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1. Introduction  

Ordinary Differential Equations (ODE) have a long story applied in many 

all fields. A numerical solution of (ODE) have made great expansion over 

many centuries', and There have been emerged numerous new ideas in 

addition to numerous complex methods for solving (ODE), in order that the 

numerical methods for solving (ODE) have been heightened, systems of 

(ODE) has been applied to many problems in engineering, physics, biology 

and so on.[4] 

Let 𝑆 = {𝑥0, … , 𝑥𝑛} be a set at partition of [0,1].  

The zero degree B-spline is defined as follows: 

𝐵𝑡,0 = {
1                    𝑥 ∈ [𝑥𝑡, 𝑥𝑡+1) 
0                         𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒

 

And for positive 𝑟, it is defined in the following recursive form: [6] 

𝐵𝑡,𝑟 = (
𝑥 − 𝑥𝑡
𝑥𝑡+𝑟 − 𝑥𝑡

)𝐵𝑡,𝑟−1(𝑥) + (
𝑥𝑡+𝑟+1 − 𝑥

𝑥𝑡+𝑟+1 − 𝑥𝑡+1
)𝐵𝑡+1,𝑟−1(𝑥) 

Where 𝑡 = 3 and 𝑟 = 0, we can get the cubic B-spline is defined as 

follows: 
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𝐵3,0 =
1

ℎ3

{
 
 

 
 (𝑥 − 𝑥−2)

3,                                          𝑥 ∈ [𝑥−2, 𝑥−1)

(𝑥 − 𝑥−2)
3 − 4(𝑥 − 𝑥−1)

3,                𝑥 ∈ [𝑥−1, 𝑥0)

(𝑥2 − 𝑥)
3 − 4(𝑥1 − 𝑥)

3,                        𝑥 ∈ [𝑥0, 𝑥1)

(𝑥2 − 𝑥)
3,                                                 𝑥 ∈ [𝑥1, 𝑥2)

 

2. New approach for solving ODE by cubic b-spline 

The two point boundary value problems as the following 

 

𝑦"(𝑥) + 𝑝(𝑥)𝑦′(𝑥) + 𝑞(𝑥)𝑦(𝑥) = 𝑓(𝑥),   0 ≤ 𝑥 ≤ 1                … (1) 

𝑦(𝑎) = 𝑍1,                     𝑦(𝑏) = 𝑍2  

Where 𝑝(𝑥), 𝑞(𝑥), 𝑓(𝑥) are given functions, and 𝑝(𝑥), 𝑞(𝑥) are continuous.  

Let  

𝑌(𝑥) = ∑ 𝑐𝑘𝐵3,𝑘(𝑥)

𝑛+1

𝑘=−1

  

Be an approximate solution of Eq.(1), where 𝑐𝑘 is unknown real coefficient 

and 𝐵3,𝑘(𝑥) are cubic B-spline functions. [9] 

Let 𝑥0, 𝑥1, … , 𝑥𝑛 are n+1 grid points in the interval[𝑎, 𝑏], and also            

𝑥𝑖 = 𝑎 + 𝑖ℎ,  𝑖 = 0,1, … , 𝑛, 𝑥0 = 𝑎, 𝑥𝑛 = 𝑏, 𝑎𝑛𝑑 ℎ = (𝑏 − 𝑎)/𝑛. [1] 

In order to get a matrix of transactions are contrary to the matrix from 

behind to become the image on the form follows: 

Table (1): derivative cubic B-spline 

 

 

B-spline 𝑥−2 𝑥−1 𝑥0 𝑥1 𝑥2 

B 𝑢11 𝑢12 𝑢13 𝑢14 𝑢15 

B' 𝑢21 𝑢22 𝑢23 𝑢24 𝑢25 

B'' 𝑢31 𝑢32 𝑢33 𝑢34 𝑢35 
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We can formulate the matrix coefficient by rearrange the matrix of 

derivative. 

