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. Abstract.

In this paper , iterative sequences with errors are introduced and strongly
convergence theorems of thems are established when A, L self (and
nonself) quasi uniformly Holder continuous mappings for a real Banach
space Z and for a nonempty convex and bounded subset K of Z. Our
results improve and generalize the results Khan and Takahashi,Saluja and
many others.
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1 —Introduction

In 1991, Schu [7] introdused the iterative sequence {x,}isa
nonempty and convex subset K of Hilbert space H as, for given x; € K

y, = (1 —=b)x, + b,Ax, ,¥n > 1
Xpe1 = (1—a,)x, +a,A%y, ,Vn >1 .. ()

where {b,,} and {a,,} be sequences in(0,1) and A be a self mapping .
Who proved weak and strongly convergence theorems of the iterative
sequence which he defined by (i) for asymptotically nonexpansive self
mapping A in Hilbert spaceH . Liu[4] pressented the iterative sequence{x,, }
with errors as ,for given x; € K

Yn = AnX, + bpAx, + cpu, ,Vn =1
Xps1 = ApXpy + € A"y + hyv, ,Yn>1 (D)

where{u,} and {v,,} be bounded sequences and{a,}{b,}{c,}{d,}
{e,}and{n,} are sequence in [0,1] with a, + b, +c, =1 andd, + e, +
h,, = 1.Who introduced strong convergence results of iterative sequence
which he defined by (ii) for quasi asymptotically nonexpansive self
mapping in a uniformly convex Banach space Z. Cho, Guo and Zhou [3]
extand and improved theorems of iterative sequence (ii) to uniformly

@ — continuous and asymptotically quasi nonexpansive in a uniformly
convex Banach spaceZ. In 2001,Khan andTakahashi [3] introdused and
studied the iterative sequence {x,} as for given x; in K.

Vo = (1 — by)x, + by Ax, ,¥Vn > 1
Xnt1 = (L —a)x, + apl™y, ,Vn>1 .. (iii)

Where A and L are asymptotically nonexpansive self mappings on K
with {a,}and{b,} € (0,1). In 2010 ,Khan and Din [2] established
convergence results of iterative sequence which they defined by (iii) with
errors for two uniformly equi-continuous self mappingsA and L in a
uniformly convex Banach spaceZ. In 2014 Saluja[6] generalized the
iterative sequence {x,} witherrors as, for x;, EK € Z

v, = P(a,x, + b,A;(PA)" x, + c,v,),Vn >1
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X1 = P(d,A{(PA)" 1x,, + e, A,(PA)" 1y, + ru,),Vn =1 ... (iv)

Where P is the nonexpansive retraction of Z onto K ,{v,}Hu,} be
bounded sequences in K, {a,},{b,},{c,}, {d,,}and{e,,} € [0,1] with
a,+b,+c,=1=d,+e,+r, and proved weak convergence
theorems of the iterative sequence defined by (iv) for two asymptotically
nonexpansive nonself mappings in uniformly convex Banach space Z.

2- Preliminaries
Definition (2.1) : [1] and [6]

Let Z be a real Banach space and K be a nonempty subset of Z.
Amapping A:K - K (or A: K — Z) issaid to be

(i) Uniformly Hélder continuous .If 3 constants S > 0 and r € (0,1)
SVx,yinK andn >1

A", = A%yl < Sllxp = yull”™ . (D)
or

IACPA)  xp = ACPAY ynll < Slixn — yullf - (2)

Where P is a nonexpansive retraction of Z onto K.

(i) Quasi uniformly Hoélder continuous. If F(A) = {x e K:A(x) =x} # @
and 3 constants S > 0 and r € (0,1)

1A"%y — all < Sllxy — all - (3)

Or IAPA) o —qll < S llxy — qlI” - (4)
where g € F(A)

Example (2.2):

Amapping A: R — R (where R = real number with usuall norm )
such that A(x) = —% cos x is uniformly Hoélder contiuous with S = % and

r=1.
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When the boundness of the derivative for A .Then itis uniformly Holder
continous i.e.

| A | =| ésinx| <

W

So |AX—AYIS§|x—y| Vx,y inZand r =1
Defintion (2.3) :

Let Z be a real Banach space, K a nonempty and convex subset of
Zand A,L:K — K .Foranyx; in K, the iterative sequence {x,} € Kis
defined by

Yn = (1 —by)x, + byA"x, +dyw, ,Vn > 1
Xny1 = (1 — apn)Ll™xp +a L%, + vy, Vn = 1 ..(5)

Where {a,},{b,} and {c,} be real sequences in [0,1] , {v,}n=1
and {w, }5,—, be bounded sequences in K.

