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Abstract: 

     In this paper ,we prove three common random fixed point theorems for 

commuting  operators h-nonexpansive and continuous operators defined on 
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1.Introduction and Preliminaries 

      The random fixed point theorems for contraction mappings in separable 

complete metric space were proved by Spacek [22], Han's [4,5]. Recently, 

many researchers are interested in this subject as Bharucha-Reid[2], Itoh[8] 

proved several random fixed point theorems and gave their applications to 

random differential equations in Banach spaces. Nashine [14] establishes 

the existence of random fixed point as random best approximations with 

respect to compact and weakly compact domain .  

In this paper,  we prove some random common fixed point theorems for h-

nonexpansive random operators defined on non-star-shaped subset of a p-

normed space, which extending the previous work by Nashine [15]. 

 

The following classes are needed: 

2𝑋 is the classes of all subsets of 𝑋 , 

CB(𝑋) is the classes of all bounded closed subsets of 𝑋, 

K(𝑋)is the classes of all nonempty compact subsets of 𝑋 , 

Kw(𝑋)is the classes of all nonempty weakly compact subsets of 𝑋, 

�̅�     is the closure of a set A  , 

w−(𝐴)̅̅ ̅̅̅ is the weakly closure of a set A  . 

We need the following definitions and facts:  

Definition (1.1):[14] 

Let 𝑋 be a linear space and ║║
𝑝

be a real valued function on 𝑋 with 

0 < 𝑝 ≤ 1. The pair (X, ║║
p

) is called a p-normed space if for all 𝑥 , 𝑦 in 𝑋 

and scalars  𝜆 :  

i. ‖𝑥‖𝑝 ≥ 0 and ║𝑥║
𝑝

= 0 iff 𝑥 = 0 

ii.║𝜆𝑥║
𝑝

= |𝜆|𝑝║𝑥║
𝑝

 

iii.║𝑥 + 𝑦║
𝑝

≤║𝑥║
𝑝

+║𝑦║
𝑝
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Every  p-normed space 𝑋 induces a metric space with 𝑑(𝑥, 𝑦) =

║𝑥 − 𝑦║
𝑝

 ,for all 𝑥 , 𝑦 in 𝑋 . If 𝑝 = 1 ,we have the concept of a normed 

space. Since a p-normed space is not necessarily locally convex space then 

continuous dual 𝑋`of p-normed space 𝑋 need not separate the point of 𝑋. 

Definition (1.2):[13] 

The space 𝑋 is said to be Opial if for every sequence< 𝑥𝑛 > in 𝑋 

,𝑥𝑛 → 𝑥 weakly as 𝑛 → ∞ and 𝑥 ≠ 𝑦implying that 

lim𝑛→∞ inf ║𝑥𝑛 − 𝑥║
𝑝

≤ lim𝑛→∞ inf ║𝑥𝑛 − 𝑦║
𝑝
 ,for all 𝑦 ∈ 𝑋 . 

Definition (1.3):[21] 

        Let 𝑋 be a p-normed space, A subset 𝐴 of 𝑋 is called starshaped if 

there exists a point q∈ 𝐴 such that     l𝑥 + (1 − l)𝑞 ∈ 𝐴 for all 𝑥 ∈

𝐴 and 0 ≤ l in this case q is called the starcenter of  . 

Definition (1.4): [23] 

A self mapping ℎ of a p-normed space 𝑋 is said to be affine if for all 

𝑥, 𝑦 in 𝑋 and for any l, 0  l  1, ℎ (l𝑥 + (1 – l) 𝑦) = l ℎ𝑥 + (1 – l) ℎ𝑦. 

And ℎ is called q-affine if there is 𝑞 ∈ 𝑋 such that ℎ(𝑘𝑥 + (1 − 𝑘)𝑞 =

lℎ𝑥 + (1 − l)𝑞  , for all l ∈ [0,1] and all ∈ 𝑋 . 

Definition (1.5): [14] 

Let 𝐴 be a subset of a p-normed space 𝑋 for 𝑥° ∈ 𝑋, define the set 

𝑝𝐴(𝑥°) = {𝑧 ∈ 𝐴:║𝑥 − 𝑧║
𝑝

= 𝑑(𝑥, 𝐴)}, then an element  𝑧 ∈ 𝑝𝐴(𝑥°) is 

called a best approximation of 𝑥° in 𝐴 . 