𝑑𝑖(𝑥𝑖) = 𝑢34 + 𝑝(𝑥𝑖)𝑢24 + 𝑞(𝑥𝑖)𝑢14 

𝑒𝑖(𝑥𝑖) = 𝑢33 + 𝑝(𝑥𝑖)𝑢23 + 𝑞(𝑥𝑖)𝑢13 

𝑣𝑖(𝑥𝑖) = 𝑢32 + 𝑝(𝑥𝑖)𝑢22 + 𝑞(𝑥𝑖)𝑢12 

In addition to the matrix is an (𝑛 + 3) × (𝑚 + 3) dimensional given by: 

𝐴 =

[
 
 
 
 
 
𝑢12
𝑑𝑖
0
⋮
0
0

𝑢13
𝑒𝑖
𝑑𝑖
⋮
0
0

𝑢14
𝑣𝑖
𝑒𝑖
⋮
0
0

0
0
𝑣𝑖
⋮
0
0

0 ⋯
0 ⋯
0 ⋯
⋮ ⋮
0 ⋯
0 ⋯

0
0
0
⋮
𝑑𝑖
𝑢12

0
0
0
⋮
𝑒𝑖
𝑢13

0
0
0
⋮
𝑣𝑖
𝑢14]

 
 
 
 
 

 

This system can be written in the matrix-vector form as follows: [4] 

AB = F 

Such that   

𝐵 =

[
 
 
 
 
𝑐−1
𝑐0
𝑐1
⋮

𝑐𝑛+1]
 
 
 
 

 , 𝐹 =

[
 
 
 
 
 
𝑦(𝑎) = 𝑧1
𝑓(𝑥0)
𝑓(𝑥1)
⋮

𝑓(𝑥𝑛)

𝑦(𝑏) = 𝑧2]
 
 
 
 
 

  

On [𝑥𝑖 , 𝑥𝑖+1] the solution of boundary value problem is given by  

𝑌𝑖 =
1

ℎ3
[𝑐𝑖−1(𝑥𝑖+1 − 𝑥)

3 + 𝑐𝑖((𝑥𝑖+1 − 𝑥)
3 − 4(𝑥𝑖+1 − 𝑥)

3) +

𝑐𝑖+1((𝑥 − 𝑥𝑖)
3 − 4(𝑥 − 𝑥𝑖)

3) + 𝑐𝑖+2(𝑥 − 𝑥𝑖)
3],                            𝑖 =

0,1,… , 𝑛 − 1  

We get 𝑌𝑖 = 𝑐3,𝑖𝑥
3 + 𝑐2,𝑖𝑥

2 + 𝑐1,𝑖𝑥 + 𝑐0,𝑖   𝑓𝑜𝑟 𝑖 = 0, … , 𝑛 − 1  be the 

solution of the ODE by Cubic B-spline on the interval [𝑎, 𝑏]. 



JOURNAL OF COLLEGE OF EDUCATION ········· 2016 ·········   NO.5 

256 

Now we can adding the new scalar 𝜆 ∈ 𝑅𝑛+1 to the solution 𝑌𝑖 and the new 

form of the polynomial 𝑌𝑖 is given as follows: 

𝑌𝑖𝜆𝑖 = 𝜆0
𝑖 𝑐3,𝑖𝑥

3 + 𝜆1
𝑖 𝑐2,𝑖𝑥

2 + 𝜆2
𝑖 𝑐1,𝑖𝑥 + 𝜆3

𝑖 𝑐0,𝑖                                        … (2) 

And we can find the value of  𝜆𝑖 = [𝜆0
𝑖 ; 𝜆1

𝑖 ; 𝜆2
𝑖 ; 𝜆3

𝑖 ]
𝑇
 which minimize the 

norm ‖𝑌𝑖𝜆𝑖 − 𝑌𝑟𝑒𝑎𝑙‖ and to clarify that, as follows: 

From Eq. (1) and Eq. (2), we get: 

(𝑦𝑖𝜆𝑖)"(𝑥) + 𝑝(𝑥)(𝑦𝑖𝜆𝑖)′(𝑥) + 𝑞(𝑥)(𝑦𝑖𝜆𝑖)(𝑥) = 𝑓(𝑥)    

Since 𝑦𝑖𝜆𝑖 is an approximation for  𝑦𝑟𝑒𝑎𝑙 . 

Let 𝐸𝑟 = 𝐸𝑟𝑟𝑜𝑟 

By using least square approximation technique, we squared Eq. (3)  

𝐸𝑟 = [(𝑦𝑖𝜆𝑖)"(𝑥) + 𝑝(𝑥)(𝑦𝑖𝜆𝑖)′(𝑥) + 𝑞(𝑥)(𝑦𝑖𝜆𝑖)(𝑥) − 𝑓(𝑥)]                … (3) 

𝐸𝑟2 = [(𝑦𝑖𝜆𝑖)′′(𝑥) + 𝑝(𝑥)(𝑦𝑖𝜆𝑖)′(𝑥) + 𝑞(𝑥)(𝑦𝑖𝜆𝑖)(𝑥)

