐴) 

Example (2.2):  

           Amapping 𝐴: 𝑅 → 𝑅  (where 𝑅 = real number with  usuall norm ) 

such that 𝐴(𝑥) = −
1 

3
  cos 𝑥 is uniformly Hӧlder  contiuous with 𝑆 =

1

3
  and 

𝑟 = 1. 
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When the boundness  of the derivative  for 𝐴 .Then it is  uniformly Hӧlder 

continous   i.e. 

                        | 𝐴𝑋
′ | = |  

1

3
sin 𝑥 |  ≤

1

3
  

So           |𝐴𝑋 − 𝐴𝑌| ≤
1

3
 |𝑥 − 𝑦|  ∀𝑥 , 𝑦  𝑖𝑛 𝑍 𝑎𝑛𝑑  𝑟 = 1 

Defintion (2.3) : 

              Let 𝑍 be a real Banach  space, 𝐾 a nonempty and convex  subset of 

𝑍 and   𝐴, 𝐿 : 𝐾 → 𝐾  .For any 𝑥1 𝑖𝑛 𝐾, the iterative sequence  {𝑥𝑛} ∈ 𝐾 is  

defined by 

𝑦𝑛 = (1 − bn)xn + bnAnxn + dnwn , ∀𝑛 ≥ 1 

   𝑥𝑛+1 = (1 − 𝑎𝑛)𝐿𝑛xn + anLnyn + cnvn, ∀𝑛 ≥ 1          … (5)                     

Where {𝑎𝑛}, {𝑏𝑛}  and {𝑐𝑛}  be real sequences in [0,1]  , {𝑣𝑛}𝑛=1
∞   

and {𝑤𝑛}𝑛=1
∞  be bounded sequences  in 𝐾.  

𝐼𝑓 𝐴, 𝐿: 𝐾 → 𝑍 𝑎𝑛𝑑 𝑃: 𝑍 → 𝐾 , then the iterative   sequence {𝑥𝑛} in (5) is 

defined by  

𝑦𝑛 = 𝑃((1 − 𝑏𝑛)𝑥𝑛 + 𝑏𝑛𝐴(𝑃𝐴)𝑛−1𝑥𝑛 + 𝑑𝑛𝑤𝑛), ∀𝑛 ≥ 1 

𝑥𝑛+1 = 𝑃((1 − 𝑎𝑛)𝐿(𝑃𝐿)𝑛−1𝑥𝑛 + 𝑎𝑛𝐿(𝑃𝐿)𝑛−1𝑦𝑛 + 𝑐𝑛𝑣𝑛), ∀𝑛 ≥ 1      

                                                                                    … (6)               

where 𝑃 is the nonexpansive  retraction of  𝑍 𝑜𝑛𝑡𝑜 𝐾 

Lemma (2.4): [7] 

    Suppose that  {ϻ
𝑛

}, {𝜉𝑛} and {𝑡𝑛} are real sequence  in [1, ∞[ 

satisfying  

                            ϻn = (1 + 𝜉𝑛)ϻn + tn , ∀n ≥ 1                                     

If ∑ 𝜉𝑛
∞
𝑛=1 < ∞, ∑ 𝑡𝑛

∞
𝑛=1 < ∞, 𝑡ℎ𝑒𝑛 lim𝑛→∞ ϻ𝑛  𝑒𝑥𝑖𝑠𝑡.  In particular  ,if 

{ϻ𝑛} has a subsequence  ϻ𝑛𝑖
∋ ϻ𝑛𝑖

→ 0 𝑎𝑠 𝑛 → ∞, then lim𝑛→∞ ϻ𝑛 = 0.  

Lemma (2.5): [8] 
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           Let 𝑍 be a Banach space,  {𝑥𝑛} and {𝑦𝑛} are bounded sequences  in 

𝑍 and {𝛽𝑛} is a sequence in  [0,1] with 

0 < lim
𝑛→∞

𝑖𝑛𝑓𝛽𝑛 ≤ lim
𝑛→∞

𝑠𝑢𝑝𝛽𝑛 < 1 

Suppose that 

𝑥𝑛+1 = (1 − 𝛽𝑛)𝑦𝑛 + 𝛽𝑛𝑥𝑛 , ∀𝑛 ≥ 0  

And            lim𝑛→∞ sup (‖𝑦𝑛+1 − 𝑦𝑛‖ − ‖𝑥𝑛+1 − 𝑥𝑛‖) ≤ 0 .  

Then    lim𝑛→∞‖𝑦𝑛 − 𝑥𝑛‖ = 0 

3-Main theorems  

Our purpose in this  paper to prove that  the iterative sequences  with errors 

for two quasi uniformly  Hӧlder continuous self  (and nonself) mappings 

strongly convergence to   a comman fixed points. The results  presented  in 

this paper generalize  the corresponding Main  Results in[3], [6] and others. 

Theorem  (3.1) : 

              Let 𝑍 be a real  Banach  space, 𝐾 𝑏𝑒 a nonempty  convex  and   

bounded  subset of 𝑍  and   𝐴, 𝐿: 𝐾 → 𝐾   be quasi  uniformly   Hӧlder 

continuous mappings with constants   𝑆1, 𝑆2 ≤ 1 𝑎𝑛𝑑 𝑟1, 𝑟2 ∈ [0,1].  Let 

{𝑥𝑛}  defined by condition  (5)  with real sequences  

{𝑎𝑛}, {𝑏𝑛}, {𝑐𝑛} 𝑎𝑛𝑑 {𝑑𝑛} ∈ [0,1] satisfying 

,∑ 𝑐𝑛 < ∞,∞
𝑛=1 ∑ 𝑑𝑛 < ∞, ∑ 𝑎𝑛 𝑏𝑛 < ∞, 𝑎 𝑠𝑢𝑏𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑎𝑛𝑖

 ∞
𝑛=1

∞
𝑛=1  

 𝑜𝑓 𝑎𝑛 ∋ 𝑎𝑛𝑖
→  0 𝑎𝑠  𝑛 → ∞ , ℎ ≤ 𝑎𝑛𝑖

≤ (1 − ℎ) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 ℎ > 0   

 𝑎𝑛𝑑  {𝑤𝑛}𝑛=1
∞ , {𝑣𝑛}𝑛=1

∞  𝑏𝑒  bounded sequences  in 𝐾.Then 

𝐼𝑓 𝐹 = 𝐹(𝐴) ∩ 𝐹(𝐿) ≠ ∅, 𝑤𝑒 ℎ𝑎𝑣𝑒 lim𝑛→∞‖𝑥𝑛 − 𝑝‖ = 0 𝑓𝑜𝑟 𝑝 ∈ 𝐹.   