If A L:K - Z and P:Z — K , then the iterative sequence {x,} in (5) is
defined by

Yo = P((1 = bp)xy + by A(PA) x, + dywy, ),V = 1
Xnt1 = P((1 — ap)L(PL)" Yx, + a, L(PL)" Yy, + ),V = 1
.. (6)
where P is the nonexpansive retraction of Z onto K
Lemma (2.4):[7]
Suppose that {u_},{&,} and {t,,} are real sequence in [1, oo]
satisfying

M =1+ &I +ty,Vn =1
If Yo 1 &, < 0,2 t, <o, then lim,_, N, exist. In particular ,if
{r.} has a subsequence p,, 3 p,, = 0 asn — oo, then lim,,_,, 1, = 0.

Lemma (2.5): [8]
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Let Z be a Banach space, {x,}and {y,} are bounded sequences in
Z and {f,,} is a sequence in [0,1] with

0< gl_)rgo inff, < 71113.10 supf, <1
Suppose that
Xn+1 = (1 = Bn)yn + BuXn, V0 2 0
And limy 0 SUP(lIYn+1 = Yull = IXn+1 = x0l) < 0.
Then lim,_.|ly, — x,|l =0

3-Main theorems

Our purpose in this paper to prove that the iterative sequences with errors
for two quasi uniformly Holder continuous self (and nonself) mappings

strongly convergence to a comman fixed points. The results presented in
this paper generalize the corresponding Main Results in[3], [6] and others.

Theorem (3.1) :

Let Z be a real Banach space, K be a nonempty convex and
bounded subset of Zand A,L:K — K be quasi uniformly  Holder
continuous mappings with constants S;,S, < 1and r,r, € [0,1]. Let
{x,} defined by condition (5) with real sequences

{a,},{b,},{c,} and {d,,} € [0,1] satisfying
D=1 Cn < 00, Xp 1 dy < 0, %0 ay b, < o0,a subsequence ay,
of a,da,, » 0asn—-o,h<a, <(1—nh)forsomeh>0
and {w,}7-1,{v,}n=1 be bounded sequences in K.Then
If F=F(A)NnF(L) # @,we have lim,_,.||x, —pll =0 for p € F.
Proof: let P € F,from condition (5) and condition (3) ,we get

lyn = pll = I(X = bp)xyn + bpyA™x, + dpwy, — pl|

< (1 = b)llxn — pll + bullA™x, — pll + dyullwy, — pll
< (1= bp)llxn — pll + bRyl — plI™ + By

< (1= b)llxn = pll + bpRillxn =Pl +Bn ... (7)
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Where B,, = d,|lw,, — p||.Since }.7;—1 d,, < o, then }5-1 B, < .

Again from conditions (5), (3) and condition (7) ,we obtion
”xn+1 - p” = ”(1 - an)Lnxn + anLnyn + CpVp — p”

< (1 - an)llLl™, —pll + anllL™y, — pll + cullv, — pli
< (1= ap)Sallxy —plI™ + anSallyn —pll™ + Gy
< (1= ap)Sallxy —pll + anSallyn — pll + Gy
where G,, = ¢, ||v,, — P|| .Since Y5, ¢, < oo, then Y-, G, < .
Suppose that S = max{S;,S,}

lxns1 — pIl < (1 —ap)Sllx, — pll
+ anS{(l - bn)“xn - p” + bnS“xn - p” + Bn} + Gn

< (S+a,b,SH)|x, —pll + a,SB, + G,
< (1+ apbnS?)llxn, — pll + Hy
Where H,, = a,SB,, + G,. Since ;) B, < o and Y.;~, G, < oo,
Then Y7_, H, < oo.
Let us denote M, = |lx, — Dl
&, = anh,S? XY én< oo;vVn > 1,

and using lemma (2.4) ,we obtion lim,_, »  exists. Which imiplies

that lim,_,|lx, — pl| exists. Suppose that {||x,, — p||} is a subsequence
of {llx, —pll} and a,, is a subsequence of a, ,since a,, satisfying
h < a,, < (1 - h),we get

