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Abstract:

The aim of this paper is to given some of the probability
characteristics functions (the correlation function, the spectral density
function and cross-correlation function) of the solution of the system of
linear inequality given in the canonical form with stationary random
functions in the right hand-side of those inequalities.
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Introduction

Many practical problems in business, science, and engineering involve
systems of linear inequalities, [2]. A system of linear inequalities consists
of a set of two or more linear inequalities with the same variables, [3].
When solving a system of inequalities, you should be aware that the system
might have no solution or it might be represented by an unbounded region
in the plane, [7].

The mathematical theory of random function has been an area of
considerable activity in recent years. Applications appear in the physical
sciences such as the development of designs for airplanes and rockets, the
improvement of radar and other electronic devices, and the investigation of
certain production and chemical processes have resulted in considerable
interest in random function analysis. This recent work should not disguise
the fact that the analysis of random function is one of the oldest activities
of scientific man, [5].

The concept of a random function is not included in the framework of
classical probability theory, and to study random function, a new
mathematical apparatus has to be created. The first attempts at a
mathematical investigation of probabilistic models leading to the notion of
a random function appeared very really in this century, [6].

In this paper we determine some of the probability characteristics of
the solution of the system of random linear inequality given in the
canonical form with stationary random functions in the right hand-side of
those inequalities, in section one we present the canonical form of the
system of linear inequality, in section two we give the solutions of that
system and the correlation function, the spectral density functions and the
cross-correlation function to those solutions will illustrated that in sections
three, four and five respectively.

1- The Canonical Form of the System of Random Linear Inequality

Consider the following system of random linear inequalities which are
given in the canonical form

dyj (t) n .
+ X QY ©)<X;@t),j=1,2...,n ...(1)
dt m=1
where ajn, j, m = 1, ..., n are constant coefficients, X;(t) are stationary

random functions with spectral density functions fXj (4 forall j=1,

..., nand they are mutually correlated y;(t) are random functions.
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2- The Solution of the Canonical Form of the System of
Random Linear Inequalities

To solve the system (1), that is to determine the particular integral of
the random functions y;(t), j = 1, ..., n, we replace the right-hand sides of
this system except one (say inequality numbered () which replaced
respectively to obtain two different systems of random inequality by the
following two assumptions (cases):
Case one: by the functiong, e

Case two: by the function 8, t, k=0, 1,..., n

where

1 if j=I .
Bi _{O il for j,¢=0,1,...,n. .2
that is mean, we replace by zeros all the stationary random functions
Xjt),j=1,..., -1, €+1, ..., nexcept X(t) respectively by case one and
then by case two [1], that is to obtain two different solutions of the given
system (1) which can be rewritten under assumptions, case one and case
two respectively by the following two new systems:

n 1 -

dy; (t)+ Zlajmyml(t)sﬂjlel/n,J,l =1K,n ..(3)
m=

and
n

dy j, (¢)+ zlajmym.(t)Sﬁ,-.tk,j,l =1K ,n,k =0,1K ,n (4
m=

where S, defined by (2).

By denoting the function number j, j = 1, 2, ..., n which is y;, (t) by y;
(A,t) where £, £ =0, 1,..., n is the number of inequalities in the systems
(3) or (4) which having in their right hand side the function g e or the
function S t, the particular integral of the inequality number ¢ with the
function y;, (A,t) numbered by j is

1Y (A0 @ (d2 .(5)

Hence, the general solution of the systems (3) and (4) or equivalently
of the given canonical system (1) will be
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VO3 YA o(@d4 | =1K n .6)

where fXI t)(4) is the spectral density function of the stationary random
function X(t), £=1, ..., n

To complete the solution, we start by the system (3) that is by taking
the Laplace transformation of both sides of this system under the initial
conditions y;;(0)<0 which yields to the equivalent initial condition

Y1 (4,0)<0. Hence

dy j, (t)}

dt + %ajm L[ym|(t)]glg}f|_[ei/1t]

m=1

Y i (AY)
dt

}r %1ajm L [ym ®)] <BeL "]

LY @0y 1020 + Tag L[ym O] <L "]
or

LTy; (z,t)]+mi:1ajm L[y ®] <A L] (D)

But by the general theory with constant coefficients we consider that
the particular integral of y,,(t) is equal to ¢, e'" where ¢, are
constant, m, £=1, ..., n, [4].