Proof: let  𝑃 ∈ 𝐹,from condition (5)  and condition (3) ,we get                 

‖𝑦𝑛 − 𝑝‖ = ‖(1 − 𝑏𝑛)𝑥𝑛 + 𝑏𝑛𝐴𝑛𝑥𝑛 + 𝑑𝑛𝑤𝑛 − 𝑝‖ 

≤ (1 − 𝑏𝑛)‖𝑥𝑛 − p‖ + 𝑏𝑛‖𝐴𝑛𝑥𝑛 − 𝑝‖ + 𝑑𝑛‖𝑤𝑛 − 𝑝‖ 

≤ (1 − 𝑏𝑛)‖𝑥𝑛 − 𝑝‖ + 𝑏𝑛𝑅1‖𝑥𝑛 − 𝑝‖𝑟1  + 𝐵𝑛 

≤ (1 − 𝑏𝑛)‖𝑥𝑛 − 𝑝‖ + 𝑏𝑛𝑅1‖𝑥𝑛 − 𝑝‖ + 𝐵𝑛         … (7) 
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Where 𝐵𝑛 = 𝑑𝑛‖𝑤𝑛 − 𝑝‖.Since ∑ 𝑑𝑛 < ∞, 𝑡ℎ𝑒𝑛 ∞
𝑛=1 ∑ 𝐵𝑛 < ∞ .∞

𝑛=1  

Again from conditions  (5), (3) and condition (7)  ,we obtion           

‖𝑥𝑛+1 − 𝑝‖ = ‖(1 − 𝑎𝑛)𝐿𝑛𝑥𝑛 + 𝑎𝑛𝐿𝑛𝑦𝑛 + 𝑐𝑛𝑣𝑛 − 𝑝‖ 

≤ (1 − 𝑎𝑛)‖𝐿𝑛𝑥𝑛 − 𝑝‖ + 𝑎𝑛‖𝐿𝑛𝑦𝑛 − 𝑝‖ + 𝑐𝑛‖𝑣𝑛 − 𝑝‖ 

≤ (1 − 𝑎𝑛)𝑆2‖𝑥𝑛 − 𝑝‖𝑟2  + 𝑎𝑛𝑆2‖𝑦𝑛 − 𝑝‖𝑟2  + 𝐺𝑛 

≤ (1 − 𝑎𝑛)𝑆2‖𝑥𝑛 − 𝑝‖  + 𝑎𝑛𝑆2‖𝑦𝑛 − 𝑝‖  + 𝐺𝑛 

    where 𝐺𝑛 = 𝑐𝑛‖𝑣𝑛 − 𝑃‖ .Since ∑ 𝑐𝑛 < ∞, 𝑡ℎ𝑒𝑛 ∞
𝑛=1 ∑ 𝐺𝑛 < ∞∞

𝑛=1  . 

Suppose that  𝑆 = 𝑚𝑎𝑥{𝑆1, 𝑆2} 

‖𝑥𝑛+1 − p‖ ≤ (1 − an)𝑆‖𝑥𝑛 − 𝑝‖

+ an𝑆{(1 − 𝑏𝑛)‖𝑥𝑛 − 𝑝‖ + 𝑏𝑛𝑆‖𝑥𝑛 − 𝑝‖ + 𝐵𝑛} + 𝐺𝑛 

≤ (𝑆 + 𝑎𝑛𝑏𝑛𝑆2)‖𝑥𝑛 − 𝑝‖ + 𝑎𝑛𝑆𝐵𝑛 + 𝐺𝑛 

≤ (1 + 𝑎𝑛𝑏𝑛𝑆2)‖𝑥𝑛 − p‖ + Hn 

Where 𝐻𝑛 = 𝑎𝑛𝑆𝐵𝑛 + 𝐺𝑛.  Since ∑ Bn < ∞ 𝑎𝑛𝑑∞
n=1 ∑ Gn < ∞,∞

n=1   

Then  ∑ 𝐻𝑛 < ∞.∞
𝑛=1  

Let us denote            ϻ𝑛 = ‖𝑥𝑛 − 𝑝‖ 

                                  𝜉𝑛 = 𝑎𝑛𝑏𝑛𝑆2 ,∑ 𝜉𝑛 < ∞; ∀𝑛 ≥ 1,∞
𝑛=1   

  and using lemma 𝑧(2.4)  ,we obtion lim𝑛→∞ ϻ
𝑛

 exists. Which imiplies  

thatz lim𝑛→∞‖𝑥𝑛 − 𝑝‖ exists. Suppose that {‖xni
− p‖}   is a subsequence 

ofz {‖𝑥𝑛 − 𝑝‖}  and 𝑎𝑛𝑖
  is a subsequence of 𝑎𝑛  ,since 𝑎𝑛𝑖  

 satisfying 

ℎ ≤ 𝑎𝑛𝑖
≤ (1 − ℎ),we get 

{‖xni
− p‖} = (1 − ani

){‖xni
− p‖} + ani

{‖xni
− p‖}    

≤ ℎ{‖xni
− p‖}  + 𝑎ni

{‖xni
− p‖}    

≤ 2ani
𝐷 , 𝑤ℎ𝑒𝑟𝑒 𝐷 = 𝑠𝑢𝑝{‖xni

− p‖} 

 since  𝑎𝑛𝑖
→ 0 𝑎𝑠 𝑛 → ∞, 𝑡ℎ𝑒𝑛 lim𝑛→∞{‖xni

− p‖} = 0             

Again using lemmaz(2.4)  ,we get lim𝑛→∞ ϻ𝑛 = 0, so that  
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 lim
𝑛→∞

