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Abstract

Boundary value problem of two order ordinary differential equations is
solved using a new approach of extended B-spline interpolation method by
using continuous least square approximation. There is one free scalar
(A € R™*1 ) that control the polynomial of approximation solution. This
method produces better results than classical B-spline interpolation method.
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1. Introduction

Ordinary Differential Equations (ODE) have a long story applied in many
all fields. A numerical solution of (ODE) have made great expansion over
many centuries', and There have been emerged numerous new ideas in
addition to numerous complex methods for solving (ODE), in order that the
numerical methods for solving (ODE) have been heightened, systems of
(ODE) has been applied to many problems in engineering, physics, biology
and so on.[4]

Let S = {x,, ..., x,} be a set at partition of [0,1].

The zero degree B-spline is defined as follows:

Beo = {

And for positive r, it is defined in the following recursive form: [6]

X — Xt Xttr+1 — X
By = <—_ )Bt,r—l(x) + ( — Biy1,r-1(x)
Xe+r — Xt Xt+r+1 — Xt+1

1 x € [x¢, Xe41)
0 other wise

Where t =3 and r = 0, we can get the cubic B-spline is defined as

follows:
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(x —x_3)%, x € [x_3,x_1)

b L) Gx - xElrgx)
307 p3 (x; —x)* — 4(x; — x)3, x € [xg,x1)
k(xz —x)?, x € [x1,x;)

2. New approach for solving ODE by cubic b-spline
The two point boundary value problems as the following

y'() +p(x)y'(x) + q(x)y(x) = f(x), 0<x<=<1 - (1)
y(a) = Z, y(b) = Z,

Where p(x), q(x), f (x) are given functions, and p(x), g(x) are continuous.

Let
n+1

V) = ) cBa®)
k=-1

Be an approximate solution of Eq.(1), where cj, is unknown real coefficient
and B3 ;. (x) are cubic B-spline functions. [9]

Let xq,xq,..,X,are n+l grid points in the interval[a,b], and also
xi=a+ih i=01,..,n,xy =a,x, =b,and h = (b—a)/n.[1]

In order to get a matrix of transactions are contrary to the matrix from
behind to become the image on the form follows:

B-spline X_o X_q Xo X1 Xy
B Uq1 Uq2 Uq3 U4 U1s
B Uz1 Uz Uz3 Uy Uys
B U3z1 U3z U33 U3y U3s

Table (1): derivative cubic B-spline
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We can formulate the matrix coefficient by rearrange the matrix of
derivative.

d;(x;) = uzq + p(xduzs + q(x;)uyy
e;(x;) = uzz + p(x)uyz + q(x;)ug3
Vi (x;) = Uzp + p(x)usy + q(x)uy,

In addition to the matrix is an (n + 3) X (m + 3) dimensional given by:

(U112 U13 Uy O O - 0 0 07
di e; v; 0 0 0 0 0
a0 @ w000
L 0 0 0 0 0o - Uqo U1z Ujgl

This system can be written in the matrix-vector form as follows: [4]

AB =F
Such that
c y(a) = z;]
I[ C_Ol ]I f (x0)
B:|CI|’F: f ()
[Cn'ﬂj f(xn)
ly(b) = 2,

On [x;, x;,1] the solution of boundary value problem is given by

1

Y, = —leima (xign — )% + (i — %) — 4(x4q — 2)°) +
Cirr ((x = ;)% = 4(x = x;)°) + ciy2(x — x)°], [ =
01,..,n—1

We get Y, =cgx>+cyx*+cyx+co; fori=0,..,n—1 be the

solution of the ODE by Cubic B-spline on the interval [a, b].
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Now we can adding the new scalar 2 € R™*? to the solution Y; and the new

form of the polynomial Y; is given as follows:

Y i = Ahcqx3 + Acyix? + Aseq ix + e ..(2)
And we can find the value of A¢ = [15; 2i; A%; 4] which minimize the
norm ||Y; ;i — Yrea|| @nd to clarify that, as follows:

From Eq. (1) and Eq. (2), we get:

i)' @) + ) (yia1)' ) + a() (yi2) () = f (%)

Since y, ;i is an approximation for y,.q; .

