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Abstract

In this paper we introduce and study properties of T-convergence of net
, Where T is an operator associated with the topology I" on a nonempty set X.

Introduction

Let (X, I', T) be an operator topological space where X is a nonempty
set and I" is a topology on X and T is an operator associated with the topology
with the topology I" on X.

We introduce and study T-convergence of net in (X, I', T) ,we obtain
the theory of 8—convergence of net in (X, I')[1] as a special case when Tis the
usual closure operator.

1-Preliminaries
The symbols X and Y denote topological spaces with no separation axioms

assumed unless explicitly stated.
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Definition 1-1[2]:

Let (X, I') be a topological space a map T : I'— P(X) is called an
operator associated with " if U € T(U) where UeT.

Definition 1-2[2]: X

Let (X, I, T), (Y, T , L) be two operator topological spaces. A map f:
(X, T, T) — (Y, I, L) is said to be (T, L) continuous at x € X if for each V&
I, f(x) € V, there exists UE I, x € U such that f(T(U)) SL(V). Notice that
when T and L are the closure operators we get the definition [3] of
6 —continuous function f:(X, I') — (Y, ).

2- T- convergence of net
Definition 2-1[4]:

A netinaset Xisa function P: A — X, where A is some directed
set. A subset of anet P: A — X, is the composition Po¢g, where cp: M —
A is An increasing cofinal function from a directed set M into 6 .that is ,

a) ¢ (L)< ¢ (1) wherever py <y, (¢ is increasing).
b) for each A € A , there is some i € M such that A < ¢ (u), (¢ is cofinal in A).

Definition 2-2:

Let (X, I', T) be operator topological space, a net (X ,) 4eqin X is said
to be is said to be T- converge to a point x € X if and only if for every open
set U containing X, 3 ap € Q, 3 X, € T(U), V a > 0y and denoted by x , —/—
x and x is called T- limit point , also x € X is called T- cluster point to a net
X o) eeain Xifandonlyif VUeET withx eUandV o €Q,JagEQ

with a > o such that x, € T(U) and denoted by X, OTC X

Remark 2-3:
Let (X, I', T) be an operator topological space and (X,) .eq be a net in X, x

eX then:
1. If (X,).eq CONverges to point x, then (X,) ,e o IS T- converge to X.
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2. If (X,),eq IS T- converge to x, then x is T- cluster point to (X,).eq - the
converse of above (1 and 2) is not true in general . To show that we give
the following examples:

Example 2-4:

I. If X = R the set of real numbers and I" is the co-countable
topology, every sequence {S,} in X with S, # S,, whenever n #
m is not convergent. It follows that every sequence {S, } in X
and every So € X , U (R-{S,H)uU {Sp } is open neighborhood of
So and U has at most finite terms of {S, } i.e., {S, } is not
convergent . Now it is clear that {ﬁ} is divergent but T : I' —
P(X) is defined by T(U) = R for each U € T, then {ﬁ} is T-
convergent.

ii. Let(R, Iy, T) be an operator topological space where R is the set of all
real numbers , I'y is the usual topology on R and T is closure operator.

Now the net (n+(-1)" n ) ,en has 0 as T- cluster point but 0 is not a T-
limit point .

Theorem 2-5:

Let (X, I, T) be an operator topological space and let (X,).cc be anetin X
and suppose X, is T-converge to x , then every subnet of (X,) .o IS T-converge
to X.

Proof:

Let (X, 4) s ep @ subnet of (X,) qeq , if UET with x € U, since X ,
— > X, then 3 oo € Qsuch that X, € T(U) V a>a but (X,p)pep iSa
subnet of (Xo)eeq and oo € Q, 3 o€ Dsuchthata ; >ao, i€, X,,
€ T(u) ,then 3 Boe Dsuch that V g > f, and from definition of subnet
ap >0p =09 SOasg>ag ,thenx,, € T(u) . Therefore , (X,4)pep IS
T-converge to X.

