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Abstract:

In this paper, we introduced some properties of the class M 4(k,n, 3 a,3,z) by using the
derivative operators which are Salageon differential operator and Ruscheweyh differential operator
as well as, investigated generalization of subordination theorem and weight mean on the same class
. Finally this study given some Basic theory and get important results of these class by effect these

operators.
Keywords.integral operator,Salageon differential operator , Ruscheweyh differential operator ,
subordination theorem, weighted mean.
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Introduction:
In 2010 Najafzadeh [6],was introduced anew subclass of holomorphic univalent functions

onSalageon and Ruscheweyh differential operators. In 2015 Al-Khafaji [1],was studied anew
subclass which is WA(l,, a,m,n,y;,y,,3) of univalent functions defined by multiplier
transformation, finally in 2018 Shabaab[8], introduced anther class is said to be p(«,B)and
discussion some properties of these class in this work, we introduced and study new subclass is
called M 4 (k,n, 3, a, B, z) with some properties of this class.

Let Mbethe class of the functions of the form:

f@=2+ ) a, )

k=t+1

which are holomorphic in the open unit disk U ={z € C:|z| < 1}.
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Here we generalized definition appear in[6] on theM 4 (k,n, 3, @, B, z) class.

Also, let M 4 the subclass of M consisting of functions of the form:

[ee]

f2) =z Z 4z @y = 0 2)

k=t+1

which are holomorphic (univalent) in U ,[3].

Letn € NuU{0} and 3 = 0.

By Q'f , we denote the operator Qf': M 4 — M 4 defined by
Of(2) =10 -DS"f(D+IR"f(2), z€U 3

Where S™f is the Salageon differential operator appear in [9] andR™f is the Ruscheweyh differential
operator appear in [7].

For f(z) € M 4 given by (2) we have respectively.

o]

S"f(z) =z — Z K™a,z" (4)

K=t+1
and
R"f(z) =z — i Bx(n)a,z* (5)
K=t+1
Where
Bi(n) :<k+;z+1>: n+ 1) 4—(;)_...1.).!(714-16—1) ©)

Further by replacing (4) and (5) in (3) , we obtain

o0

WfE) =z- ) [K"(1 =) +3Be(m)]az* 7)

k=t+1

The following definition is generalize to definition show in [8] ontheM 4 (k,n,), a, B, z) class.

Definition(1) [8]: Let f € M 4 be given by (2) then the class M 4 (k, n, 3, @, B, z)is defined by
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<5, (8)

forzeU,0<B<1,3=20and0<a<1.

Now, we obtain the necessary and sufficient condition for a function f to be in the class
M4 (k,n, 3 a,pB,z).

Several authors studied geometric properties of this function subclass for other classes, such as,Al-
Khafaji[1],Atshan [2] and Najafzadeh[6].

In [1] Al- Khafaji use multiplier transformation operator on WA(Ll, a, m, 1, 1, ¥, 3)classof the
following theory.

Now ,the following we will use differential operators Salageon and Ruscheweyhoperators

onM 4 (k,n, 3 a, B, z) class.

Theorem (1):Let f € M4. Then f € M 4(k,n, 3, a, B, z).if and only if

z [K"(1—3) + 3Bx(m)]klk — 1 — B + Bk + 2aBla, < 2aB. (9)

k=t+1
Where 0 <f<1,3=20and 0<a <1.

This result is strong for the following function

2af
[K™(1—23) + 3Bx(n)]klk — 1 — B + Bk + 2aB]ay

fi(2) =2z — zkkeN

Proof: Suppose that the inequality (9) holds true and |z| = 1.

Then from (8), we have

12(QF f(2))”| < Blz(Q}f (2)” + 2a(Q}f (2))|
|Z(Q§1f(z))" — ,8|Z(Q§lf(z))" + 2a(ﬂ§‘f(z))'| <0

By using (7), we have.
- z [K™(1 = 3) + 3B ()]k(k — Dzt

k=t+1

Y
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Z [K™(1 = 3 + 3By (W]k(—k + Dapz* + 2a — 2 Z [K"(1 = %) + 3Bx()]k az*

k=t+1 k=t+1

<0

B

< z [K™(1—=3) + 3By (m)]k(k — Day, — B Z [K™(1 = 2) + 3By (n)k(—k + Day, — 2af
k=t+1 k=t+1

o0

+ 208 Z [K™(1 = %) + 3B ()]k @

k=t+1

< Z [K"(1 — %) + 3B (W)]k[k — 1 — B + Bk + 2aBla, — 28

k=t+1

_ z [K™(1— %) + 3B (W]k[k — 1 — B + Bk + 2aBla, — 2Ba < 0

k=t+1

by hypothesis.
Hence, by maximum modulus principles,f € M 4(k,n, 3, a, B, 2).