{lxn; = pII} = (1 = an ){llxn; = pII} + an.{llxn, = pll}
< h{lxn; = pll} + antllxn; = pll}
< 2a, D ,where D = sup{||x,, — p||}
since a,, > 0 asn — oo, then lim,_,f||x,, — p[|} =0

Again using lemma (2.4) ,we get lim,,_,,, ft,, = 0, S0 that
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Jiml, = pll =0 . - (8)
Now ,by using theorm (3.1) and lemma (2.5),we obtain the next theorem
Theorem (3.2):

Let Z be a real Banach space,K be a nonempty convex and bounded
subset of Z and mappings A,L:K — K are quasi uniformly  Holder
continuous with constants  S;,S, <landr,r, € (0,1) .Let {x,}
defined by condition (5) with real sequences {a,}, {b,} {c,} and{d,} €
[0,1] 2 )T c, <o, Y7¥_,d, <oand Y5-;anbn < o, a subsequence
an, 0f ap da, »0as n—-wand h<a, <(1—h)forsomeh >
0 and {v,}7,

{w,}Tbe bounded sequence inK. If F = F(A) N F(L) # @ and

0 <liminfa, <limsupa, <1,0<liminfb, < lim sup b,, < 1.
n—-owo n—oo

n—-oo n—oo
Then lim,_|lx, — A"x,|| = 0 = lim,,_,.||x,, — L x|

Proof: from conditions (1) and(3) ,we obtion
1A oy, — Ay |l < |A™ x40 — A" g || + 1A%, —

+lp — A"xnll
< Sillxper = 20 ll™ + Syllxn, = pII™ + Syllp — xnI™
< lxner = xall + 2|, — pli - (9)
From conditions (8)and(9), we get
lim sup(||A™ xn 41 = A"l = lXne1 = xlD) < 0
Then, by lemma (2.5), we getrllilrolollxn —A"x,|| =0 ..(10)
From conditions(1) and (3),we get
1Ly = Lyl < Ly — L 0l + 1Ly, — pll

+p — L"yy|l
< Rallyns1 — Wl + Rellyn — 2l + Ry lp — yn ™
< IYne1 — Yull + 2llyn — 2l - (11)
IVn+1 = Yull < Wxns1 = Xnll + bryq IA™ 1 2010 — X441
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+ bpllxn, — A%xpll + dpis Wnaa |l = dnllwnll ... (12)

From conditions (8) and (10),we get
|A"x,, — pll < ||A™x,, — x, || + ||x,, — p|| = 0 as n — oo, hence

lyn — pll = (1 = bp)llxn — pll + brllA™x, — pll + dsqllwy, — |
- 0as n—- o ..(13)

IL* Va1 = LVall < X1 = Xnll + Draa 1A 241 — Xnaa [l +

bn”xn - Anxn” + leyn - p” + dn+1”Wn+1” - dn”Wn” (14')

from conditions(1) and (3),we get

1L 4 — LM |l = 1L 00 — Loy || + (1L, — pl| +

llp — L™l

< Ryllxp41 — xn ™2 + Ryllxy, — plI™ + Ry llx,, — pI|™
< llxpt1 — xull + 2{lx,, — pl| ..(15)

From conditions (14),(10), (13)and(15) ,we get

limy, e SUp(IL" ' ypeq — Lyl = 1L 1 xp01 — L2 |1) < 0

Hence ,from lemma (2.5), we get
|L"x, — L*y, || > 0 asn — o ..(16)
From conditions (8) , (3) and (13),we get
X0 = Lyl < lIx = pll + IL"y, — pll
< llxn = pll + Rallyn — plI™