Let Er = Error

By using least square approximation technique, we squared Eqg. (3)

Er = [(y;21)"(x) + ) (y;20)' () + g (y0) (%) = f ()] - (3)
= [(i20)" () + ) (yi20)" (%) + q(0)(y2:) (%)
@), in il - (4)

By taking interpolation for Eq. (4), we get
[r Brdx = [7 | ()" @) + P (i) ) + a0 (y2) () =

fo)| dx -5

To minimize we differentiable the both sides for Eq. (5) with respect to A%,

and hence

0 (Xiy1 2
(,mf Er2dx =

0 2 () () + (i) 0 + ) ()0 = F )] dx = 0
Let
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i) '@ + P () @) + 4G () ) = wiah + wiah + wia +

wils
Where
Xi+1
[ o b+ wia b izt + wia = f GO = 0
Xi

And we have the following system of linear equations:

o (Xivr Xit1 Xi+1 Xi+1 7
f w§ dx f wiwydx j wiwsdx j wiwidx
X X Xi Xi
Xi+1 Xitr Xi+1 Xi+1 [Al-l
j wiwgdx f wi dx j wiwsdx .[ W{Wédxl ?
Xy X X X |/11|
Xi+1 Xi+1 Xit1 Xi+1 |/11|
wiwtdx wiwtdx wi dx wiwtdx|]?
2Wo 2W1 2 2W3 lALJ
Xi Xi Xi Xi 3
Xi+1 Xi+1 Xi+1 Xit1
wiwgidx J wiw;dx j wiwsdx ] ws dx
Xi Xi Xi Xi .
r [Xitr §
l
J wif (x)dx
Xi
Xi+1
l
J wi f(x)dx
_|7x
T X
l
J ws f(x)dx
Xi
Xi+1
l
J wif(x)dx
Xi

CA' = F, and the solution of the last system is given by A* = C~'F.
3. Numerical results

In this section we consider the following ordinary differential equation
(ODE).

y'+y +y=x%+3x+4, on [0,1]
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withy(0) =1, y(1) =3 , for n=10
The exact solution y = x? + x + 1

Letx, =a = 0,x, = b = 1,50 that h:?

Since xy =0,and x,, = x,_1 +h, n=1,2,...,10
ifn=1thenx; =xy+h=0+0.1=0.1

ifn=2thenx, =x;+h=01+0.1=0.2

NO.5

Andsoon, x3 = 0.3,x, = 0.4,x5 = 0.5,x5 = 0.6,x; = 0.7, xg = 0.8,

Xg = 09, X109 = 1

Where p(x;) = 1,q(x;) = 1and h = 0.1

6 -3
d;(x;) = nz + TP(XL') + (Dq(x;) =571

e;(x;) = Tz + (0)p(x;) + (4)q(x;) = —1196

6 3
Vi =gt Ep(xi) + (Dgq(x;) = 631
TofindY; for B — spline

2 Yy =1+x+x%+1.0747 x 107123
Y, =1+ x+x?+1.0974 x 1071243

Y, =1+ x+x?—3.3307 x 1071243
Y3 =1+x+x?+1.8874 x 1071243

Y, =1+ x+x?+ 25905 x 1071343
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Yo =1+ x+x% +2.4376 x 1071343

Yo =1+ x+x%—1.8198 x 107 1%x3

Y, =1+ x+x%+ 1.0550 x 107 1%x3

Yo =1+ x+x?

Yo=1+x +x?

We adding a new variable say A' = [1},2%,25,25] to the solution Y;,

fori=20,1,...,90f the problem which minimizes the error as follows:
Since Yoo = 149 + 229 + A3x2 + 1.0747 x 10~ 12293

Y, = 149 + 249t + 3.2241 x 107 12A9x2

Y)Y =229 + 6.4482 x 1071229«

ANnd (Y,0)" + (Yoz0) + Y0 =x% +3x + 4

21294+ (1 + )29 + (2 + 2x + x2)AT + (6.4482 X 107 12x + 3.2241 X
10712x2 + 1.0747 x 107 12xHA) = x2 + 3x + 4

Letw? =1,wd =1+ x,wd =2+ 2x + x?,

w = 6.4482 x 10712x + 3.2241 X 10712x2 + 1.0747 x 10~ 1243
And the solution of the linear system w.r.t 1°, we have