Definition (1.6): [13] 

 Let 𝑋 be a p-normed space, 𝐴  𝑋 and 𝐺 : 𝐴 ⟶ 𝑋 be a mapping, 𝐺 

is called demiclosed of 𝑥 ∈ 𝐴, if for every sequence < 𝑥𝑛 > in 𝐴 such that 

𝑥𝑛 weakly converges to 𝑥 (𝑥𝑛 ⇀ 𝑥) and 𝐺(𝑥𝑛) converges to 𝑦 ∈ 𝑋 

(𝐺(𝑥𝑛) ⟶ 𝑦) then 𝑦 = 𝐺(𝑥).And 𝐺 is demiclosed on 𝐴 if it is demiclosed 

of each 𝑥 in 𝐴. 
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Definition (1.7): [13] 

 Let 𝑋 be a p-normed space and ℎ, 𝐺: 𝑋 ⟶ 𝑋 be a mapping then 𝐺 is 

said to be 𝒉 –contraction if there exists 𝑘 ∈ [0,1]such that 

‖𝐺𝑥 − 𝐺𝑦‖𝑝 ≤ 𝑘‖ℎ𝑥 − ℎ𝑦‖𝑝 …………(2.1) for all 𝑥 , 𝑦 in 𝑋              

If 𝑘 = 1 in (2. 1), then 𝐺 is called 𝒉 - nonexpansive mapping . 

Definition (1.8): [13] 

A pair (ℎ, 𝐺) of self mappings of a metric space 𝑋 is said to be  

Commute if  ℎ𝐺𝑥 = 𝐺ℎ𝑥 for all 𝑥 ∈ 𝑋. 

Throughout this paper the order pair (Ω,𝛴) denote to the  measurable 

space with sigma algebra 𝛴 of subsets of Ω . 

Definition(1.9):[20]  

A mapping 𝐹: 𝛺 → 2𝑋is called measurable (or, weakly measurable) 

if, for any closed (respectively,open)  subset B of 𝑋 , 𝐹−1(𝐵) = {𝜔 ∈

𝛺: 𝐹(𝜔) ∩ 𝐵 ≠ ∅} ∈ 𝛴. 

Definition (1.10): [17] 

A mapping 𝛿: 𝛺 → 𝑋 is called a measurable selector of a measurable 

mapping 𝐹:Ω→ 2𝑋 if 𝛿 measurable and 𝛿(𝜔) ∈ 𝐹(𝜔) for each 𝜔 ∈ 𝛺. 

Definition (1.11):[9] 

A mapping ℎ: 𝛺 × 𝑋 → 𝑋(or a multivalued 𝐺: 𝛺 × 𝑋 → 𝐶𝐵(𝑋)) is 

called a random operator if for any 𝑥 ∈ 𝑋, ℎ(. , 𝑥)(respectively G(. ,𝑥 )) is 

measurable . 

Definition (1.12):[18] 

A measurable mapping 𝛿: 𝛺 → 𝐴 is called random fixed point of a 

random operator ℎ: 𝛺 × 𝑋 → 𝑋 (or a multivalued  𝐺: 𝛺 × 𝑋 → 𝐶𝐵(𝑋) if 

for every 𝜔 ∈ 𝛺 , 𝛿(𝜔) = ℎ(𝜔, 𝛿(𝜔)) (respectively𝛿(𝜔) ∈ 𝐺(𝜔, 𝛿(𝜔)). 
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Definition (1.13):[1] 

 A measurable mapping 𝛿: 𝛺 → 𝐴 is called common random fixed 

point of a random operator ℎ: 𝛺 × 𝐴 → 𝑋and 𝐺: 𝛺 × 𝐴 →  𝐴 if for all 

𝜔 ∈ 𝛺 

𝛿(𝜔) = ℎ(𝜔, 𝛿(𝜔)) = 𝐺(𝜔, 𝛿(𝜔)) . 

Definition (1.14):[19] 

A random operator ℎ: 𝛺 × 𝐴 → 𝑋 is called continuous (weakly 

continuous) if for each 𝜔 ∈ 𝛺, ℎ(𝜔, . )is continuous (weakly continuous).  

Definition (1.15):[16] 

Let 𝑋 be a p-normed space a random operator , 𝐺: 𝛺 × 𝑋 ⟶ 𝑋 is  𝒉-

nonexpansive if for each 𝜔 ∈ 𝛺 , 𝐺(𝜔, . ) is ℎ(𝜔, . ) - nonexpansive . 

Definition (1.16): [18] 

A random operator ℎ: 𝛺 × 𝑋 → 𝑋 is said to be affine if for each 

𝜔 ∈ 𝛺 , ℎ(𝜔, . ): 𝑋 → 𝑋 is affine . 

 

Definition (1.17):[15] 

Let 𝑋 be a metric space . A random operators ℎ, 𝐺: Ω × 𝑋 ⟶ 𝑋 are 

said to be  commute  if ℎ(𝜔, . ) and 𝐺(𝜔, . ) are commute for each 𝜔 ∈ 𝛺 . 

In the following we give a generalization for starshaped properties 

for ∅ ≠ 𝐴⊆ X. 

Definition (1.18): 

Let X be a p-normed  space  ,  𝐴⊆ X and    𝐺: 𝛺 × 𝑋 → 𝑋 be a random 

operator we say that A has property ( 𝑎1) if  

i. G : Ω × 𝐴 → 𝐴 

ii. (1 − 𝑘𝑛)𝑞 + 𝑘𝑛𝐺(𝜔, 𝑥) ∈ 𝐴 ,  for some q ∊ 𝐴 and a  fixed real 

sequence < 𝑘𝑛 > converging to 1 and for each 𝑥 ∊ 𝐴 and for 

each 𝜔 ∊  Ω . 
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Remark(1.19):   

Any q-starshaped set has the property ( 𝑎1 ) w.r.t any random 

operator : 𝛺 × 𝐴 → 𝐴 , but the converse is not true in general . 