‖𝑥𝑛 − 𝑝‖ = 0  .                                             … (8)                                        

Now ,by using  theorm (3.1) and lemma (2.5),we obtain the  next theorem 

Theorem (3.2): 

       Let 𝑍 be a real Banach  space,𝐾 be a nonempty convex and bounded  

subset of 𝑍  and mappings   𝐴, 𝐿: 𝐾 → 𝐾  are quasi  uniformly   Hӧlder  

continuous withs   constants  𝑆1, 𝑆2 ≤ 1 𝑎𝑛𝑑 𝑟1, 𝑟2 ∈ (0,1)  .Let {𝑥𝑛}  

defined  by  condition (5)  with real sequences  {𝑎𝑛}, {𝑏𝑛}, {𝑐𝑛} 𝑎𝑛𝑑{𝑑𝑛} ∈

[0,1]  ∋ ∑ 𝑐𝑛
∞
1 < ∞,   ∑ 𝑑𝑛 < ∞ 𝑎𝑛𝑑 ∞

𝑛=1 ∑ 𝑎𝑛 𝑏𝑛 < ∞,∞
𝑛=1   a subsequence 

𝑎𝑛𝑖
 𝑜𝑓 𝑎𝑛   ∋ 𝑎𝑛𝑖

→ 0 𝑎𝑠  𝑛 → ∞ 𝑎𝑛𝑑  ℎ ≤ 𝑎𝑛𝑖
≤ (1 − ℎ) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 ℎ >

0 𝑎𝑛𝑑 {𝑣𝑛}1
∞ ,  

{𝑤𝑛}1
∞𝑏𝑒 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒  𝑖𝑛 𝐾 .  𝐼𝑓 𝐹 = 𝐹(𝐴) ∩ F(L) ≠ ∅  𝑎𝑛𝑑 

0 < lim
n→∞

𝑖𝑛𝑓 𝑎𝑛 ≤ lim
𝑛→∞

𝑠𝑢𝑝 𝑎𝑛 < 1 , 0 < lim
𝑛→∞

𝑖𝑛𝑓𝑏𝑛 ≤ lim
𝑛→∞

𝑠𝑢𝑝 𝑏𝑛 < 1. 

Then  lim𝑛→∞‖𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ = 0 = lim𝑛→∞‖𝑥𝑛 − 𝐿𝑛𝑥𝑛‖ 

  Proof: from conditions  (1) 𝑎𝑛𝑑(3) ,we obtion                                    

‖𝐴𝑛+1𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ ≤ ‖𝐴𝑛+1𝑥𝑛+1 − 𝐴𝑛+1𝑥𝑛‖ + ‖𝐴𝑛+1𝑥𝑛 − 𝑝‖ 

                                      +‖𝑝 − 𝐴𝑛𝑥𝑛‖       

                                    ≤ 𝑆1‖𝑥𝑛+1 − 𝑥𝑛‖𝑟1 + 𝑆1‖𝑥𝑛 − 𝑝‖𝑟1 + 𝑆1‖𝑝 − 𝑥𝑛‖𝑟1  

                                ≤ ‖𝑥𝑛+1 − 𝑥𝑛‖ + 2‖𝑥𝑛 − 𝑝‖                … (9)             

From conditions  (8)𝑎𝑛𝑑(9), we get 

lim
𝑛→∞

𝑠𝑢𝑝(‖𝐴𝑛+1𝑥𝑛+1 − 𝐴𝑛𝑥𝑛‖ − ‖𝑥𝑛+1 − 𝑥𝑛‖) ≤ 0                                      

Then, by lemma  (2.5), 𝑤𝑒 𝑔𝑒𝑡 lim
𝑛→∞

‖𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ = 0   … (10)                    

From conditions(1)  and (3),we get 

 ‖𝐿𝑛+1𝑦𝑛 − 𝐿𝑛𝑦𝑛‖ ≤ ‖𝐿𝑛+1𝑦𝑛+1 − 𝐿𝑛+1𝑦𝑛‖ + ‖𝐿𝑛+1𝑦𝑛 − 𝑝‖                        

+‖𝑝 − 𝐿𝑛𝑦𝑛‖                                                             

                                    ≤ 𝑅2‖𝑦𝑛+1 − 𝑦𝑛‖𝑟2 + 𝑅2‖𝑦𝑛 − 𝑝‖𝑟2 + 𝑅2‖𝑝 − 𝑦𝑛‖𝑟2                                

                                    ≤ ‖𝑦𝑛+1 − 𝑦𝑛‖ + 2‖𝑦𝑛 − 𝑝‖                   … (11)                                                                                                                            

‖𝑦𝑛+1 − 𝑦𝑛‖ ≤ ‖𝑥𝑛+1 − 𝑥𝑛‖ + 𝑏𝑛+1‖𝐴𝑛+1𝑥𝑛+1 − 𝑥𝑛+1‖ 
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  +  𝑏𝑛‖𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ + 𝑑𝑛+1‖𝑤𝑛+1‖ − 𝑑𝑛‖𝑤𝑛‖     … (12)  

From conditions (8)  𝑎𝑛𝑑 (10), 𝑤𝑒 𝑔𝑒𝑡                                                

‖𝐴𝑛𝑥𝑛 − 𝑝‖ ≤ ‖𝐴𝑛𝑥𝑛 − 𝑥𝑛‖ + ‖𝑥𝑛 − 𝑝‖ → 0 𝑎𝑠 𝑛 → ∞, ℎ𝑒𝑛𝑐𝑒                

‖𝑦𝑛 − 𝑝‖ = (1 − 𝑏𝑛)‖𝑥𝑛 − 𝑝‖ + 𝑏𝑛‖𝐴𝑛𝑥𝑛 − 𝑝‖ + 𝑑𝑛+1‖𝑤𝑛 − 𝑝‖            

                   → 0 𝑎𝑠  𝑛 → ∞             … (13)                                                               