So that equation (7) will be,

sL [yj|(/1,t)]+ %_1ajm L [leemt] < B L[e]

|: J|(ﬂ‘t)]+zajm ml( ) Bie

s—|/1

1 10 1

L@ e ST s 2 amem
L[y )] = S5 = Z apen)l— =) -

and by the inverse Laplace of transformation,
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Vi) £ (- 3 apen) (L [#}L* H)

S—1A S

yj(dt) < %(ﬂjl - g_:lajmcm)(em—l)’ J,1=L2K,n ...(9)

Therefore, the particular integral of any inequality of the system (3)

numbered by |,I =1,2,K ,n will have the form
T 1 n it
_I H(ﬁjl —mzzlajmcm)(e -1) fx,y(A)d 4 ...(10)

and the general first solution of the system (3) or (1) is the sum with respect
to | =1,2,K ,n all the expressions of the form (10), that is mean (6)

Y|(t)<Z J._(ﬂ“ Zlajn«,Cm)(ei/1 t_l)fX| (t)(ﬂ,)dﬂ,, j =

S

...(11)
1,2,...n

According to the second solution of the system (4). By the same way
of solving the system (3), we take the Laplace transformation of both sides
of this system under the initial conditions y;,(0)<0,y; (1,0)<0 and

under the assumption that y ., (t) <c,,t“andy ., (4t)<c,t*, k=0, 1,2,
., N that is to get,

sL [yj, (ﬂ,t)]+ %_;1ajmcm, L [tk] < Bl [tk]

k! k!
[ JI(’“)J s ('BH Sk ZaJmcml Sk+1)
or
k1
L |:yjl (ﬂ“’t):| ﬁjl z aJmCmI Sk+2 ~--(12)

and by taking the inverse Laplace transformation,

Tk o J K
yiu(At) <L l[w} -2 ajnCy L 1[ k+2}
m=1 S
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kK +1)! n 4| (k +1)!
(k 1)|{ﬂ1| |:(Skjl+)l:|_m{‘1ajmcm|l‘ |:(Skjl+)l:|}

or

1

j|( ) (k l)(ﬂjl k+1 Z a-Jmcmltk—i_l) (13)

j.l=12K,n, k =01K ,n

Hence, the particular integral for each inequality of the system (4)
numbered by any | =1,2,K ,n will have the form

© 1
_{O (k +1)
and the general second solution of the system (4) or of the canonical system
(1) is the sum of all expressions (14) regarding that | =1,2,K ,n

(Bjit - Zajmcm|tk+l) fx (A)d4 ...(14)

n o 1 n
Vi< [yt tiet— za,mcmltk“) x (A 2
or

V1023 T - S apmem)t ™ iy (02, ..(15)

J,1=12K ,n, k =0,1LK ,n

where this relation and relation (11) represent the spectral representation of
the random functions y;j(t), j = 1, 2,..., n and fXI t)(4) in both these two

relations is the spectral density function of the stationary random functions
X(1).

3- Correlation Function of the Solutions of the Canonical
Form of the System of Random Linear Inequalities

In this section we illustrate the correlation function. We determined
the solution of the system, so we consider the correlation function of the
first solution in subsection (3.1) and the correlation function of the second
solution in subsection (3.2).
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3.1 Correlation Function of the First Solution of the Canonical Form
of the System of Random Linear Inequalities:

t)y;t+h)]

By, (Lt +h)<E

Y]
<E Li Of—(ﬁu Zlajmcml)(ei;tt -Dfy, (ﬁ)dﬁ}x

=1_

(ﬂjl Z ajmcml)(em(uh) 1)fX| (A)d /1}}

< é’lof (IBH Z ajmcm|) (ﬂ“ zlajmcml)

iAt+h) _q

( — ) ( -~ - )xE[fXI(/I)difXI(/l)d;t]

Hence,

2(13
J-iz[e—iﬂ(t—t—h)_ei/it _eii(t+h)+1:|x

—00

By' (t,t +h)£ i (,Bj| - % a-ijmI)
J =1 m=1

fx, (D2, j=12K,n,1>0 ...(16)

and for a given fy (1), the correlation function Byj (t,t +h) can be
found completely.

3. 2 Correlation Function of the Second Solution of the Canonical
Form of the System of Random Linear Inequalities:

By the same way as previous,

n < 1 n "
Byj (t,t+h)< Eﬂlzliok—ﬂ(ﬁjl _mZzlaijm')tk leI (A)d ﬂ}x

Léikiﬂ(ﬁ“ —milajmcm )& +h)< x, (A)d i}
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By, (t,t+h)< Z_: I( ) (B - Zlajmcml)(ﬂjl - g_:lajmcml)x

aa+h»k”Eﬁxﬂim11m(im1]

< Z(—)

2 0
Sk +1 (tE+n)<** [ fx, (Dd2

n
Bii = 2 8jmC
m=1

But by the property that fol (A)dA = 1, the correlation function

Byj (t,t +h) will be

n 1 2 N ®©
I%jai+h)£E¥?:?2 aa+h»k1ijxmzyxt

n
,le -2 aijmI
m=1

j=L2K,n,k=01K,n ..(17)

4- Spectral Density Function of the Solutions of the Canonical Form of
the System of Random Linear Inequalities

In this section, we consider the spectral density function of first and

second solutions by the formula B; (h) < Te”‘hf y; (DdA.