In the following we give a generalization for affine properties for 

random operator   

Definition (1.20): 

 Let X be a p-normed space , 𝐴⊆𝑋 and A has property (𝑎1)  w.r.t a 

random operator 𝐺: 𝛺 × 𝑋 → 𝑋, q ∊ 𝐴 and sequence < 𝑘𝑛 > . A random 

operator ℎ: Ω × 𝑋 → 𝑋 is said to be have property (𝑎2) on A with property 

(𝑎1) if  

ℎ(𝜔 , (1 − 𝑘𝑛)𝑞 + 𝑘𝑛 𝐺(𝜔, 𝑥))=(1−𝑘𝑛) ℎ(𝜔, 𝑞)+𝑘𝑛ℎ(𝜔, 𝐺(𝜔, 𝑥)) 

for all 𝑥 ∊ 𝐴 𝑎𝑛𝑑 𝑛 ∊ 𝑁 𝑎𝑛𝑑 𝜔 ∊ 𝛺. 

 

2. Random Common Fixed Point 

Theorem (2.1):[15]  

 Let X be a compact metric space . Let ℎ, 𝐺: Ω × 𝑋 → 𝑋 be two 

commuting random operators such that 𝐺(𝜔, 𝑋) ⊆ ℎ(𝜔, 𝑋) for all 𝜔 ∈ Ω . 

If h is continuous and 

𝑑(𝐺(𝜔, 𝑥), 𝐺(𝜔, 𝑦)) ≤ 𝑑(ℎ(𝜔, 𝑥), ℎ(𝜔, 𝑦)) for each 𝑥, 𝑦 ∈ 𝑋 and each 

𝜔 ∈ Ω  whenever ℎ(𝜔, 𝑥) ≠  ℎ(𝜔, 𝑦) , then h and G have a common 

random fixed point . 

Now , by using Theorem (2.1) we prove the following : 

Theorem(2.2): 

 Let 𝐴 be a nonempty compact subset of a p-normed space  . Let 

ℎ: Ω × 𝑋 → 𝑋 be a continuous random operator and has property ( 𝑎2) with 

ℎ(𝜔, 𝐴) = 𝐴 and ℎ(𝜔, 𝑞) = 𝑞 for all 𝜔 ∈ Ω , 𝐺: Ω × 𝑋 → 𝑋 be an ℎ-

nonexpansive random operator commute with ℎ . If A has property ( 𝑎1 ) 

w.r.t 𝐺 and 𝐺 is continuous random operator, then h and G have a common 

random fixed point . 
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Proof : 

     Since A has property ( 𝑎1 ) w.r.t  , then  

(1 − 𝑘𝑛)𝑞 + 𝑘𝑛𝐺(𝜔, 𝑥) ∈ 𝐴 , for some q ∊ 𝐴 and a  fixed real sequence 

 < 𝑘𝑛 >converging to 1 (0 < 𝑘𝑛 < 1) , for all 𝑥 ∊ 𝐴 and for all 𝜔 ∊  Ω . 

For each  𝑛 ≥ 1 , defined the random operators 𝐺𝑛 by 

𝐺𝑛(𝜔, 𝑥) = (1 − 𝑘𝑛)𝑞 + 𝑘𝑛𝐺(𝜔, 𝑥) , for all 𝑥 ∈ 𝐴 and all 𝜔 ∈  Ω . 

It is clear that , 𝐺𝑛 ∶ Ω × 𝐴 → 𝐴 . 

Since 𝐺𝑛(𝜔, 𝐴) ⊆ 𝐴 = ℎ(𝜔, 𝐴) , then 𝐺𝑛(𝜔, 𝐴) ⊆ ℎ(𝜔, 𝐴) for all 𝜔 ∈ Ω. 

Since 𝐺 commute with ℎ , ℎ has property (𝑎2) and ℎ(𝜔, 𝑞) = 𝑞 for all 

𝜔 ∈ Ω then for each 𝑥 ∈ 𝐴 and all 𝜔 ∈  Ω 

𝐺𝑛(𝜔, ℎ(𝜔, 𝑥)) = (1 − 𝑘𝑛)𝑞 + 𝑘𝑛𝐺(𝜔, ℎ(𝜔, 𝑥)) 

                                         = (1 − 𝑘𝑛)ℎ(𝜔, 𝑞) + 𝑘𝑛ℎ(𝜔, 𝐺(𝜔, 𝑥)) 

                              = ℎ(𝜔, (1 − 𝑘𝑛)𝑞 + 𝑘𝑛𝐺(𝜔, 𝑥)) 

                                              = ℎ(𝜔, 𝐺𝑛(𝜔, 𝑥)) 

Therefore each 𝐺𝑛 is commute with h . 