‖𝐿𝑛+1𝑦𝑛+1 − 𝐿𝑛𝑦𝑛‖ ≤ ‖𝑥𝑛+1 − 𝑥𝑛‖ + 𝑏𝑛+1‖𝐴𝑛+1𝑥𝑛+1 − 𝑥𝑛+1‖ +

                𝑏𝑛‖𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ + 2‖𝑦𝑛 − 𝑝‖ + 𝑑𝑛+1‖𝑤𝑛+1‖ − 𝑑𝑛‖𝑤𝑛‖  … (14)  

   from conditions(1)  and (3),we get 

 ‖𝐿𝑛+1𝑥𝑛+1 − 𝐿𝑛𝑥𝑛‖ = ‖𝐿𝑛+1𝑥𝑛+1 − 𝐿𝑛+1𝑥𝑛‖ + ‖𝐿𝑛+1𝑥𝑛 − 𝑝‖ +

                                             ‖𝑝 − 𝐿𝑛𝑥𝑛‖                           

                                      ≤ 𝑅2‖𝑥𝑛+1 − 𝑥𝑛‖𝑟2 + 𝑅2‖𝑥𝑛 − 𝑝‖𝑟2 + 𝑅2‖𝑥𝑛 − 𝑝‖𝑟2  

                                     ≤ ‖𝑥𝑛+1 − 𝑥𝑛‖ + 2‖𝑥𝑛 − 𝑝‖            … (15)                 

From conditions  (14) , (10), (13)𝑎𝑛𝑑(15) ,we get 

lim𝑛→∞ 𝑠𝑢𝑝(‖𝐿𝑛+1𝑦𝑛+1 − 𝐿𝑛𝑦𝑛‖ − ‖𝐿𝑛+1𝑥𝑛+1 − 𝐿𝑛𝑥𝑛‖) ≤ 0 

Hence ,from lemma   (2.5), we get 

‖𝐿𝑛𝑥𝑛 − 𝐿𝑛𝑦𝑛‖ → 0 𝑎𝑠 𝑛 → ∞                                     … (16) 

From conditions (8)  , (3) and (13),we get 

‖𝑥𝑛 − 𝐿𝑛𝑦𝑛‖ ≤ ‖𝑥𝑛 − 𝑝‖ + ‖𝐿𝑛𝑦𝑛 − 𝑝‖                                         

                             ≤ ‖𝑥𝑛 − 𝑝‖ + 𝑅2‖𝑦𝑛 − 𝑝‖𝑟2                     

                ≤ ‖𝑥𝑛 − 𝑝‖ + ‖𝑦𝑛 − 𝑝‖  → 0 𝑎𝑠 𝑛 → ∞      … (17)                        

from conditions (17)  𝑎𝑛𝑑 (16),we get            

 ‖𝑥𝑛 − 𝐿𝑛𝑥𝑛‖ ≤ ‖𝑥𝑛 − 𝐿𝑛𝑦𝑛‖ + ‖𝐿𝑛𝑦𝑛 − 𝐿𝑛𝑥𝑛‖ 

→ 0 𝑎𝑠  𝑛 → ∞                                           … ( 18) 

Now , we present  next  theorem                                                         

Theorem (3.3) : 

        Let Z be a real Banach  space, K be a nonempty convex and bounded  

subset of 𝑍  and A, L: K → K  are quasi uniformly  Hӧlder continuous  

mappings   with  constants  S1, S2 and r1, r2 ∈ (0,1). Let {xn} defined by 
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condition  (5)  with real sequences     {an}, {bn},  {cn} and {dn} ∈

[0,1]with ∑ bn < ∞,∞
n=1  ∑ cn < ∞,∞

n=1     ∑  anbn < ∞,∞
n=1  

{𝑣𝑛}1
∞ 𝑎𝑛𝑑 {𝑤𝑛}1

∞ are bounded sequences  in 𝐾, 𝑎 𝑠𝑢𝑝𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑎𝑛𝑖
 𝑜𝑓    

𝑎𝑛  𝑎𝑛𝑑  𝑎𝑛𝑖
→ 0  𝑎𝑠  𝑛 → ∞  𝑤𝑖𝑡ℎ  ℎ ≤ 𝑎𝑛𝑖

≤ (1 − ℎ). 

𝐼𝑓𝐹 =  𝐹(𝐴) ∩ 𝐹(𝐿) ≠ ∅,  𝑙𝑖𝑚
𝑛→∞

‖𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ = 0 =  𝑙𝑖𝑚
𝑛→∞

‖𝑥𝑛 − 𝐿𝑛𝑥𝑛‖ 

𝑙𝑖𝑚𝑛→∞‖𝑥𝑛 − 𝑝‖ = 0, 𝑃 ∈ 𝐹 Then 𝑃is a comman fixed  point of 𝐴 and 𝐿. 

Proof :by triangle inequalite  , conditions (3), (8) 𝑎𝑛𝑑   (10), 𝑤𝑒 𝑔𝑒𝑡  

‖𝑝 − 𝐴𝑃‖ ≤ ‖𝑝 − 𝑥𝑛‖ + ‖𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ + ‖𝐴𝑛𝑥𝑛 − 𝐴𝑃‖ 

                           ≤ ‖𝑝 − 𝑥𝑛‖ + ‖𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ + 𝑅1‖𝐴𝑛−1𝑥𝑛 − 𝑝‖𝑟 

                             ≤ ‖𝑝 − 𝑥𝑛‖ + ‖𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ + ‖ 𝐴𝑛−1𝑥𝑛 − 𝑝‖                               

                             ≤ ‖𝑝 − 𝑥𝑛‖ + ‖𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ + 𝑅1‖ 𝑥𝑛 − 𝑝‖𝑟 