Theorem 2-6:

Let (X, I', T) be an operator topological space , let A C Y ,if Ais T-open
,then no net in X\ T(A) can T-converge to a point in A..
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Proof:

Let A be a T-open set in X and suppose that there is a net (X,) o eq in X\
T(A) which T-converge to x €A, since A is T-open we can choose Ue I" with
X €U such that x eT(U) € A € T(A), i.e., 3 ag € Q such that , x ,€ T(A), but
(x) € X\ T(A) which is a contradiction

Corollary 2-7:

Let (X, I', T) be operator topological space and A € X, if A'is T-closed
then no net in X\ (T(X \A)) can T-converge to a point in X \ A.

Theorem 2-8:
Let (X, I', T) be operator topological space and A € X, if there is no net

in X\ A can T-converge to a point in A, then A is T-open.

Proof:

suppose A is not T-open, thend3 xe Aand YUeT'axe U and T(U) «
A then T(U) N (X\A) # ¢, pick Xty ET(U) N (X\VA) , let T(Oy) = { T(V)
:Ue T, x €U }, then T(O,) is directed by the inclusion relation < , then
(Xtw)Tw etox I1s @ net in X \ A and it is T-converge to x , but this is
contradiction, so A is T-open.

Theorem 2-9:
Let f: (X, I', T) — (Y, I'', L) be a function from an operator topological

space (X, I, T) to operator topological space (Y, I, L) where T and L are
monotone operators, let (X ) , eq be a net in X then is fis (T, L) - continuous
at xeX if and only if f(x ,) is L- converge to f( x), whenever (Xo)ueq is T-
converge to X .

Proof:

Let f be a (T,L) — continuous at x and let (X,) , o IS T-converge to X, let Ve
I'" such that f(x) €V , since f is (T,L) — continuous, then 3 Ue ', x €U >
f(T(U)) € L(V) but (x ,) , 0 Is T-converge to X, then 3 apeQ 3 x , €ET(U) V o>
ap , then f(x ) € f(T(U)) € L(V) V a > oo, thus T (x ,) is L- converge to f( x)
.Conversely , suppose f is not (T,L)- continuous at x, i.e. 3 VE T, f(x) €V
suchthat v Ue T, x €U, then f(T(U)) «L(V) so pick X €T(U) 2 f(Xt) ¢
L(V), then (Xrw)rw) erox 1S @ net in X and Xy is T- converge to x and thus
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f(X7w) is is L- converge to f( x), then f(xtq,)) € L(V) Vv T(U) > T(U,) for some
T(Up) € T(Oy) but this is contradiction, then fis (T,L)- continuous at x.

Theorem 2-10:
Let (X, I', T) be an operator topological space and A < X. thena eXis a

T-limit point of A if and only if and only if there exists a net F:D —X which is
in A\ {a} and T- converge to a.

proof:
suppose 3 net F:D —X which is A\ {a} and T- converge to a, if Ue I'y

with a € U, then F is eventually in T(U) so that T(U) N A\ {a} =¢. It follows
that a is a T-limit point of A. Conversely ,suppose a is a T-limit point of A,
then every open set U in X containing a ,T(U) containing at least one point X
€ A such that x = a, now let D = {(x, T(U)): U is an open set containing a
and xe A N T(U), x =a } we define (x3, T(Uy)) > (x,T(Uy)) if and only if
T(U;) € T(Uy) . It is clear that (D, >) is a directed set , we may define a net F :
D —X as F(x , T(U)) = x, then by its definition the net F is in A\ {a}. we
claim that F is T- converge to a, thus if Ue I" with aeU, then 3 x € A\ {a} N
T(Up) .put e, =X, T(Up) € D, Nowv a=(x, T(U)) > a o = (Xo, T(
U)),T(U) € T(Uy) so that F(a) = x € T( U) € T(Uy), therefor , F is T-
converge to a.

Theorem 2-11:
Let (X, T', T) be an operator topological space and let {Xa}.ep be a net

in X, a €X, then x, cIc a if and only if 3 a subnet{ X, s},ep Of {Xa}uep
which T- convergetoa.