=1, 23=1, 213=1, =0

And hence Y0 = x% + x + 1 which represent the exact solution on[0,1]

This table shows the cubic b-spline solutions with new extended b-spline
and exact solution.
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[x:, Xi41)

B-spline Y;

Extended Y, ,:

Yexact

[0,01) |Yo=1+x+x?+ Yooo=x+x+1 |Yo=x?+x+1
1.0747 x 1071243

[0.1,02) |V, =1+ x+x% + Yip=x*+x+1 |Vi=x>+x+1
1.0974 x 1071243

[0.2,0.3)| Y, =1+ x +x? — Yoz=x+x+1 |YV,=x2+x+1
3.3307 x 1071243

[0.3,04)| V3 =1+x+x%+ Yop=x*+x+1 |Y3=x?+x+1
1.8874 x 1071243

[0.4,05) |V, =1+ x+x%+ Yor=x>+x+1 |V, =x*+x+1
2.5905 x 10~ 1343

[0.5,0.6)| Vs =1+ x +x2+ Yos =x*+x+1 |[Ys=x?>+x+1
2.4376 X 1071343

[0.6,0.7)| Yo =1+ x + x% — Yeis=x>+x+1 |Yo=x?+x+1
1.8198 x 10~ 12x3

[0.7,0.8)| Y, =1+ x+ x>+ Yo r=x*+x+1 |V, =x*+x+1
1.0550 x 10~ 12x3

[0.8,0.9)| Y5 =1+ x + x? Yeis=x+x+1 |Yg=x?+x+1

[0.9,1) | Yy =1+ x + x? Yoo =x+x+1 |Yo=x?+x+1

Table (2): cubic B-spline solution with extended B-spline and exact

Example:

1
"ty +=Sy=5+———
y Y+ gy

1 16

with y(1) =8, y(2) =19

solution

on [0,1]

, for n=10
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The exact solution y = x? + 8x — 1
This table shows the cubic b-spline solutions with new extended b-spline
and exact solution.

NO.5

X; B-spline Y; Extended Y ;: Yexact
[0,01) |YVo=—-1+8x+x%2+ |[Yypo=x*+8x—1|YVy=x%2+8x—-1
1.6512 x 107 1x3 =1 =1
[0.1,02) |V, =—1+8x+x*>— |V, n=x>4+8x—1 |V, =x>+8x—1

3.1329 x 10~ 11x3 =-1 =-1
[0.2,03) |V, =—1+8x+x%2+ |Y,2=x*+8x—1|V,=x2+8x—-1
3.7165 x 10~ 11x3 = 0.6400 = 0.6400
[03,04) |[Y3=—-1+8x+x%?— |Yys=x+8x—1|V;=x2+8x—-1
2.6977 x 101153 = 1.4900 = 1.4900
[04,05) |V, =—-1+8x+x%+ |Y,0=x2+8x—-1|Y,=x%+8x—1
1.7053 x 10~ 12x3 = 2.3600 = 2.3600
[0.506) | Vs =—1+8x+x*+ |Ys=x>+8x—1|Ys=x*+8x—1
1.5296 x 10~ 11x3 = 3.2500 = 3.2500
[0.60.7) | Yy =—1+8x+x%>— |Ye=x+8x—1 |V, =x2+8x—-1
2.1672 x 107 12x3 = 4.1600 = 4.16600
[0.7,08) |V, =—14+8x+x*— |Y,p=x*+8x—1 |V, =x*+8x—1
1.2407 x 10~ 11x3 = 5.0900 = 5.0900
[08,09) |Yg=—-1+8x+x%>+ |Ygus=x+8x—1|Vg=x2+8x—-1
6.5646 x 10~ 12x3 = 6.0400 = 6.0400
[09,1) |Yy=—1+ 8x + x? Yo =x2+8x—1|Yg=x2+8x—1
= 7.0100 = 7.0100

Table (3): cubic B-spline solution with extended B-spline and exact

Conclusion

solution.

In this paper, the extended of cubic B-spline with continuous least square
approximation has been used to solve the boundary value problem of
second order ordinary differential equation by adding a new vector A €
R™1. The numerical results showed that the extended cubic B-spline
approximations, the exact solution of boundary value problems considered

very well.
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