Taking the limit  as  n → ∞ , we get that 𝑝 = 𝐴𝑃 ,  similary by usingz 

condition(7) ,we get 𝑝 = 𝐿𝑝 , 𝑡ℎ𝑒𝑟𝑒 𝑓𝑜𝑟 𝐴𝑃 = 𝑝 = 𝐿𝑃       

In the next theorem , we use the  retraction mapping   P where P: Z → K    

Theorem(3.4):    

               Let 𝑍 be a real Banach  space,𝐾 be a nonempty, convex and 

boundedz subset of 𝑍 𝑎𝑛𝑑 𝐴, 𝐿: 𝑍 → 𝐾 are quasi uniformly   Hӧlder 

continuous mappingss with constants 𝐸1, 𝐸2 ≤ 1 𝑎𝑛𝑑 𝑒1, 𝑒2 ∈ (0,1) .Let 

{𝑥𝑛} defined by condition (6) with real sequences  {𝑎𝑛}, {𝑏𝑛}, {𝑐𝑛}𝑎𝑛𝑑 

{𝑑𝑛} ∈ [0,1], ∑ 𝑐𝑛 < ∞ ,∞
𝑛=1  ∑ 𝑑𝑛 < ∞ ,∞

𝑛=1  ∑  𝑎𝑛𝑏𝑛 < ∞∞
𝑛=1  𝑎𝑛𝑑                           

a subsequence  𝑎𝑛𝑖
 𝑜𝑓𝑎𝑛  ∋  𝑎𝑛𝑖

→ 0 𝑎𝑠 𝑛 → ∞  𝑎𝑛𝑑 ℎ ≤ 𝑎𝑛𝑖
≤ (1 − ℎ)    

𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 ℎ > 0 𝑎𝑛𝑑 {𝑣𝑛}1
∞, {𝑤𝑛}1   

∞ be bounded sequences   in 𝐾 .        

𝐼𝑓 𝐹 = 𝐹(𝐴) ∩ 𝐹(𝐿) ≠ ∅, lim𝑛→∞‖𝑥𝑛 − 𝑞‖ = 0, 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑞 ∈ 𝐹.      

Proof   : Let 𝑞 ∈ 𝐹,from conditions (6) , 𝑃 is a nonexpansive mappingz and 

condition(4  ),  we get                                                                             

‖𝑦𝑛 − 𝑞‖ = ⃦ 𝑃((1 − 𝑏𝑛)𝑥𝑛 + 𝑏𝑛𝐴(𝑃𝐴)𝑛−1𝑥𝑛 + 𝑑𝑛𝑤𝑛 − 𝑃(𝑞))   ⃦

≤ ‖(1 − 𝑏𝑛)𝑥𝑛 + 𝑏𝑛𝐴(𝑃𝐴)𝑛−1𝑥𝑛 + 𝑑𝑛𝑤𝑛 − 𝑞‖ 

≤ (1 − 𝑏𝑛)‖𝑥𝑛 − 𝑞‖ + 𝑏𝑛‖𝐴(𝑃𝐴)𝑛−1𝑥𝑛 − 𝑞‖ + 𝑑𝑛‖𝑤𝑛 − 𝑞‖ 
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          ≤ (1 − 𝑏𝑛)‖𝑥𝑛 − 𝑞‖ + 𝑏𝑛𝐸1‖𝑥𝑛 − 𝑞‖𝑒1 + 𝑑𝑛𝐻𝑛  

          ≤ (1 − 𝑏𝑛)‖𝑥𝑛 − 𝑞‖ + 𝑏𝑛𝐸1‖𝑥𝑛 − 𝑞‖ + 𝑑𝑛𝐻𝑛                … (19)  