< ltn =pll +llyn —pll 2 0asn -0 ..(17)
from conditions (17) and (16),we get

“xn - Lnxn” < ”xn - Lnyn” + ”Lnyn - Lnxn”
—»0as n—-o o ..(18)

Now , we present next theorem
Theorem (3.3) :

Let Z be a real Banach space, K be a nonempty convex and bounded
subset of Z and A,L:K — K are quasi uniformly Holder continuous
mappings with constants S;,S, andr,,r, € (0,1). Let {x,} defined by
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condition (5) with real sequences {a,}, {b,}, {c,}and{d,} €
[O,].]Wlth 2%021 bn < 0O, ;O:]_ Cn < 0, 2;1021 anbn < 0,
{v,}T and {w,}7" are bounded sequences in K, a supsequence a,, of

a, and a,, - 0 as n - o with h < a, < (1—h).
IfF = FLA)NF(L) # @, lim||x, — A"x,|| =0 = lim||x,, — L"x,,||
n—oo n—oo

lim,.|lx, — p|l = 0,P € F Then Pis a comman fixed point of A and L.
Proof :by triangle inequalite , conditions (3), (8) and (10),we get
lp = Apll < llp = xnll + [lx, — A"xp |l + [|A™x — Ap|
< llp = xnll + llxp = A™xn |l + Ry 1A, — pII”
< lIp = xall + llxp = A™xnl + 1| A", — |
< lp = xnll + 12, — A" |l + Ryl %, — pII

Taking the limit as n — oo ,we getthatp = Ap, similary by using
condition(7) ,we getp = L, , there for Ap =p = Lp

In the next theorem , we use the retraction mapping P where P:Z — K

Theorem(3.4):

Let Z be a real Banach space,K be a nonempty, convex and
bounded subset of Z and A,L:Z — K are quasi uniformly Holder
continuous mappings with constants E,,E, < 1 and e, e, € (0,1) .Let
{x,} defined by condition (6) with real sequences {a,}, {b,}, {c,}and
{dn} €10,1], Xnzicn <0, Xpm1dn <0, Yoy anby <o and
a subsequence a,, ofa, 3 a,—0asn—->w andh < a, < (1-—h)
for some h > 0 and {v,}7, {w,,}7 be bounded sequences inK .

If F=F(A)NF(L) # 0,lim,_llx, —qll =0, for any point q € F.
Proof : Letqg € F,from conditions (6), P is a nonexpansive mapping and
condition(4 ), we get

lyn = qll 3l P((1 = bp)x, + b A(PAY* x, + dpwy, — P(@))l

< I(1 = bp)x, + b A(PAY 1x,, + dpywy, — ql

< (1= bllxy = qll + by llACPA) " txn, — qll + dpllwy, — qll
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< (1 - bn)”xn - Q|| + bnElllxn - CI||61 + dan
< (1 - bn)”xn - q” + bnElllxn - q” + dan (19)

Where H, = d,|lw, —ql|.Since Y;-1d,, < o ,then Y, H, < oo.
Again from condition (6), P is a nonexpansive mapping and condition

(19),we obtain

”xn+1 - Q|| = ”P((l - an)L(PL)n_lxn + anL(PL)n_1Yn + ChVp —
P(@)l|

< 11 — ap)L(PL)* xp + anL(PL)" 'y + cpvn — qll
< (1= a)lIL(PL)*  xp — qll + anlIL(PL)" 'y — qll + cpllvy — 4l
< (1 = an)Ezllxy — qll*? + anEzllyn — qll*? + cullva —qll
< (1 - aEllxy — qll + anEzllyn — qll + Uy
Where U,, = ¢, |lv,, — ql|. Since Y.57-1 ¢, < oo, then Y., U, < ©
Suppose that E = max {E,, E,}

%41 — qll < (1 = @ )Ellxn, — qll + anE{(1 = by)llx, — qll +
bnE”xn - CI” + Hn} + Un

< (E+ a,b,E)|x, —qll + a,EH, + U,

< (1 + apbaE?)llxn — qll + to
Where t,, = a,EH, + U,, since Y.7 ¢, < o, then Y7 U, < ©

Let us denote
M = llxn — 4l
&, =a,b,Et,vn=>1
And using lemma (2.4),we getlim,_,,, p_ exists. Which implies that

lim,,_,.||x,, — q|| exists , using the same the proof of theorem(3.1),we
getlim,_,o|llx, — qll = 0.

