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New oscillation results of Fourth order Differential Equations
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Mustansiriyah University, College of Education, Baghdad. Iraqg

Abstract : The oscillation criteria was tested for all four order nonlinear neutral differential
equation solutions in this paper . Examples are given to explain our key findings.
Keywords: Oscillation, nutral ,four order , equations.

Introduction :
In this article, we are considering fourth order neutral differential equations of the form:
[P(@) +5()P(u@)]” + 2@)T (P(v(@)) = 0,620, ()
Where §(0),9(0) € C([ag,®); R),u(0),v(a) € Clog,»); R),lim,_,, u(c) =
©,lim,_, v (0) =0,0 < §(0) < 8,7 (a) € C(R;R), For T(ab) = T(a)T(b), and [T (0)|=
m|a|,m > 0.

By solving (1), we represent a function P(c) , where P (o) + S(0)P(u(0)) is three times
continuously differentiable and P (o) satisfies (1) and P (o) satisfies (1) on [g, «].

A nontrivial solution P (o) is said to be oscillatory if it changes sign on (y, ).
where y is any number, otherwise it is said to be nonoscillatory, that. Equation (1) is
said to be oscillatory if every solution of (1) is oscillatory.

Several research papers on the oscillatory behavior of neutral delay differential with fourth and n

order equation solutions have appeared in the last several years For more information, one can refer
to [1-5,7-8].

In this article, our aim is to supply new conditions for ensuring that every solution of(1)is an
oscillating.

Mains Outcomes :
In that part, we establish same new conditions for every solution of (1) is an oscillating Define for

D(o) = P(o) + 8(0’)?(u(0’)) (2)
Then applying (2) in (1) we obtain
D@ (0) = ~9(0)7 (P(v(2))) ®)

Theoreml : Assume that,v (o) = o,u(0) < 0,Q(c) = 0 and
lim inf f:(a) f:m(w —0)2Q(@)T((1-98))dw > % (4)

limsup,._., a* [;" m|Q()|T(1 — 8)de > 3 )

Then every solution of equation (1) oscillates.
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Proof : Assume for the sake of contradiction that equation (1) has a nonoscillatory solution,
let P(0) be eventually positive(the case when P (o) be eventually negative is similar and we
omitted ) solution is of (1) and P(«(0)),P(v(0)) > 0for o = 0y = 0.

From (3) it follows that

DH(g) <0, 0 >0

Since ®(0) =2 P(o) >0  foro, = g,

Then D®) (o) is monotone , and eventually of ones sign,we calm that D (g) > 0
Otherwise D®)(g) < 0 ,leas toD" (o) < 0,D'(0) < 0,D(0) <0 for o >0, > 0y
Which a contradiction then D®)(g) > 0 leads to ®"(¢) < 0 or D" (¢) > 0

First suppose that D" (o) < 0 implies that D'(¢) < 0 or (o) >0

If ©'(0) < 0 we must that D(o) < 0 which a contradiction .then ®'(a) > 0

By (2) we get

P(o) = D(o) — 5(0’)?(%(0’)) > (1-5)D(o0)

By integral inequality

D (o) = ;(—DH%@“) (o) + %f:(w — )99 (w)dw

Take ¢ =1, T =4 we get

— g)2 —1)3
v(0) = (@ - 0~ 0@ + 5 09() + [ (@~ 0D () du

g

So
D'(0) = _71 ff(w - 0)’DW(w)dw (6)
By (3) we have

—D®(0) = ()T (P(v(0)))
Substation in (6) we get

D'(0) = %Lg(w — 0)2Q(w)T (?(v(w))) dw

0
D'(0) = %f m(w — a)ZQ(w)T((l - S))fD(ftr(a)))da)
Since D(v(0)) increasing then
D' (0) — %D(v(a)) fgm(w - O')ZQ(CU)T((l - S)) dw =0

By condition (4) and by a well-known result in [[6], Theorem 2.3.4.] which is contradiction .
Now suppose that D" (a) > 0 implies that D'(a) > 0
And by (2) P(o) > (1 —-8)D(0)
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By (3) we get DW(0) < -mQ(0)T(1 — 8)D(v(0))

Integrating from ¢ to oo we get

-9 (0) < - f mQ ()T (1 - 8)D(v(0))de

g

PI(0) > f mo(@)T( - $)D(v(e))de

P (0) = D(w(0)) f " m0(e)T(1 - 8)do
Since 3)(0(0)) > D(o) then

D3 (0) > D(0) f, mQ(@)T(1 - S)de )
Let

o
[ 9@ do = 099(0) = 0,50 () - 2D () + D (o)

a2

as o — oo the last inequality yields to

lim [6D®(6) — 6,9 (0,) — DP(0) + DD (0,)] =

g0

Then
lim [6D®(¢) — D@ (0)] = o

o—00
Hence
D@ (g) = 6D®(0)
similary we can find ©(o) > %33(3) (o)
then equation (7) become ®(o) > %33(3) (o) = %39(0) f:o mQ(e)T (1 —8)do
then 3 >3 [ mQ(e)T(1 - S)de
which is acontraduction of (5).