4.1 The Spectral Density Function of the First Solution of the
Canonical Form of the System of Random Linear Inequalities:

The relation (16) can be written as

ofe"%fy (A)dA< Z(ﬂ” Z ajmcml)

f 12[ A _g! A _glAl+h) +1]XfX| (4)d 4

—00

2
1 2 n izh  _iat  _iA(t+h)
fyj(l)ﬁwgl‘(ﬂjl—mzzlajmcml) [e' —e'M —e!HY Jrl]fxI 1),

j=1K,n,h>0 ...(18)

and for a given fXI (4), the spectral density function of first solution y;(t)
can be found.
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4.2 The Spectral Density Function of the Second Solution of the
Canonical Form of the System of Random Linear Inequalities:

The relation (17) can be written as

o . 2 0
Ie'ﬂ“fyj<z>dz<z<—) (tE+h)“ [ fx, (A)d2

-1 k +1

n
ﬂjl -2 ajm‘::ml
m=1

2
(t (¢ +h) , (A),

s (1) g — Sac
Yij _ei/lhlzl k +1 jl ] jm~ml

j=1K,n,k =0,K,n,h>0 ...(19)

and for a given fy, (1), the spectral density function of second solution
yj(t) can be found.

5- Cross Correlation Function of the Solutions of the Canonical
Form of the System of Random Linear Inequalities:

We have in [2]

By yy (8 + 1) <E{[ v O -E(y; € [y € +h)~E(y,, ¢ + )]}

{
By, y, (Gt +h) <E[y; @)y, € +h) |-E[y; ©OE(y, ¢ +h) |-
E[Ey | (t)y, (t +h)]+E[Ey; ) E(y,, (t +h)) ]
gE[yj(t)yW(t+h)}— |:yj(t):|E[yW(t+h)]_
E[y;© [E[yw ¢ +M]+E[y;© |E[y, t +h)]

Hence

g CE+0) <E[y; @y € +0) |-E[y;©) ] E[y, ¢ +h)]
jw=12K,n,h>0 ...(20)
where yj(t), yw(t + h) defined by equation (11).

5.1 Cross Correlation Function of the First Solution of the Canonical
Form of the System of Random Linear Inequalities:

By (20), we have
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Ely;®)yw +h>]<EHI”1 J —(B,. zla,-mcm.)(e”t ~fy, (zm}

L” ICHE 5 At )e N D (2)¢ AH

=1l
n el 2t _q
<z I(Bj| Zajmcml)(B\Nl_zaNmle)( . )X
=100 =1 m=1 1A
|l(t+h)_1
(T)E[f xy WAty ()d2]

SI%_l(le - %_lajmcml)(Bwl Z aNm m|)f z(e'lt —D)x

@ -nfy (da

E[y; ) |[E[yw t +h)]<E {ilof% - z ajmcm.)(e'it ~Df y, (A)d 4
E|: %1 OJ? %(Bjs a zzllaNmCms)(eM(Hh) _:I-)fXS (ﬂ')d ﬂv:|

<Y X By - Z_lajmcml)(Bjs - Z_ll%mcms)x
I #s

eiﬂt _1 elﬂ(t-&-h) _1

= )E[fxl(z)dmxs(z)dz]

< Z Z (BJI Z ajmcml)(Bjs - Z a/vmcms)><
I=1s=1 =1 s m=1

I = @' -nE" M —nfy, x (AdA

—00

Hence,

256



JOURNAL OF COLLEGE OF EDULCATION..... 2606....... NO.T

By .y, (Lt+h) <E[y @)y € +h) |-E[y; ) |E[y, ¢ +h)]

1 A aliAlts 4 !

—00

Bui = 2 AunCo) g (D~ 5 5 (Bj1 = 3 ajncn)

| #s

5.2 Cross Correlation Function of the Second Solution of the
Canonical Form of the System of Random Linear Inequalities::

By taking yj(t), yw(t + h) defined by equation (15) and by using
inequality (20), which is

By iy, it +h) SE[myw (t +h)]—E[m] E[y, ( +h)]

where

E[y; Oy +h)]<EHIi [ —— —mizla,-mcm.>t“lfx. (z)dz}

L%_T —— By - mizla\mmcm )t +h) iy, (A)d /1} }

=
+
H

- n 1 n n
B[y Oy €+ J< 2 70" Bj1 = X ajnCn) Bui = X AunCmi)>
L@ +h) ]y, ()d A

or

B[, Oy € +0)] < 2 (-

ik +1)2(le _m§1ajmcml)(aml —mzzll%mcm)x(t(t +h))*+
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- n o 1 n .
E[yj (t)]E[yW (t +h)]£E_IZ:jl_£Ok—H(Bj| —mzﬂajmcm,)tk g, (D)2 }x
0@ 1 . n k +1
E _s§1_.Lm(Bjs mzzlaNmCms)(t + h) fX,5 (/I)d ﬂ}
n n 1 n n
< Iz_llsz_:l(m)z (le _mZ::laijml )(Bjs _mZ::laNmCms)><

I #s

tE+h) ™ [ fy x (DdA

but [ f, x, (A)d4 =1, hence

By .y, .t +h)<E[y; Oy, ¢ +h) |-E[y;©) |E[y, ¢ +h)]

< (kLH)Z(t (t +h))k+1{ln§1(B il —m%ajmcml)(B\N. —m%ammcmﬂ—

n n n n
22 (le -2 ajmcml)(Bjs -2 a/vmcms)
I=1s=1 | m=1 m=1

#S

jyw=1,2,...,n , k=0, ...,n.
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