Since 𝐺 is ℎ -nonexpansive , then 

║𝐺𝑛(𝜔, 𝑥) −  𝐺𝑛(𝜔, 𝑦)║
𝑝

= ‖(1 − 𝑘𝑛)𝑞 + 𝑘𝑛𝐺(𝜔, 𝑥) − (1 − 𝑘𝑛)𝑞 − 𝑘𝑛𝐺(𝜔, 𝑦)‖
𝑝

 

                       = |𝑘𝑛|𝑝‖𝐺(𝜔, 𝑥) − 𝐺(𝜔, 𝑦)‖
𝑝 

                        ≤ |𝑘𝑛|𝑝‖ℎ(𝜔, 𝑥) − ℎ(𝜔, 𝑦)‖
𝑝 

                        < ‖ℎ(𝜔, 𝑥) − ℎ(𝜔, 𝑦)‖
𝑝
 

For all 𝑥 , 𝑦 ∈ 𝐴 and all 𝜔 ∈  Ω , thus each 𝐺𝑛 is a random h-nonexpansive . 

Hence , by theorem (2.1) , there is a common random fixed point 𝛿𝑛: Ω →

𝐴 of 𝐺𝑛 and h such that  𝛿𝑛(𝜔) = ℎ(𝜔,  𝛿𝑛(𝜔)) = 𝐺𝑛(𝜔,  𝛿𝑛(𝜔)) . 

For each n define 𝑄𝑛: 𝛺 → 𝑘(𝐴) by 𝑄𝑛(𝜔) = {𝛿𝑖(𝜔): 𝑖 ≥ 𝑛}̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 

Define 𝑄: Ω → 𝑘(𝐴) by 𝑄(𝜔) =∩𝑛=1
∞ 𝑄𝑛(𝜔). 

so  𝑄 is measurable [7] and Q has measurable selector 𝛿: Ω → 𝐴 [12] . 
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Since 𝐴 is compact and { 𝛿𝑛(𝜔)} sequence in 𝐴  

Then there is a subsequence {𝛿𝑚(𝜔)} of { 𝛿𝑛(𝜔)} converges to 𝛿(𝜔) . 

Having  𝛿𝑚(𝜔) =  𝐺𝑚(𝜔, 𝛿𝑚(𝜔)) = ℎ(𝜔,  𝛿𝑚(𝜔)).  

As ℎ and 𝐺 are continuous and 𝑘𝑛 → 1  , we have 𝐺𝑚(𝜔, 𝛿𝑚(𝜔)) 

converges to 𝐺(𝜔, 𝛿(𝜔)) and ℎ(𝜔,  𝛿𝑚(𝜔)) converges to ℎ(𝜔, 𝛿(𝜔)) . 

Consequently 

lim
𝑚→∞

𝛿𝑚(𝜔) = lim
𝑚→∞

 𝐺𝑚(𝜔, 𝛿𝑚(𝜔)) = lim
𝑚→∞

ℎ(𝜔,  𝛿𝑚(𝜔)) 

                𝛿(𝜔) = 𝐺(𝜔, 𝛿(𝜔))  =  ℎ(𝜔, 𝛿(𝜔)) 

Hence 𝛿: Ω → 𝐴 is a common random fixed point of ℎ and 𝐺.∎ 

As a consequence of theorem (2.2) we have the following 

Corollary (2.3): 

Let 𝐴 be a nonempty compact subset of a p-normed space  . Let 

ℎ: Ω × 𝑋 → 𝑋 be a continuous random operator and has property (𝑎2) with 

ℎ(𝜔, 𝐴) = 𝐴 and ℎ(𝜔, 𝑞) = 𝑞 for all 𝜔 ∈ Ω , 𝐺: Ω × 𝑋 → 𝑋 be an ℎ-

nonexpansive random operator commute with ℎ . If A is q-starshaped and 

𝐺 is continuous random operator , then h and G have a common random 

fixed point . 

Theorem(2.4): 

Let 𝐴 be a nonempty separable weakly compact subset of a complete 

p-normed space  . Let ℎ: Ω × 𝑋 → 𝑋 be a continuous and weakly 

continuous random operator and has property (𝑎2) with ℎ(𝜔, 𝐴) = 𝐴 and 

ℎ(𝜔, 𝑞) = 𝑞 for all 𝜔 ∈ Ω , 𝐺: Ω × 𝑋 → 𝑋 be an ℎ -nonexpansive random 

operator commute with ℎ . If 𝐴 has property (𝑎1) w.r.t G , and (ℎ −

𝐺)(𝜔, . ) is demiclosed at zero for all 𝜔 ∈ Ω , then ℎ and 𝐺 have a common 

random fixed point .  

Proof : 

Since 𝐴 has property (𝑎1 ) w.r.t  , then  
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(1 − 𝑘𝑛)𝑞 + 𝑘𝑛𝐺(𝜔, 𝑥) ∈ 𝐴 , for some q ∊ 𝐴 and a  fixed real sequence 

< 𝑘𝑛 >converging to 1 (0 < 𝑘𝑛 < 1) , for all 𝑥 ∊ 𝐴 and for all 𝜔 ∊  Ω . 