Where      𝐻𝑛 = 𝑑𝑛‖𝑤𝑛 − 𝑞‖. 𝑆𝑖𝑛𝑐𝑒 ∑ 𝑑𝑛 < ∞ , 𝑡ℎ𝑒𝑛 ∑ 𝐻𝑛 < ∞.∞
𝑛=1

∞
𝑛=1     

Again from condition  (6), 𝑃 is a nonexpansive mapping   and condition 

 (19),we obtain 

‖𝑥𝑛+1 − 𝑞‖ = ‖𝑃((1 − 𝑎𝑛)𝐿(𝑃𝐿)𝑛−1𝑥𝑛 + 𝑎𝑛𝐿(𝑃𝐿)𝑛−1𝑦𝑛 + 𝑐𝑛𝑣𝑛 −

𝑃(𝑞))‖     

≤ ‖(1 − 𝑎𝑛)𝐿(𝑃𝐿)𝑛−1𝑥𝑛 + 𝑎𝑛𝐿(𝑃𝐿)𝑛−1𝑦𝑛 + 𝑐𝑛𝑣𝑛 − 𝑞‖     

 ≤ (1 − 𝑎𝑛)‖𝐿(𝑃𝐿)𝑛−1𝑥𝑛 − 𝑞‖ + 𝑎𝑛‖𝐿(𝑃𝐿)𝑛−1𝑦𝑛 − 𝑞‖ + 𝑐𝑛‖𝑣𝑛 − 𝑞‖ 

≤ (1 − 𝑎𝑛)𝐸2‖𝑥𝑛 − 𝑞‖𝑒2 + 𝑎𝑛𝐸2‖𝑦𝑛 − 𝑞‖𝑒2 + 𝑐𝑛‖𝑣𝑛 − 𝑞‖ 

≤ (1 − 𝑎𝑛)𝐸2‖𝑥𝑛 − 𝑞‖ + 𝑎𝑛𝐸2‖𝑦𝑛 − 𝑞‖ + 𝑈𝑛 

Where 𝑈𝑛 = 𝑐𝑛‖𝑣𝑛 − 𝑞‖. 𝑆𝑖𝑛𝑐𝑒 ∑ 𝑐𝑛 < ∞, 𝑡ℎ𝑒𝑛 ∑ 𝑈𝑛
∞
𝑛=1 < ∞∞

𝑛=1       

Suppose that  𝐸 = 𝑚𝑎𝑥 {𝐸1, 𝐸2}                     

‖𝑥𝑛+1 − 𝑞‖ ≤ (1 − 𝑎𝑛)𝐸‖𝑥𝑛 − 𝑞‖ + 𝑎𝑛𝐸{(1 − 𝑏𝑛)‖𝑥𝑛 − 𝑞‖ +

𝑏𝑛𝐸‖𝑥𝑛 − 𝑞‖ + 𝐻𝑛} + 𝑈𝑛               

≤ (𝐸 + 𝑎𝑛𝑏𝑛𝐸2)‖𝑥𝑛 − 𝑞‖ + 𝑎𝑛𝐸𝐻𝑛 + 𝑈𝑛 

                             ≤ (1 + 𝑎𝑛𝑏𝑛𝐸2)‖𝑥𝑛 − 𝑞‖ + 𝑡𝑛 

                   𝑊ℎ𝑒𝑟𝑒 𝑡𝑛 = 𝑎𝑛𝐸𝐻𝑛 + 𝑈𝑛, 𝑠𝑖𝑛𝑐𝑒 ∑ cn
∞
1 < ∞, 𝑡ℎ𝑒𝑛 ∑ 𝑈𝑛

∞
1 < ∞ 

Let us denotez 

 ϻ𝑛 = ‖𝑥𝑛 − 𝑞‖ 

𝜉𝑛 = 𝑎𝑛𝑏𝑛𝐸2, ∀𝑛 ≥ 1 

And using lemma𝑧(2.4), 𝑤𝑒 𝑔𝑒𝑡 lim𝑛→∞ ϻ
𝑛

𝑒𝑥𝑖𝑠𝑡𝑠. Which implies thatz 

lim𝑛→∞‖𝑥𝑛 − 𝑞‖ exists , using the same   the proof  of   theorem(3.1),we 

get lim𝑛→∞‖𝑥𝑛 − 𝑞‖ = 0. 

By using  theorem  (3.4) ,we get the  next theorem 
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Theorem  (3.5) : 

          Let 𝑍  be a real Banach  space,   𝐾 be a nonempty convex and 

boundedz subset of 𝑍  𝑎𝑛𝑑 𝐴, 𝐿 ∶ 𝑍 → 𝐾 be quasi uniformly  Hӧlder 

continuous mappingsz with constants 𝐸1, 𝐸2 ≤ 1 𝑎𝑛𝑑, 𝑒1, 𝑒2 ∈ (0,1).  Let 

{𝑥𝑛}  defined by condition  (6) with real sequences   {𝑎𝑛}, {𝑏𝑛}, {𝑐𝑛}   

𝑎𝑛𝑑 {𝑑𝑛} ∈ [0,1] ,∑ 𝑐𝑛 < ∞,∞
𝑛=1 ∑ 𝑑𝑛 < ∞ 𝑎𝑛𝑑 ∞

𝑛=1 ∑ 𝑎𝑛 𝑏𝑛 < ∞.∞
𝑛=1  

A subsequence 𝑎𝑛𝑖
 𝑜𝑓𝑎𝑛 ∋ 𝑎𝑛𝑖

→ 0 𝑎𝑠 𝑛 → ∞ 𝑎𝑛𝑑 ℎ ≤ 𝑎𝑛𝑖
≤ (1 − ℎ) 

𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 ℎ > 0 𝑎𝑛𝑑 {𝑣𝑛}1
∞, {𝑤𝑛}1

∞ 𝑏𝑒 bounded sequence in  𝑍.     𝐼𝑓0 <

lim𝑛→∞ 𝑖𝑛𝑓𝑎𝑛 ≤

lim𝑛→∞ 𝑠𝑢𝑝𝑎𝑛 < 1, 0 < lim𝑛→∞ 𝑖𝑛𝑓𝑏𝑛 ≤ lim𝑛→∞ 𝑠𝑢𝑝𝑏𝑛 < 1 𝑎𝑛𝑑  𝐹 =

𝐹(𝐴) ∩ 𝐹(𝐿) ≠ ∅ . 𝑇ℎ𝑒𝑛 

lim
𝑛→∞

‖𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ = 0 = lim
𝑛→∞

‖𝑥𝑛 − 𝐿𝑛𝑥𝑛‖ 

Proof: Since 𝑃 is a nonexpansive mapping   and condition(2),we get 

‖𝑃(𝐴(𝑃𝐴)𝑛𝑥𝑛+1) − 𝑃(𝐴(𝑃𝐴)𝑛−1𝑥𝑛)‖ ≤ ‖𝐴(𝑃𝐴)𝑛𝑥𝑛+1 − 𝐴(𝑃𝐴)𝑛−1𝑥𝑛‖   

≤ ‖𝐴(𝑃𝐴)𝑛𝑥𝑛+1 − 𝐴(𝑃𝐴)𝑛𝑥𝑛‖ 

+‖𝐴(𝑃𝐴)𝑛𝑥𝑛 − 𝑞‖ + ‖𝑞 − 𝐴(𝑃𝐴)𝑛−1𝑥𝑛‖                                            

≤ 𝐸1‖𝑥𝑛+1 − 𝑥𝑛‖𝑒1 + 𝐸1‖𝑥𝑛 − 𝑞‖𝑒1 + 𝐸1‖𝑞 − 𝑥𝑛‖𝑒1 

≤ ‖𝑥𝑛+1 − 𝑥𝑛‖ + 2‖𝑥𝑛 − 𝑞‖                                   … (21) 

‖𝑃𝑥𝑛+1 − 𝑃𝑥𝑛‖ ≤ ‖𝑥𝑛+1 − 𝑥𝑛‖              … (22)   

From conditions  (20), (21)𝑎𝑛𝑑(22),we get  

lim
𝑛→∞

𝑠𝑢𝑝(‖𝑃(𝐴(𝑃𝐴)𝑛𝑥𝑛+1) − 𝑃(𝐴(𝑃𝐴)𝑛−1𝑥𝑛)‖ − ‖𝑃𝑥𝑛+1 − 𝑃𝑥𝑛‖) ≤ 0 

Then by lemma(2.5), 𝑤𝑒 𝑔𝑒𝑡‖𝑃(𝑥𝑛) − 𝑃(𝐴(𝑃𝐴)𝑛−1𝑥𝑛)‖ → 0 𝑎𝑠 𝑛 → ∞ 

and 𝑃 is a nonexpansive mapping  . 