Theorem 2: Assume that,«(a) = g, Q(0) < 0 v(w(0)) > o, v(u(0)) > o and

lim sup,..., o° [ mQ(@)7 (1 — $)de > 3 )

liminf [ mlQ(s)I7 (3 [}, (w(s) - §)ds) >

(i)

1
e

9)

LI me@irGa-)e(wi(@)ds>1 (10

Then every solution of equation (1) oscillates.

- - v
liminf,_, fa

Proof : Assume for the sake of contradiction that equation (1) has a nonoscillatory solution,
let (o) be eventually positive(the case when P(o) be eventually negative is similar and we
omitted ) solution is of eq(1) and P(u (o)), P(v(c)) > 0for o > 0, > 0.
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From (3) it follows that

DH(g) >0, 0 >0,
Since D(o) = P(o) >0  foro, = g,
Thus for o > g, either D®(g) > 0 or DB (o) < 0 foro = g, = gy,

Firstlet D® (o) > 0,thus implies that D" (o) > 0, D'(0) > 0,
By (3) we have D®(0) = [2()IT (P(v(0)))

since P(0) > (1-8)D(0))

Then D@ (o) = m|Q(a)|T(1 — 8$)D(v(0))

Integrating above inequality from +~1(o) to o we get

g

(o) > j mlo(@)I7(1 — $)D (v (0))de

v~1(o)

D (0) 2 D((0)) f, -1, MIQ@IT (1~ S)de  (11)

No by using D(o) > %33)(3) (o) then

3 3 o
(o) 2 2-09(0) 2 2 D(0) f ml(@)IT(1 - §)do
v~1(o)

3>0° fa m|Q(e)|T(1 - 8)de
v=1(0)
Which is acontraduction (8)
Next if D®)(g) < 0 for 0 > 0, > 0, ,thus implies that ®"(¢) > 0 or D" (c) <0 for all ¢ >
0,,if D" (o) > 0theneither D'(c) >00r D'(0) <0
If D (o) >0
By inequality

<C G- 1 (°
Do) = ; (€ i!G) DD(E) + = 1)!L (6 — )T DD ()d¢

Take 7=3 we have

1 g
0(0) =D+ VO +3 [ (0~

1 g
o) 25 [ 0=V
Let { = w(o) then

g

1
2@ 25| (0-90s

w(0o)
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Since D®) (o) increasing then

D (w(0)) (7

D(o) = 5

(0 —¢)?ds
w (o)

So

D(v(0)) M [5e @@ —0)2ds  (12)

eq(3) can be writing as the from ®® (¢) > |Q(0)|T (D(v(a)))
suppose that ¢ () = D® (o) then ¢'(0) = m|Q(0)IT (D(v(a)))
by using (12) we get

@'(0) = mlQ(D)|p(v(w(@))T G] (v(o) — c)zdc>
w(o)

@' (o) —m|Q(a)|p(v(w(0))T GJ (v (o) — c)zdc> >0
w(o)

By condition (9) and by a well-known result in ( [6], Theorem 2.3.4.) which contraction .

Next if ©'(o) < 0 ,then equation (2) can by writen as the from
S(a)?(u(a)) = D(0) — P(0)

And  P(0) > (1-)D(u (o))

No from eq (3) and above inequality we have

D9 (9) 2 mlo@I7 (2(1 - 1) D (¢(u (@)
Since D (v(u‘l (a))) > v(u1(0))D (v(u_l(a)))

Then D@ (g) = m|Q(o)|T (% (1- g))v(u‘l(a))b’ (’U’(/M,_l(O')))
Integrating above inequality from o to co we get
« 1 1
-2®(0) 2 fa mlQ(¢)|T (5(1 - §)>v(u‘1(c))®’ (v(w () ds
Since D’ (v(u‘l(a))) increasing then

D"(0) 2 D' (v(w(0)) f " mloIT (%(1 - %))V(u'l(c))dc

Integrating above inquality from ¢ to o we get

oo

(o) 20 (v(w @) [ [ mie@I7 (501 - ) el (6)ds

g

Let (o) = D'(0) then

AR
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o0~ (o)) [ [ mioir (50 - ) elw )5 2 0

o

By condition (10) and by a well-known result in [[6], Theorem 2.3.4.]Which is contradiction.

Examples : In this section, We're presenting some examples that explain the essential results

Example 1. Consider the equation:
(€)

[P@)+3P(c-m| +27(P(o+3m) =0

1 2
S(o) = 3 ,u(o) =0—m,Q(0) = 3 ,T(P(o +3m)) = P(0 + 3m),
v(o0) =0+ 3nr,m=0.5
We will find the conditions of Th (1) are satisfies also We're even going to find a oscillation
solution by (o) = cos o from this equation.

Example 2. consider the equation:

[P0) +2P(c - 2n)](4) —27(P(o +4m) = 0

S(o) == ,u(o) =0-2m,Q(0) = —g ,T(?(a + 47r)) = P(o + 4mn),

ul|

v(o) =0 +4mr,m = 0.8

We will find the conditions of Th (2) are satisfies also We're even going to find a oscillation
solution by (o) = sin ¢ from this equation.

Conclusion: In the present paper, A wide variety of new conditions, This is obtained to ensure the

oscillation activity is for every solution of nutral differential equation for fourth order.
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