By using theorem (3.4) ,we get the next theorem
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Theorem (3.5) :

Let Z be a real Banach space, K be a nonempty convex and
bounded subset of Z and A,L : Z — K be quasi uniformly Hoélder
continuous mappings with constants E;,E, < 1and,e;, e, € (0,1). Let
{x,} defined by condition (6) with real sequences {a,},{b,}, {c,}
and {d,} € [0,1] Yy-icn < o0, ) > dn < o and ) ,-;an bn < co,

A subsequence ay,, ofa,da, 2> 0asn—->wandh<a, < (1—h)
for some h > 0 and {v,,}7°,{w,}{° be bounded sequence in Z. If0<
lim, . infa, <

lim,_ supa, < 1,0 <lim,_ infb, <lim,_, supb, <land F =
F(A)NF(L) # @.Then

lim [, = A" l| = 0= lim [l — L7 |
Proof: Since P is a nonexpansive mapping and condition(2),we get
IP(A(PA) xn11) — PLACPAY ' x) Il < IIACPA) i1 — APA) 'y |l
< [[APA) x4 — A(PA) x|l

+HIAPA) " x, — qll + [Ig — A(PA) x|l

< Eqllxner = x0ll®* + Eqllxn, — qll* + Exllq — x, ||

< xp41 = xull + 2llx, — gl .. (21)

IPxp11 = Pxnll < llxn41 — xnll .. (22)
From conditions (20), (21)and(22),we get
lim sup(||P(A(PA)"Xn41) = PCACPA)™xn) | = IPXps1 — Pxyl) < O
Then by lemma(2.5), we get||P(x,) — P(A(PA)" 1x,)|| » 0asn - «
and P is a nonexpansive mapping .
That is ||x, — A(PA)" tx,|| > wasn > o ...(23)
From the nonexpansive mapping P and conditions (2)and(4).

We get
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IP(L(PL)"yn41) — P(L(PL)* y)l

< IPL(PL)"yn4+1) = PALPL)" y )|l + IP(L(PL)"yp) — P(q)l
+[IP(q) — L(PL)" *y,ll

< ILPL)*yn41 — LPL) yyll + IILCPLY™y, — qll + [lg — LCPL)™ y ||
< Exllyner — vull®? + Ezllyn — qll®2 + Ezllq — w2

< lyn+1 = yall + 2y, — 4l . (24)

Y1 = Yull < [IPxpyq — Pxpll 4+ bpyq [[PCACPA) Xy 11) — PXpyqll +
bnllPxn, — P(ACPAY M xp) Il + dryaWnaall — dullwnll ... (25)

< lxne1 = Xnll + brsr lAPA) X1 — Xpaa ll +

bullxy — ACPA  'xull  ...(26)

From conditions (20) and (23) ,we get

IP(ACPAY 1 )xy — qll < IACPA)*x, — qll

< |A(PA* 1x,, — x,|| + |lx, — qll = 0 as n - o ,hence

lyn = qll = (1 = b)lIPxyp, — qll + by IP(ACPA xn, — @)
+dplw, — 4|

< (1= b)llxn — qll + by llACPA)* *x, — qll +

d,|lw, —qll > 0asn - o ..(27)
Butting (27) into (26) ,we get
IPCL(PL)*yn+1) = P(LCPL)"y)ll < llxn41 — xnll

+bp 1 [[APA) X1 — X |l + byllxy, — APAY xy |l + 2|1y — ¢l
+ dn+1”Wn+1” - dn”Wn” (28)

Since P is a nonexpansive mapping and conditions (2) and (4).
We get

IP(L(PL)"xp41) — P(L(PL)" x|
< IPCLCPL) xp41) — P(L(PL)"x,)l
+ IP(L(PL)"xn) = P(@Il + IP(q) + P(L(PL)" x|l
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< IL(PL)"xp 41 — LCPL) x|l + IIL(PL)"xn, — qll + llqg — L(PL)" 'y ||
< Epllxne1 — x0ll2 + Ezllxn — qll®2 + Ezllq — x5, 12
< llxp41 = xull + 2llx, — gl - (29)
From conditions (28), (23), (27) and(29),we get
lim sup(lP(L(PL)"yn+1) = P(LPLY" yn)l