𝑇ℎ𝑎𝑡 𝑖𝑠 ‖𝑥𝑛 − 𝐴(𝑃𝐴)𝑛−1𝑥𝑛‖ → ∞ 𝑎𝑠 𝑛 → ∞   … (23) 

From the nonexpansive  mapping 𝑃  and conditions  (2)𝑎𝑛𝑑(4). 

We get 
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 ‖𝑃(𝐿(𝑃𝐿)𝑛𝑦𝑛+1) − 𝑃(𝐿(𝑃𝐿)𝑛−1𝑦𝑛)‖ 

≤ ‖𝑃(𝐿(𝑃𝐿)𝑛𝑦𝑛+1) − 𝑃(𝐿(𝑃𝐿)𝑛𝑦𝑛)‖ + ‖𝑃(𝐿(𝑃𝐿)𝑛𝑦𝑛) − 𝑃(𝑞)‖

+ ‖𝑃(𝑞) − 𝐿(𝑃𝐿)𝑛−1𝑦𝑛‖ 

≤ ‖𝐿(𝑃𝐿)𝑛𝑦𝑛+1 − 𝐿(𝑃𝐿)𝑛𝑦𝑛‖ + ‖𝐿(𝑃𝐿)𝑛𝑦𝑛 − 𝑞‖ + ‖𝑞 − 𝐿(𝑃𝐿)𝑛−1𝑦𝑛‖ 

≤ 𝐸2‖𝑦𝑛+1 − 𝑦𝑛‖𝑒2 + 𝐸2‖𝑦𝑛 − 𝑞‖𝑒2 + 𝐸2‖𝑞 − 𝑦𝑛‖𝑒2 

≤ ‖𝑦𝑛+1 − 𝑦𝑛‖ + 2‖𝑦𝑛 − 𝑞‖                                                … (24) 

‖𝑦𝑛+1 − 𝑦𝑛‖ ≤ ‖𝑃𝑥𝑛+1 − 𝑃𝑥𝑛‖ + 𝑏𝑛+1‖𝑃(𝐴(𝑃𝐴)𝑛𝑥𝑛+1) − 𝑃𝑥𝑛+1‖ + 

𝑏𝑛‖𝑃𝑥𝑛 − 𝑃(𝐴(𝑃𝐴)𝑛−1𝑥𝑛)‖ + 𝑑𝑛+1‖𝑤𝑛+1‖ − 𝑑𝑛‖𝑤𝑛‖    … (25) 

≤ ‖𝑥𝑛+1 − 𝑥𝑛‖ + 𝑏𝑛+1‖𝐴(𝑃𝐴)𝑛𝑥𝑛+1 − 𝑥𝑛+1‖ + 

𝑏𝑛‖𝑥𝑛 − 𝐴(𝑃𝐴)𝑛−1𝑥𝑛‖       … (26) 

From conditions (20) 𝑎𝑛𝑑 (23) ,we get 

‖𝑃(𝐴(𝑃𝐴)𝑛−1)𝑥𝑛 − 𝑞‖ ≤ ‖𝐴(𝑃𝐴)𝑛−1𝑥𝑛 − 𝑞‖  

≤ ‖𝐴(𝑃𝐴)𝑛−1𝑥𝑛 − 𝑥𝑛‖ + ‖𝑥𝑛 − 𝑞‖ → 0 𝑎𝑠 𝑛 → ∞ ,hence 

‖𝑦𝑛 − 𝑞‖ = (1 − 𝑏𝑛)‖𝑃𝑥𝑛 − 𝑞‖ + 𝑏𝑛‖𝑃(𝐴(𝑃𝐴)𝑛−1𝑥𝑛 − 𝑞)‖

+ 𝑑𝑛‖𝑤𝑛 − 𝑞‖ 

≤ (1 − 𝑏𝑛)‖𝑥𝑛 − 𝑞‖ + 𝑏𝑛‖𝐴(𝑃𝐴)𝑛−1𝑥𝑛 − 𝑞‖ + 

𝑑𝑛‖𝑤𝑛 − 𝑞‖ → 0 𝑎𝑠 𝑛 → ∞                             … (27) 

Butting   (27)  into  (26)   ,we get 

‖𝑃(𝐿(𝑃𝐿)𝑛𝑦𝑛+1) − 𝑃(𝐿(𝑃𝐿)𝑛𝑦𝑛)‖ ≤ ‖𝑥𝑛+1 − 𝑥𝑛‖ 

+𝑏𝑛+1‖𝐴(𝑃𝐴)𝑛𝑥𝑛+1 − 𝑥𝑛+1‖ + 𝑏𝑛‖𝑥𝑛 − 𝐴(𝑃𝐴)𝑛−1𝑥𝑛‖ + 2‖𝑦𝑛 − 𝑞‖

+ 𝑑𝑛+1‖𝑤𝑛+1‖ − 𝑑𝑛‖𝑤𝑛‖                                       … (28) 

Since   𝑃 is a nonexpansive mapping   and conditions (2) 𝑎𝑛𝑑(4). 