For each  𝑛 ≥ 1 , defined the random operators 𝐺𝑛 by 

𝐺𝑛(𝜔, 𝑥) = (1 − 𝑘𝑛)𝑞 + 𝑘𝑛𝐺(𝜔, 𝑥) , for all 𝑥 ∈ 𝐴 and all 𝜔 ∈  Ω . 

It is clear that , 𝐺𝑛 ∶ Ω × 𝐴 → 𝐴 . 

Since 𝐺𝑛(𝜔, 𝐴) ⊆ 𝐴 = ℎ(𝜔, 𝐴) , then 𝐺𝑛(𝜔, 𝐴) ⊆ ℎ(𝜔, 𝐴) for all 𝜔 ∈ Ω. 

Since G commute with h , h has property (𝑎2) and ℎ(𝜔, 𝑞) = 𝑞 for all 

𝜔 ∈ Ω then for each 𝑥 ∈ 𝐴 and all 𝜔 ∈  Ω 

𝐺𝑛(𝜔, ℎ(𝜔, 𝑥)) = (1 − 𝑘𝑛)𝑞 + 𝑘𝑛𝐺(𝜔, ℎ(𝜔, 𝑥)) 

                                         = (1 − 𝑘𝑛)ℎ(𝜔, 𝑞) + 𝑘𝑛ℎ(𝜔, 𝐺(𝜔, 𝑥)) 

                              = ℎ(𝜔, (1 − 𝑘𝑛)𝑞 + 𝑘𝑛𝐺(𝜔, 𝑥)) 

                                              = ℎ(𝜔, 𝐺𝑛(𝜔, 𝑥)) 

Therefore each 𝐺𝑛 is commute with h . 

Since G is h-nonexpansive , then 

║𝐺𝑛(𝜔, 𝑥) −  𝐺𝑛(𝜔, 𝑦)║
𝑝

= ‖(1 − 𝑘𝑛)𝑞 + 𝑘𝑛𝐺(𝜔, 𝑥) − (1 − 𝑘𝑛)𝑞 − 𝑘𝑛𝐺(𝜔, 𝑦)‖
𝑝 

                       = |𝑘𝑛|𝑝‖𝐺(𝜔, 𝑥) − 𝐺(𝜔, 𝑦)‖
𝑝 

                        ≤ |𝑘𝑛|𝑝‖ℎ(𝜔, 𝑥) − ℎ(𝜔, 𝑦)‖
𝑝

 

                        < ‖ℎ(𝜔, 𝑥) − ℎ(𝜔, 𝑦)‖
𝑝 

For all 𝑥 , 𝑦 ∈ 𝐴 and all 𝜔 ∈  Ω , thus each 𝐺𝑛 is a random ℎ -nonexpansive. 

Since A is separable and  weakly compact ,then the weak topology on 𝐴 is 

a metric topology[3] which implies that 𝐴 is hausdorff [10] then A is 

strongly closed , this implies  𝐴 is a complete metric space [11] Thus all the 

conditions of Theorem (2.1) are satisfied . 

Hence there is a common random fixed point 𝛿𝑛: Ω → 𝐴 of 𝐺𝑛 and h such 

that  𝛿𝑛(𝜔) = ℎ(𝜔,  𝛿𝑛(𝜔)) = 𝐺𝑛(𝜔,  𝛿𝑛(𝜔)) . 

Now ,for each n define 𝑄𝑛: 𝛺 → 𝑘𝑤(𝐴) by 𝑄𝑛(𝜔) = 𝑤 − {𝛿𝑖(𝜔): 𝑖 ≥ 𝑛}̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . 
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Define 𝑄: Ω → 𝑘𝑤(𝐴) by 𝑄(𝜔) =∩𝑛=1
∞ 𝑄𝑛(𝜔). 

Since 𝐴 is complete p-normed space ,then 𝑄 is weakly measurable[7]  so 𝑄 

has measurable selector 𝛿: Ω → 𝐴  [12] . 

By weak compactness of A , we have that a subsequence {𝛿𝑚(𝜔)} of 

{𝛿𝑛(𝜔)} converges weakly to 𝛿(𝜔). 

Having  𝛿𝑚(𝜔) =  𝐺𝑚(𝜔, 𝛿𝑚(𝜔)) = ℎ(𝜔,  𝛿𝑚(𝜔)).  

Now ,from weakly continuity of ℎ , we have  

ℎ(𝜔, 𝛿(𝜔)) = ℎ (𝜔, lim
𝑚→∞

 𝛿𝑚(𝜔)) = lim
𝑚→∞

ℎ(𝜔,  𝛿𝑚(𝜔)) = lim
𝑚→∞

𝛿𝑚(𝜔)     

=  𝛿(𝜔) 

Hence ℎ(𝜔, 𝛿(𝜔)) =  𝛿(𝜔) . 