— [IP(L(PL)"Xp41) — P(L(PL)"'xp)I1) < 0

Hence from lemma (2.5), we get ||P(L(PL)"* 1y,) — P(L(PL)" 1x,)|| =
Oasn - w

Thatis ||[L(PL)" 1y, — L(PL)" 1x,|| » 0 asn — o ..(30)
From conditions(20), (4)and(28),we get
llxn = LCPL)" "yl < llxn — qll + llg = LCPL)™ |
< [lxn — all = Exllq — ynll®2
I —qll = llyn —qll > 0asn - o - (31)
From conditions (31)and(30),we get

%, — LCPL)™ x|
< |l = LCPLY" 'yl + IL(PLY)™ 1y — L(PL)™ 'ty |l
—»0asn—->o ..(32)

Theorem (3.6) :

Let Z be a real Banach space,K be a nonempty convex and bounded
subset of Z and A,L : Z —» K are quasi uniformly  Hoélder continuous
mappings with E,, E, < 1 and e, e, € (0,1).Let {x,,} defined by condition
(6) with real sequences {a,},{b,},{ch}and {d,} €[0,1] Xh-1cy <
00, Yin=1 dn < 0 and YLy anby, < oo, {v,}°  and {wy}"and{w,} be
bounded sequences in Z,a subsequence a,, of a,3a, —0asn-
woand h < a,, <(1—h) forsomeh>o0 and 0<lim,_, infa, <
lim,,_,, supa, <1, 0 <lim,_ infb, <lim,_, supb, < 1. IfF(A)N
F(L) # @,lim,_|lx, — A"x,|| = 0 and lim,,_.||x,, — L"x,|| = 0,

then lim,,_.||x, — qll = 0,q is a comman fixed point A and L.
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Proof: Let g € F,by conditions (4), (20), (23)and(32) and using the same
proof of the theorem (3.3),we get 4, = q = L,

References

[1] CHO Y.J.,GUO G.A and ZHOU H.Y.," Approximating Fixed Point
of Asymptotically Quasi Nonexpansive Mappings by the Iterative

Sequence with Errors ", Antalya ,Turkey — Dynamical Systems and
Applications , Proceedings , pp. (262- 272), 2004.

[2] Khan S. H. and Din H.F. ," Weak and Strong Convergence Theorems

without Some Widely Used Conditions" , International J. Math. ,Vol. 63,
No.2 ,pp.(137-148),2010

[3] Khan S. H . and Takahashi W., "A pproximating Comman Fixed Points

of Two Asymptotically Nonexpansive Mappings ", Sci . Math. Japonica
Vol . 53, pp.(143-148),2001.

[4] Liug.H., " Iteration Sequence for Asymptotically Quasi -
Nonexpansive Mapping with an Error Member in a Uniformly Convex

Banach Space " ,J.Math . Anal. Appl. ,\VVol.(183),pp.(407-413), 2002.

[5] Saluja G.S.," Convergence to Comman Fixed Points for A Finite
Family of Generalized Asymptotically Quasi - Nonexpansive Mappings in

Banach Spaces", East Asian Math. J.,VVol. 29 No.1, pp.(23-37),2013.

[6] Saluja G.S. ," Weak Convergence Theorems for Two Asymptcotilly
Quasi — Nonexpansive Non —Self Mappings in Uniformly Convex Banach

Spaces" , J. Nonlinear Sci. Appl.,Vol.(7), pp.(138-149),2014.
[7] SCHU J ., "lterative Construction of Fixed Points of Asymptotically

Nonexpansive Mappings" , J .Math.Anal. Apple., Vol.(158), pp.(407-
413),1991.

[8] Yao Y.H and LIOU Y.C ," Convergence of an Iterative Method for a

Finte Family of M-Accertive and Pseudocontactive Mappings" , Int .J. of
Appl. Math. and Mech. VVol.4,No.1 ,pp.(12-28),2008.

364