− 𝑓(𝑥)]
2
,         𝑖𝑛 [𝑥𝑖 , 𝑥𝑖+1]                                                        … (4) 

By taking interpolation for Eq. (4), we get  

∫ 𝐸𝑟2𝑑𝑥 = ∫ [(𝑦𝑖𝜆𝑖)
′′
(𝑥) + 𝑝(𝑥)(𝑦𝑖𝜆𝑖)

′
(𝑥) + 𝑞(𝑥)(𝑦𝑖𝜆𝑖)(𝑥) −

𝑥𝑖+1
𝑥𝑖

𝑥𝑖+1
𝑥𝑖

                                   𝑓(𝑥)]
2
𝑑𝑥                                                                         … (5)  

To minimize we differentiable the both sides for Eq. (5) with respect to 𝜆𝑖, 

and hence 

𝜕

𝜕𝜆𝑖
∫ 𝐸𝑟2𝑑𝑥 =
𝑥𝑖+1
𝑥𝑖

∫
𝜕

𝜕𝜆𝑖
[(𝑦𝑖𝜆𝑖)

′′
(𝑥) + 𝑝(𝑥)(𝑦𝑖𝜆𝑖)

′
(𝑥) + 𝑞(𝑥)(𝑦𝑖𝜆𝑖)(𝑥) − 𝑓(𝑥)]

2
𝑑𝑥

𝑥𝑖+1
𝑥𝑖

= 0  

Let  



JOURNAL OF COLLEGE OF EDUCATION ········· 2016 ·········   NO.5 

257 

(𝑦𝑖𝜆𝑖)
′′
(𝑥) + 𝑝(𝑥)(𝑦𝑖𝜆𝑖)

′
(𝑥) + 𝑞(𝑥)(𝑦𝑖𝜆𝑖)(𝑥) = 𝑤0

𝑖𝜆0
𝑖 + 𝑤1

𝑖𝜆1
𝑖 + 𝑤2

𝑖𝜆2
𝑖 +

                                                                                          𝑤3
𝑖𝜆3
𝑖   

Where  

∫
𝜕

𝜕𝜆𝑖
[𝑤0

𝑖𝜆0
𝑖 +𝑤1

𝑖𝜆1
𝑖 + 𝑤2

𝑖𝜆2
𝑖 + 𝑤3

𝑖𝜆3
𝑖 − 𝑓(𝑥)]

2
𝑑𝑥

𝑥𝑖+1

𝑥𝑖

= 0 

And we have the following system of linear equations: 

[
 
 
 
 
 
 
 
 
 ∫ 𝑤0

𝑖2𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤1
𝑖𝑤0

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤2
𝑖𝑤0

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤3
𝑖𝑤0

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤0
𝑖𝑤1

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤1
𝑖2𝑑𝑥

𝑥𝑖+1

𝑥𝑖

∫ 𝑤2
𝑖𝑤1

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤3
𝑖𝑤1

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤0
𝑖𝑤2

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤1
𝑖𝑤2

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤2
𝑖2𝑑𝑥

𝑥𝑖+1

𝑥𝑖

∫ 𝑤3
𝑖𝑤2

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤0
𝑖𝑤3

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤1
𝑖𝑤3

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤2
𝑖𝑤3

𝑖𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤3
𝑖2𝑑𝑥

𝑥𝑖+1

𝑥𝑖 ]
 
 
 
 
 
 
 
 
 

[
 
 
 
 
𝜆0
𝑖

𝜆1
𝑖

𝜆2
𝑖

𝜆3
𝑖 ]
 
 
 
 

=

[
 
 
 
 
 
 
 
 
 ∫ 𝑤0

𝑖𝑓(𝑥)𝑑𝑥
𝑥𝑖+1

𝑥𝑖

∫ 𝑤1
𝑖𝑓(𝑥)𝑑𝑥

𝑥𝑖+1

𝑥𝑖

∫ 𝑤2
𝑖𝑓(𝑥)𝑑𝑥

𝑥𝑖+1

𝑥𝑖

∫ 𝑤3
𝑖𝑓(𝑥)𝑑𝑥

𝑥𝑖+1

𝑥𝑖 ]
 
 
 
 
 
 
 
 
 

 

𝐶𝜆𝑖 = 𝐹, and the solution of the last system is given by 𝜆𝑖 = 𝐶−1𝐹. 

3. Numerical results 

In this section we consider the following ordinary differential equation 

(ODE). 