Since 𝐺(𝜔, 𝛿𝑚(𝜔)) =
𝐺𝑚(𝜔,𝛿𝑚(𝜔))−(1−𝑘𝑚)𝑞

𝑘𝑚
 and  𝛿𝑚(𝜔) = ℎ(𝜔,  𝛿𝑚(𝜔)) =

𝐺𝑚(𝜔, 𝛿𝑚(𝜔)), we have 

 (ℎ − 𝐺)(𝜔, 𝛿𝑚(𝜔))  = ℎ(𝜔, 𝛿𝑚(𝜔)) − 𝐺(𝜔, 𝛿𝑚(𝜔)  

                                       = 𝛿𝑚(𝜔)  −  
𝐺𝑚(𝜔,𝛿𝑚(𝜔))−(1−𝑘𝑚)𝑞

𝑘𝑚
                         

                                        =
𝛿𝑚(𝜔)𝑘𝑚−𝐺𝑚(𝜔,𝛿𝑚(𝜔))+(1−𝑘𝑚)𝑞

𝑘𝑚
                

                                        =
𝛿𝑚(𝜔)𝑘𝑚− 𝛿𝑚(𝜔)+(1−𝑘𝑚)𝑞

𝑘𝑚
                

                                       =
− 𝛿𝑚(𝜔)(1−𝑘𝑚)+(1−𝑘𝑚)𝑞

𝑘𝑚
 

                                        =
(1−𝑘𝑚)(𝑞− 𝛿𝑚(𝜔))

𝑘𝑚
 

    Therefore ,   (ℎ − 𝐺)(𝜔, 𝛿𝑚(𝜔)) =  (
1

𝑘𝑚
− 1) (𝑞 −  𝛿𝑚(𝜔)) 

Thus ‖(ℎ − 𝐺)(𝜔, 𝛿𝑚(𝜔))‖
𝑝

= |
1

𝑘𝑚
− 1|

𝑝
‖(𝑞 −  𝛿𝑚(𝜔))‖𝑝 ≤

|
1

𝑘𝑚
− 1|

𝑝
[‖ 𝛿𝑚(𝜔)‖𝑝 + ‖𝑞‖𝑝] 

Since A is bounded by A is weakly compact , and  𝛿𝑚(𝜔) ∈ 𝐴 implies 

〈‖𝛿𝑚(𝜔)‖𝑝〉 is bounded and so by the fact that 𝑘𝑚 → 1 , we have 
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‖(ℎ − 𝐺)(𝜔, 𝛿𝑚(𝜔))‖
𝑝

→ 0  

Since 𝛿𝑚(𝜔) →  𝛿(𝜔) , then 𝛿𝑚(𝜔) ⇀  𝛿(𝜔) . 

Since 𝛿𝑚(𝜔) ⇀  𝛿(𝜔), (ℎ − 𝐺)(𝜔, 𝛿𝑚(𝜔)) → 0 and (ℎ − 𝐺)(𝜔, . ) is 

demiclosed at 0 , then  (ℎ − 𝐺)(𝜔, 𝛿(𝜔))  = 0 

This implies ℎ(𝜔, 𝛿(𝜔)) − 𝐺(𝜔, 𝛿(𝜔))  = 0 

Hence ℎ(𝜔, 𝛿(𝜔))  =  𝐺(𝜔, 𝛿(𝜔)) 

Thus  ℎ(𝜔, 𝛿(𝜔)) =  𝐺(𝜔, 𝛿(𝜔)) =  𝛿(𝜔). 

Therefore 𝛿: Ω → 𝐴 is a common random fixed of h and G . ∎ 

As a special case of theorem (2.4) we have the following 

Corollary (2.5): 

Let 𝐴 be a nonempty separable weakly compact subset of a complete 

p-normed space  . Let ℎ: Ω × 𝑋 → 𝑋 be a continuous and weakly 

continuous random operator and has property ( 𝑎2 )with ℎ(𝜔, 𝐴) = 𝐴 and 

ℎ(𝜔, 𝑞) = 𝑞 for all 𝜔 ∈ Ω , 𝐺: Ω × 𝑋 → 𝑋 be an ℎ -nonexpansive random 

operator commute with ℎ . If 𝐴 is q-starshaped, and (ℎ − 𝐺)(𝜔, . ) is 

demiclosed at zero for all ∈ Ω , then ℎ and 𝐺 have a common random fixed 

point . 

 Another common random fixed point theorem will be given for 

opial′𝑠 spaces : 

 

Theorem(2.6): 

  Let 𝐴 be a nonempty separable weakly  compact subset of a 

complete p-normed  opial space X . Let ℎ: Ω × 𝑋 → 𝑋 be a continuous and 

weakly continuous random operator and has property (𝑎2) with ℎ(𝜔, 𝐴) =

𝐴 and ℎ(𝜔, 𝑞) = 𝑞 for all 𝜔 ∈ Ω ,  

𝐺: Ω × 𝑋 → 𝑋 be an ℎ -nonexpansive random operator commute with h . If 

A has property (𝑎1) w.r.t G, then h and G have a common random fixed 

point .  
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Proof : 

As in theorem (2.4), ℎ(𝜔, 𝛿(𝜔)) = 𝛿(𝜔) and ‖(ℎ − 𝐺)(𝜔, 𝛿𝑚(𝜔))‖
𝑝

→ 0 

As → ∞ . 