We get 

‖𝑃(𝐿(𝑃𝐿)𝑛𝑥𝑛+1) − 𝑃(𝐿(𝑃𝐿)𝑛−1𝑥𝑛)‖

≤ ‖𝑃(𝐿(𝑃𝐿)𝑛𝑥𝑛+1) − 𝑃(𝐿(𝑃𝐿)𝑛𝑥𝑛)‖

+ ‖𝑃(𝐿(𝑃𝐿)𝑛𝑥𝑛) − 𝑃(𝑞)‖ + ‖𝑃(𝑞) + 𝑃(𝐿(𝑃𝐿)𝑛−1𝑥𝑛)‖ 
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≤ ‖𝐿(𝑃𝐿)𝑛𝑥𝑛+1 − 𝐿(𝑃𝐿)𝑛𝑥𝑛‖ + ‖𝐿(𝑃𝐿)𝑛𝑥𝑛 − 𝑞‖ + ‖𝑞 − 𝐿(𝑃𝐿)𝑛−1𝑥𝑛‖ 

≤ 𝐸2‖𝑥𝑛+1 − 𝑥𝑛‖𝑒2 + 𝐸2‖𝑥𝑛 − 𝑞‖𝑒2 + 𝐸2‖𝑞 − 𝑥𝑛‖𝑒2 

≤ ‖𝑥𝑛+1 − 𝑥𝑛‖ + 2‖𝑥𝑛 − 𝑞‖                                                          … (29) 

From conditions (28), (23), (27) 𝑎𝑛𝑑(29),we get 

lim
𝑛→∞

sup(‖𝑃(𝐿(𝑃𝐿)𝑛𝑦𝑛+1) − 𝑃(𝐿(𝑃𝐿)𝑛−1𝑦𝑛)‖

− ‖𝑃(𝐿(𝑃𝐿)𝑛𝑥𝑛+1) − 𝑃(𝐿(𝑃𝐿)𝑛−1𝑥𝑛)‖) ≤ 0 

Hence from lemma (2.5), 𝑤𝑒 𝑔𝑒𝑡 ‖𝑃(𝐿(𝑃𝐿)𝑛−1𝑦𝑛) − 𝑃(𝐿(𝑃𝐿)𝑛−1𝑥𝑛)‖ →

0 𝑎𝑠 𝑛 → ∞ 

That is ‖𝐿(𝑃𝐿)𝑛−1𝑦𝑛 − 𝐿(𝑃𝐿)𝑛−1𝑥𝑛‖ → 0 𝑎𝑠 𝑛 → ∞         … (30) 

From conditions(20), (4)𝑎𝑛𝑑(28),we get 

‖𝑥𝑛 − 𝐿(𝑃𝐿)𝑛−1𝑦𝑛‖ ≤ ‖𝑥𝑛 − 𝑞‖ + ‖𝑞 − 𝐿(𝑃𝐿)𝑛−1𝑦𝑛‖ 

≤ ‖𝑥𝑛 − q‖ − E2‖q − yn‖e2 

‖𝑥𝑛 − 𝑞‖ − ‖𝑦𝑛 − 𝑞‖ → 0 𝑎𝑠 𝑛 → ∞                 … (31) 

From conditions (31)𝑎𝑛𝑑(30),we get 

‖𝑥𝑛 − 𝐿(𝑃𝐿)𝑛−1𝑥𝑛‖

≤ ‖𝑥𝑛 − 𝐿(𝑃𝐿)𝑛−1𝑦𝑛‖ + ‖𝐿(𝑃𝐿)𝑛−1𝑦𝑛 − 𝐿(𝑃𝐿)𝑛−1𝑥𝑛‖

→ 0 𝑎𝑠 𝑛 → ∞      … (32)    

Theorem (3.6) : 

        Let Z be a real Banach  space,𝐾 be a nonempty convex and bounded  

subset of Z and 𝐴, 𝐿 ∶ 𝑍 → 𝐾 are quasi uniformly   Hӧlder continuous 

mappings with 𝐸1, 𝐸2 ≤ 1 𝑎𝑛𝑑 𝑒1, 𝑒2 ∈ (0,1).Let {𝑥𝑛} defined by condition 

(6) with real sequences {𝑎𝑛}, {𝑏𝑛}, {𝑐𝑛} 𝑎𝑛𝑑  {𝑑𝑛} ∈ [0,1] ,∑ 𝑐𝑛 <∞
,𝑛=1

∞, ∑ 𝑑𝑛 < ∞ 𝑎𝑛𝑑 ∞
𝑛=1 ∑ 𝑎𝑛𝑏𝑛  < ∞,∞

𝑛=1 {𝑣𝑛}1
∞ 𝑎𝑛𝑑 {𝑤𝑛}1

∞and{wn} be  

bounded sequences in  𝑍,a subsequence 𝑎𝑛𝑖
 of  𝑎𝑛 ∋ 𝑎𝑛𝑖

→ 0 𝑎𝑠 𝑛 →

∞ 𝑎𝑛𝑑 ℎ ≤ 𝑎𝑛𝑖
≤ (1 − ℎ) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 ℎ > 𝑜  and 0 < lim𝑛→∞   𝑖𝑛𝑓𝑎𝑛 ≤

lim𝑛→∞ 𝑠𝑢𝑝𝑎𝑛 < 1,   0 < lim𝑛→∞ 𝑖𝑛𝑓𝑏𝑛 ≤ lim𝑛→∞ 𝑠𝑢𝑝𝑏𝑛 < 1 .  𝐼𝑓𝐹(𝐴) ∩

𝐹(𝐿) ≠ ∅ , lim𝑛→∞‖𝑥𝑛 − 𝐴𝑛𝑥𝑛‖ = 0  𝑎𝑛𝑑 lim𝑛→∞‖𝑥𝑛 − 𝐿𝑛𝑥𝑛‖ = 0, 

 𝑡ℎ𝑒𝑛 lim𝑛→∞‖𝑥𝑛 − 𝑞‖ = 0 , 𝑞 is a comman fixed point  𝐴 𝑎𝑛𝑑 𝐿.     



JOURNAL OF COLLEGE OF EDUCATION ········· 2016 ·········   NO.5 

364 

Proof: Let 𝑞 ∈ 𝐹,by conditions (4), (20), (23)𝑎𝑛𝑑(32) and using the same 

proof   of the theorem  (3.3),we get 𝐴𝑞 = 𝑞 = 𝐿𝑞 
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