𝑦′′ + 𝑦′ + 𝑦 = 𝑥2 + 3𝑥 + 4,                𝑜𝑛 [0,1]  
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𝑤𝑖𝑡ℎ 𝑦(0) = 1,   𝑦(1) = 3    ,   𝑓𝑜𝑟  𝑛 = 10  

The exact solution 𝑦 = 𝑥2 + 𝑥 + 1 

Let 𝑥0 = 𝑎 = 0, 𝑥𝑛 = 𝑏 = 1, so that  ℎ =
𝑏−𝑎

𝑛
 

∴ ℎ =
1−0

10
=

1

10
= 0.1  

Since  𝑥0 = 0, 𝑎𝑛𝑑 𝑥𝑛 = 𝑥𝑛−1 + ℎ,   𝑛 = 1,2, … ,10  

𝑖𝑓 𝑛 = 1 𝑡ℎ𝑒𝑛 𝑥1 = 𝑥0 + ℎ ⇒ 0 + 0.1 = 0.1  

𝑖𝑓 𝑛 = 2 𝑡ℎ𝑒𝑛 𝑥2 = 𝑥1 + ℎ = 0.1 + 0.1 = 0.2  

And so on, 𝑥3 = 0.3, 𝑥4 = 0.4, 𝑥5 = 0.5, 𝑥6 = 0.6, 𝑥7 = 0.7, 𝑥8 = 0.8, 

𝑥9 = 0.9, 𝑥10 = 1 

Where 𝑝(𝑥𝑖) = 1, 𝑞(𝑥𝑖) = 1 𝑎𝑛𝑑 ℎ = 0.1 

𝑑𝑖(𝑥𝑖) =
6

ℎ2
+
−3

ℎ
𝑝(𝑥𝑖) + (1)𝑞(𝑥𝑖) = 571 

𝑒𝑖(𝑥𝑖) =
−12

ℎ2
+ (0)𝑝(𝑥𝑖) + (4)𝑞(𝑥𝑖) = −1196 

𝑣𝑖 =
6

ℎ2
+
3

ℎ
𝑝(𝑥𝑖) + (1)𝑞(𝑥𝑖) = 631 

 To find 𝑌𝑖  𝑓𝑜𝑟 𝐵 − 𝑠𝑝𝑙𝑖𝑛𝑒  

∴ 𝑌0 = 1 + 𝑥 + 𝑥2 + 1.0747 × 10−12𝑥3 

𝑌1 = 1 + 𝑥 + 𝑥2 + 1.0974 × 10−12𝑥3 

𝑌2 = 1 + 𝑥 + 𝑥2 − 3.3307 × 10−12𝑥3 

𝑌3 = 1 + 𝑥 + 𝑥2 + 1.8874 × 10−12𝑥3 

𝑌4 = 1 + 𝑥 + 𝑥2 + 2.5905 × 10−13𝑥3 
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𝑌5 = 1 + 𝑥 + 𝑥2 + 2.4376 × 10−13𝑥3 

𝑌6 = 1 + 𝑥 + 𝑥2 − 1.8198 × 10−12𝑥3 

𝑌7 = 1 + 𝑥 + 𝑥2 + 1.0550 × 10−12𝑥3 

𝑌8 = 1 + 𝑥 + 𝑥2                  

𝑌9 = 1 + 𝑥 + 𝑥2 

We adding a new variable say 𝜆𝑖 = [𝜆0
𝑖 , 𝜆1

𝑖 , 𝜆2
𝑖 , 𝜆3

𝑖 ] to the solution 𝑌𝑖 ,  

𝑓𝑜𝑟 𝑖 = 0,1, … ,9of the problem which minimizes the error as follows: 