Now, since 𝑋 is opial space , if ℎ(𝜔, 𝛿(𝜔))  ≠  𝐺(𝜔, 𝛿(𝜔)) ,then  

lim
𝑚→∞

𝑖𝑛𝑓 ‖ ℎ(𝜔, 𝛿𝑚(𝜔)) − ℎ(𝜔, 𝛿(𝜔))‖𝑝 

  < lim
𝑚→∞

𝑖𝑛𝑓 ‖ ℎ(𝜔, 𝛿𝑚(𝜔)) − 𝐺(𝜔, 𝛿(𝜔))‖𝑝 

= lim
𝑚→∞

𝑖𝑛𝑓 ‖ ℎ(𝜔, 𝛿𝑚(𝜔)) − 𝐺(𝜔, 𝛿(𝜔)) − 𝐺(𝜔, 𝛿𝑚(𝜔) + 𝐺(𝜔, 𝛿𝑚(𝜔)‖𝑝 

≤ lim
𝑚→∞

𝑖𝑛𝑓 ‖ ℎ(𝜔, 𝛿𝑚(𝜔)) − 𝐺(𝜔, 𝛿𝑚(𝜔)‖𝑝 + lim
𝑚→∞

𝑖𝑛𝑓‖𝐺(𝜔, 𝛿𝑚(𝜔))

− 𝐺(𝜔, 𝛿(𝜔))‖𝑃 

Since 𝐺 is ℎ-nonexpansive and ‖ ℎ(𝜔, 𝛿𝑚(𝜔)) − 𝐺(𝜔, 𝛿𝑚(𝜔)‖𝑝 → 0 , 

then 

lim
𝑚→∞

𝑖𝑛 𝑓 ‖ ℎ(𝜔, 𝛿𝑚(𝜔)) − ℎ(𝜔, 𝛿(𝜔))‖𝑝 

< lim
𝑚→∞

𝑖𝑛𝑓 ‖ ℎ(𝜔, 𝛿𝑚(𝜔)) − ℎ(𝜔, 𝛿(𝜔))‖𝑝 which is contraction . 

Hence (𝜔) = ℎ(𝜔, 𝛿(𝜔))  =  𝐺(𝜔, 𝛿(𝜔)) . 

Therefore 𝛿: Ω → 𝐴 is a common random fixed of h and G . ■ 

As a consequence of theorem (2.6) we have the following 

Corollary(2.7): 

Let 𝐴 be a nonempty separable weakly  compact subset of a 

complete p-normed  opial space . Let ℎ: Ω × 𝑋 → 𝑋 be a continuous and 

weakly continuous random operator and has property (𝑎2) with ℎ(𝜔, 𝐴) =

𝐴 and ℎ(𝜔, 𝑞) = 𝑞 for all 𝜔 ∈ Ω , 𝐺: Ω × 𝑋 → 𝑋 be an h-nonexpansive 

random operator commute with h . If A is q-starshaped then h and G have a 

common random fixed point . 

3.Random Best Approximation   

The following lemma is needed: 
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Lemma (3.1):[6] 

Let 𝐴 be a subset of a p-normed space  . Then , for any 𝑥 ∈ 𝑋, 

𝑃𝐴(𝑥) ⊆ 𝜕𝐴 ( the boundary of 𝐴 ) . 

As an application of Theorem (2.2),( 2.4) and (2.6) , we have the 

following result on random best approximation . 

Theorem ( 3.2): 

Let 𝑋 be a p-normed space. Let ℎ, 𝐺: Ω × 𝑋 → 𝑋 be two random 

operators and 𝐴 a nonempty subset of X such that 𝐺(𝜔, . ): 𝜕𝐴 → 𝐴 and 

𝑥° = ℎ(𝜔, 𝑥°) = 𝐺(𝜔, 𝑥°) for all 𝜔 ∈  Ω. Let 𝑃𝐴(𝑥°) be a nonempty has 

property (𝑎1) w.r.t 𝐺 with ℎ(𝜔, 𝑞) = 𝑞 and ℎ(𝜔, 𝑃𝐴(𝑥°)) = 𝑃𝐴(𝑥°) for all 

𝜔 ∈  Ω and let 𝐺 is ℎ -nonexpansive random operator and  ℎ has property 

(𝑎2) , continuous on 𝑃𝐴(𝑥°) and ℎ(𝜔, 𝐺(𝜔, 𝑥)) = 𝐺(𝜔, ℎ(𝜔, 𝑥)) for all 

𝑥 ∈ 𝑃𝐴(𝑥°) and all 𝜔 ∈  Ω then there exists a measurable map 𝛿: Ω →

𝑃𝐴(𝑥°) such that 𝛿(𝜔) = ℎ(𝜔, 𝛿(𝜔))  =  𝐺(𝜔, 𝛿(𝜔)) for each 𝜔 ∈  Ω if 

one of the following conditions is satisfied : 