Proof:

Assume that a € X is a T-cluster point of a net{Xa}.ep. To show that 3
subnet of {Xa}.ep. Which T-converge to a, put D; = {( «, T(U) )): where
Ue I' witha € U and x, € T(U))} .Cleary that D; =¢ ( since X, OTC a) ,

now ordered D; by the relation > which is defined by (a3 , T(U1)) > (a2,
T(U,)) iff oy >a, and T(Uy) € T(U,). It is easy that (D, >) is directed set
and the map x: D; —»X such that x (o, T(U)) = x, is subnet of {xX, } uep -
To prove that {X(a, T(U)) } . Tw) epa IS T-converges to a . If Uy € I' with
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a€U, since X, OTC a,thenVvV a€D, 3 09 € D with ay > a such that X, €
T(Uy) .

Put fo = (a, T(Ug)) €Dy soV = (a, T(U)) > Lo = (ap, T(Up)) if and only
if T(U) € T(Uy) , then X = 4 , Tuy) = Xa € T(U) E T(Uy).

Therefore, {X(a , T(U )}« 7wy ep1 IS T-converges to a .Conversely,
suppose that {X . } ,ep1 is a subnet of anet {x, } ,ep and X3 —— €

]
X, to show that X, o a

Let U € T" with a € U, ay € D by definition of subnet 3 5, € D, such that
a, = %, butx,s —— a€ T(U), then 3 S,€ D, such that X, € TU)V S

> py , since fo, fr € Dy then 3 B, € D, such that £, > f (i.e. apZ agZ

a) and f, > f; therefore, a is T-cluster point of {X.},ep.

Definition 2-12[2]:

Let (X, I', T) be an operator topological space , we say that (X, I') is a
T- Hausdorff space if for every pair x ,y of distinct points of X there exist
two open sets U,V such that xeU, y eV and T(U) NT(V) =4.

Clearly if the space (X, I') is T- Hausdorff, it is also Hausdorff, but the
converse is not true in general for example : if X=R , the real line with
usual topology then (X, I')is Hausdorff and if T: I' — P(X) which is
defined by T(U) =R foreach U € T, then (X, I', T ) is not T- Hausdorff .

Theorem 2-13:
Let (X, I', T') be an operator topological space , X is T- Hausdorff space

if and only if every T-convergent net in X has unique T-limit point.

Proof:
Given X is T- Hausdorff and suppose 3 a net {Xa}.ep in X such that x

« —— Xoand X, —— Yo, Xo# Vo, thus 3U, V € I" with x, € U and y,
€ Vsuchthat T (U) NT(V) =¢.Since x, —— Xo € U, thus 3 @ € D
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suchthatx , e T(U)Va>a,; alsox, —— yo €V, then 3 a, € D such
that x,€ T(V) Ya>oa,,buta, a,€ D, then 3 a3 € D such that a3z > a;
and a3 >0, SOV o> a3 X, € T(U)and x, € T(V) ,then x,€ T(U) NT(V) ,
Vazozie.
T(U) NT(V) = ¢.which is a contradiction . Therefore, X, —— Xq=Yo.
Conversely , suppose X is not T- Hausdorff, then 3 X, ,yo € X and Xq # v,
such that for each U, V € T" with xo € U and y, € V and T(U) NT(V) = ¢.
Let N 4o, Nyo = { (T(N), (T(M)): N,M are neighborhoods of x, and Yy

respectively }.1t is clear that (NXO , <) and (N . c) are directed sets
hence for each N N, and N'e Ny NN N ¢ we define the directed
set (N XOX N yo,») where =~ is a relation on N XOX N yOdefined by (N, ”*
N") == (N, 'N3) <>N;c N, and N*; = N, also define the net x:(|\|xoX
N 0,») =X by x((N 'N)) e (NN N =4.

Now if U is an open subset of X with xo€ T(U), thus T(U) € N ‘ and

we take a fixed N" € N , »and hence oo = (T(U), NYe N N y» also

since X (@) = x T(U), N) € (T(U) N N) < T(U) , we have that for each «
=(Ny, N == ((T(N), N) = ag <> N; = T(U)and N, <= N thus x(a) =
Xx(N, N') € (N;NNY) < (TU)NN) < T(U), 50X 4 € TU), Va = a
then x, —— X, By the same way we show that x, —— yowhich is a

contradiction . therefore, X is T- Hausdorff
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