Since 𝑌0𝜆0 = 1𝜆1
0 + 𝑥𝜆2

0 + 𝜆3
0𝑥2 + 1.0747 × 10−12𝜆4

0𝑥3 

Y0
′ = 1𝜆2

0 + 2𝜆3
0𝑡 + 3.2241 × 10−12𝜆4

0𝑥2 

Y0
′′ = 2𝜆3

0 + 6.4482 × 10−12𝜆4
0𝑥  

And (𝑌0𝜆0)′′ + (𝑌0𝜆0)′ + 𝑌0𝜆0 = 𝑥
2 + 3𝑥 + 4 

∴ 1𝜆1
0 + (1 + 𝑥)𝜆2

0 + (2 + 2𝑥 + 𝑥2)𝜆3
0 + (6.4482 × 10−12𝑥 + 3.2241 ×

10−12𝑥2 + 1.0747 × 10−12𝑥3)𝜆4
0 = 𝑥2 + 3𝑥 + 4  

Let 𝑤1
0 = 1,𝑤2

0 = 1 + 𝑥, 𝑤2
0 = 2 + 2𝑥 + 𝑥2,  

𝑤3
0 = 6.4482 × 10−12𝑥 + 3.2241 × 10−12𝑥2 + 1.0747 × 10−12𝑥3 

And the solution of the linear system w.r.t 𝜆0, we have 

𝜆1
0 = 1,       𝜆2

0 = 1,       𝜆3
0 = 1,           𝜆4

0 = 0 

And hence 𝑌0𝜆0 = 𝑥2 + 𝑥 + 1 which represent the exact solution on[0,1] 

This table shows the cubic b-spline solutions with new extended b-spline 

and exact solution. 

 



JOURNAL OF COLLEGE OF EDUCATION ········· 2016 ·········   NO.5 

260 

 

 

Table (2): cubic B-spline solution with extended B-spline and exact 

solution 

 

Example: 

𝑦′′ +
1

𝑥
𝑦′ +

1

𝑥2
𝑦 = 5 +

16

𝑥
−
1

𝑥2
           𝑜𝑛 [0,1]  

𝑤𝑖𝑡ℎ 𝑦(1) = 8,   𝑦(2) = 19    ,   𝑓𝑜𝑟  𝑛 = 10  

[𝑥𝑖 , 𝑥𝑖+1) B-spline 𝑌𝑖 Extended 𝑌𝑖𝜆𝑖  𝑌𝑒𝑥𝑎𝑐𝑡 

[0, 0.1) 𝑌0 = 1 + 𝑥 + 𝑥2 +

1.0747 × 10−12𝑥3       

𝑌0𝜆0 = 𝑥
2 + 𝑥 + 1 

 

𝑌0 = 𝑥2 + 𝑥 + 1  

 

[0.1, 0.2) 𝑌1 = 1 + 𝑥 + 𝑥2 +

1.0974 × 10−12𝑥3  

𝑌1𝜆1 = 𝑥2 + 𝑥 + 1  

 

𝑌1 = 𝑥2 + 𝑥 + 1 

 

[0. 2, 0.3) 𝑌2 = 1 + 𝑥 + 𝑥2 −

3.3307 × 10−12𝑥3  

𝑌2𝜆2 = 𝑥
2 + 𝑥 + 1  

 

𝑌2 = 𝑥2 + 𝑥 + 1 

 

[0. 3, 0.4) 𝑌3 = 1 + 𝑥 + 𝑥2 +

1.8874 × 10−12𝑥3   

𝑌3𝜆3 = 𝑥
2 + 𝑥 + 1  

 

𝑌3 = 𝑥2 + 𝑥 + 1 

 

[0.4, 0.5) 𝑌4 = 1 + 𝑥 + 𝑥2 +

2.5905 × 10−13𝑥3  

𝑌4𝜆4 = 𝑥2 + 𝑥 + 1  

 

𝑌4 = 𝑥2 + 𝑥 + 1 

 

[0. 5, 0.6) 𝑌5 = 1 + 𝑥 + 𝑥2 +

2.4376 × 10−13𝑥3  

𝑌5𝜆5 = 𝑥
2 + 𝑥 + 1  

 

𝑌5 = 𝑥2 + 𝑥 + 1 

 

[0. 6, 0.7) 𝑌6 = 1 + 𝑥 + 𝑥2 −

1.8198 × 10−12𝑥3  

𝑌6𝜆6 = 𝑥
2 + 𝑥 + 1  

 

𝑌6 = 𝑥2 + 𝑥 + 1 

 

[0. 7, 0.8) 𝑌7 = 1 + 𝑥 + 𝑥2 +

1.0550 × 10−12𝑥3  

𝑌7𝜆7 = 𝑥
2 + 𝑥 + 1  

 

𝑌7 = 𝑥2 + 𝑥 + 1 

 

[0. 8, 0.9) 𝑌8 = 1 + 𝑥 + 𝑥2 𝑌8𝜆8 = 𝑥
2 + 𝑥 + 1  

 

𝑌8 = 𝑥2 + 𝑥 + 1 

 

[0. 9, 1) 𝑌9 = 1 + 𝑥 + 𝑥2 

 

𝑌9𝜆9 = 𝑥2 + 𝑥 + 1  

 

𝑌9 = 𝑥2 + 𝑥 + 1 
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The exact solution 𝑦 = 𝑥2 + 8𝑥 − 1 

This table shows the cubic b-spline solutions with new extended b-spline 

and exact solution. 