i. 𝑃𝐴(𝑥°) is compact and 𝐺 is continuous on 𝑃𝐴(𝑥°) ∪ {𝑥°} ; 

ii. 𝑃𝐴(𝑥°) is separable weakly compact subset of a complete p-normed 

space 𝑋 , ℎ weakly continuous random operator  , (ℎ − 𝐺)(𝜔, . ) is 

demiclosed at zero for all 𝜔 ∈ Ω ;  

iii. 𝑃𝐴(𝑥°) is separable weakly compact subset of a complete p- normed 

space 𝑋 , ℎ weakly continuous random operator and 𝑋   is opial space . 

Proof : 

Let = 𝑃𝐴(𝑥°) , 𝑦 ∈ 𝑀 , since ℎ(𝜔, 𝑀) = 𝑀 for all 𝜔 ∈  Ω , so 

ℎ(𝜔, 𝑦) ∈ 𝑀 . Also by lemma (3.1) ∈ 𝜕𝐴 . As 𝐺(𝜔, . ): 𝜕𝐴 → 𝐴 for all ∈  Ω 

, it follows that 𝐺(𝜔, 𝑦) ∈ 𝐴 . Since 𝐺(𝜔, 𝑥°) = 𝑥° and 𝐺 is a 

ℎ −nonexpansive random operator , thus  

‖𝐺(𝜔, 𝑦) − 𝑥°‖𝑝 = ‖𝐺(𝜔, 𝑦) − 𝐺(𝜔, 𝑥°)‖𝑝 ≤ ‖ℎ(𝜔, 𝑦) − ℎ(𝜔, 𝑥°)‖𝑝 

As ℎ(𝜔, 𝑥°) = 𝑥° and ℎ(𝜔, 𝑦) ∈ 𝑀 ,  
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‖𝐺(𝜔, 𝑦) − 𝑥°‖𝑝 ≤ ‖ℎ(𝜔, 𝑦) − 𝑥°‖𝑝 = 𝑑𝑝(𝑥°, 𝐴) 

Since 𝐺(𝜔, 𝑦) ∈ 𝐴 we have (𝜔, 𝑦) ∈ 𝑀 . Thus  𝐺: Ω × 𝑃𝐴(𝑥°) → 𝑃𝐴(𝑥°). 

Hence the result follows by Theorem ( 2.2 ) ,(2.4) and (2.6) respectively .∎ 

As a consequence of theorem(3.2) we get 

Corollary  (3.3): 

Let X be a p-normed space. Let ℎ, 𝐺: Ω × 𝑋 → 𝑋 be two random 

operators and 𝐴 a nonempty subset of X such that 𝐺(𝜔, . ): 𝜕𝐴 → 𝐴 and 

𝑥° = ℎ(𝜔, 𝑥°) = 𝐺(𝜔, 𝑥°) for all 𝜔 ∈  Ω. Let 𝑃𝐴(𝑥°) be a nonempty q-

starshaped with ℎ(𝜔, 𝑞) = 𝑞 and ℎ(𝜔, 𝑃𝐴(𝑥°)) = 𝑃𝐴(𝑥°) for all 𝜔 ∈  Ω and 

let 𝐺 is ℎ -nonexpansive random operator and continuous  on 𝑃𝐴(𝑥°) ∪

{𝑥°} where ℎ has property (𝑎2) , continuous on 𝑃𝐴(𝑥°) and ℎ(𝜔, 𝐺(𝜔, 𝑥)) =

𝐺(𝜔, ℎ(𝜔, 𝑥)) for all 𝑥 ∈ 𝑃𝐴(𝑥°) and all 𝜔 ∈  Ω then there exists a 

measurable map 𝛿: Ω → 𝑃𝐴(𝑥°) such that 𝛿(𝜔) = ℎ(𝜔, 𝛿(𝜔))  =

 𝐺(𝜔, 𝛿(𝜔)) for each 𝜔 ∈  Ω if one of the following conditions is satisfied : 

i. 𝑃𝐴(𝑥°) is compact and 𝐺 is continuous on 𝑃𝐴(𝑥°) ∪ {𝑥°} ; 

ii. 𝑃𝐴(𝑥°) is separable weakly compact subset of a complete p-normed 

space 𝑋 , ℎ weakly continuous random operator  , (ℎ − 𝐺)(𝜔, . ) is 

demiclosed at zero for all 𝜔 ∈ Ω ;  

iii. 𝑃𝐴(𝑥°) is separable weakly compact subset of a complete p- normed 

space 𝑋, ℎ weakly continuous random operator and 𝑋   is Opial 

space. 

Remark (3.4): 

All Theorems and Corollaries in this paper are true for one random 

operator by taking ℎ = 𝐼 ( is the identity random operator ) . 
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