𝑥𝑖 B-spline 𝑌𝑖 Extended 𝑌𝑖𝜆𝑖  𝑌𝑒𝑥𝑎𝑐𝑡 

[0,0.1) 𝑌0 = −1 + 8𝑥 + 𝑥2 +

1.6512 × 10−11𝑥3  

𝑌0𝜆0 = 𝑥
2 + 8𝑥 − 1  

            = 1 

𝑌0 = 𝑥2 + 8𝑥 − 1  

= 1            

[0.1,0.2) 𝑌1 = −1 + 8𝑥 + 𝑥2 −

3.1329 × 10−11𝑥3      

𝑌1𝜆1 = 𝑥2 + 8𝑥 − 1  

         = −1 

𝑌1 = 𝑥2 + 8𝑥 − 1 

            = −1 

[0.2,0.3) 𝑌2 = −1 + 8𝑥 + 𝑥2 +

3.7165 × 10−11𝑥3      

𝑌2𝜆2 = 𝑥2 + 8𝑥 − 1 

         = 0.6400 

𝑌2 = 𝑥2 + 8𝑥 − 1 

            = 0.6400 

[0.3,0.4) 𝑌3 = −1 + 8𝑥 + 𝑥2 −

2.6977 × 10−11𝑥3  

𝑌3𝜆3 = 𝑥2 + 8𝑥 − 1 

         = 1.4900 

𝑌3 = 𝑥2 + 8𝑥 − 1 

   = 1.4900 

[0.4,0.5) 𝑌4 = −1 + 8𝑥 + 𝑥2 +

1.7053 × 10−12𝑥3  

𝑌4𝜆4 = 𝑥2 + 8𝑥 − 1 

         = 2.3600 

𝑌4 = 𝑥2 + 8𝑥 − 1 

            = 2.3600 

[0.5,0.6) 𝑌5 = −1 + 8𝑥 + 𝑥2 +

1.5296 × 10−11𝑥3  

𝑌5𝜆5 = 𝑥2 + 8𝑥 − 1 

         = 3.2500 

𝑌5 = 𝑥2 + 8𝑥 − 1 

  = 3.2500 

[0.6,0.7) 𝑌6 = −1 + 8𝑥 + 𝑥2 −

2.1672 × 10−12𝑥3  

𝑌6𝜆6 = 𝑥2 + 8𝑥 − 1 

         = 4.1600 

𝑌6 = 𝑥2 + 8𝑥 − 1 

            = 4.16600 

[0.7,0.8) 𝑌7 = −1 + 8𝑥 + 𝑥2 −

1.2407 × 10−11𝑥3  

𝑌7𝜆7 = 𝑥2 + 8𝑥 − 1 

         = 5.0900 

𝑌7 = 𝑥2 + 8𝑥 − 1 

            = 5.0900 

[0.8,0.9) 𝑌8 = −1 + 8𝑥 + 𝑥2 +

6.5646 × 10−12𝑥3  

𝑌8𝜆8 = 𝑥2 + 8𝑥 − 1 

         =  6.0400 

𝑌8 = 𝑥2 + 8𝑥 − 1 

            = 6.0400 

[0.9,1) 𝑌9 = −1 + 8𝑥 + 𝑥2 

 

𝑌9𝜆9 = 𝑥
2 + 8𝑥 − 1 

         = 7.0100 

𝑌9 = 𝑥2 + 8𝑥 − 1 

            = 7.0100 

Table (3): cubic B-spline solution with extended B-spline and exact 

solution. 
 

Conclusion 

In this paper, the extended of cubic B-spline with continuous least square 

approximation has been used to solve the boundary value problem of 

second order ordinary differential equation by adding a new vector 𝜆 ∈
𝑅𝑛+1. The numerical results showed that the extended cubic B-spline 

approximations, the exact solution of boundary value problems considered 

very well.   
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 بأستخدام التقريب المربع الأقل استمرارية B-Splineتوسيع مسار 

 د. سعد شاكر محمود و نور قاسم علي
 الجامعة المستنصرية / كلية التربية / قسم الرياضيات

 المستخلص
نية بأستخدام توسيع قمنا بحل مسألة الشروط الحدودية للمعادلة التفاضلية من الرتبة الثا        

λوذلك بأضافة باراميتر جديد  B-Splineجديد لطريقة  ∈ 𝑅𝑛+1 .  وهذه الطريقة تعطي نتائج
 .B-Splineافضل من طريقة 