Conversely, assume that f € M 4(k,n, 3, a, B, z).Then from (8)and (7), we have

| z(otr@) |

(apr @)
p <p
7(03 ()
(err@)
B | = ey [K™(1 =2 + 3B ()]k(k — Dz -
T - 3T K- %) + 3Bk — 1)2a apzk -t +2a —2a Y- [K™(1 —3) + 3B (n)]k az! A
| Zk—t+1 Zk—t+1
Clearly that Re (z) < |z|forall z (z € U), then we get
( > KA =3+ 3B (k(k — D, 24! )
Re { k=til } <pB. (10)

) ' - ’ 1 — k-1
12, o) e ok Da a2 ) (A=) 438 (k)

2(0pf ()"

We can choose the values of z on the real axis, so that Wis real.
3 VA

Z [K™(1 = %) + 3B (W)]k(k — a2
k=t+1

o0

<-p Z [K"(1 - ) + 3B, (m)]k(k — 1) a 77 + 2ap - 2af8 Z [K™(1 =) + ABx(n)]k apz**

k=t+1 k=t+1

Let Rez—1"

Yy
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[K™(1 =) + 3B (W]k(k — Day

=
I
:

< -p Z (K" (1 - 3) + 3B, (W]k(k - 1) a_+2ap - 2af8 Z [K™(1 —2) + 2Bg(n)]k a

k=t+1 k=t+1

Z [K™(1 —3) +3Bx(M)]k(k — Day + Z[K"(l —3) +3B, (m]k(k — 1) a
k=t+1 k=t+1

0

+2af8 Z [K™(1 —3) + 3Bg(n)]k a < 2ap
k=t+1

we can write (10) as

z [K™"(1—3) +3Bx(n)]k[k — 1 — B + Bk + 2aBla, < 2apf.

k=t+1

Finally, sharpness follows if we take

2ap

- K _
[Kn(1_1)+)BK(n)]k[k—1—ﬁ+ﬁk+2a’ﬂ]akz ,k t+1,t+2, (11)

fk(Z) =z

The proof is complete.

Corollary (1): Let f € M 4(k,n, 3, a,B,z). Then

< 2af
T [K"(1—3) +3B,(W]k[k—1 - B+ pk + Za/;]ak‘

ax wllerek=t+1... (12)

In 1925, Littlewood [4] proved the following subordination theorem.
(see also Duren [3]).
Theorem (2) [4]: if f and g are analytic in U with f<g

thenfora > 0andz=re®” and (0<r < 1)

f |f(z)|adasf 19(2)]* d9 (13)

We will make use the above theorem to prove.
Theorem (3): Let f € M 4(k,n,), a, B, z)and suppose that fis defined by

2af
[K™(1—23) + 3Bx(n)]klk — 1 — B + Bk + 2ap]

flz)=z- zk, (14)

Yy
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If there exists an analytic function w given by

[K™(1 =) + 3Bx(m)]k[k — 1 — B + Bk + 2af] i k-1

[w(2)]* = 2ap agz™ 7, (15)

k=t+1

then for z =r e*¥ and (0< r < 1)

j”|f(rew)|“dasf “Ifre®)|% a9, (a>0).
0 0

Proof: Let f(z) of the form (2) and f; (z) defined by (14), then we must show that

fozn - k;ak 27| 9= f:n ka-n +JBK(n)]I§[(ItIB— T—p+pctzapl © .
By applying Littlewood’s subordination theorem, it would suffice to show that
1= kg;l azt < 1= K" (1—3) + JBK(n)]If[CIiﬁ— 1— B + Bk + 2aB] 7
By setting
1= k;f" A Ty JBK(n)]lf[Cl:ﬁ— T—p+ i+ 2ap] WO
We find that

o _ K" 3) + 3B, (W)]klk — 1 — B + Bk + 2af] Z a, 2,

[w(2)] 203

Which readily yields w(0) = 0.

Furthermore, by using (9), we obtain

[K"(1—2) + 3B, (m)]k[k — 1 — B + Bk + 2ap]
2af

apz®

[w(@]I* =

k=t+1

' [KM(1— ) + 3B, (Wk[k — 1 — B + Bk + 2ap]
= :E: 2af

ak|Z|k

< |zt Z [Kn(1_3)+331((n)]’;[6’;’8—1—B+,6’k+2a',8]

ag
k=t+1

<|z|<1l.m

Y¢
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In [1] Al- Khafaji use multivalent functions with negative cofficients defined by linear integral
operator of the following theory.

As for us we used the univalent functions on M 4 (k,n, 3, a, B, z) class of the following theory .
Theorem (4): Leta > 0. Iff € M 4(k,n, 3, a, 8, z)and

2af
[K*(1—3) + 3By (n)]k[k — 1 — B + Bk + 2ap]

f(2)=z— zK k>t +1,

then for z =r e® and (0< r < 1),
21 @ 21 @
f I (r e)|" do < f If (ce®)|"ds,  (16)
0 0

Proof :f'(z) =1 — Ypr,p1 kag 2471,

2afk

. =1- k-1
f @ [K™(1—3) + 3Bx(n)]klk — 1 — B + Bk + 2ap]
k>t+ 1.
It is sufficient to show that
C 2afk
— k _ k
z k;"a"z SR A= N + 3B lklk— 1— B + Bk + 2af]
By setting
S 2af
_ k_— ., _ k
z Z (ay 2% = z [K"(1— 2+ 3By m]k[k —1— B+ Bk + 2ap] Ww@I,

k=t+1

hence

[e'e]

WDk = Z [K"(1—-3) + lBK(n)]:Z[l;’; 1— B+ Bk + 2ap] a2k

k=t+1
Which readily yields w(0) = 0.

By using Theorem (1), we obtain

' [KM(1 =) + 3B, (]k[k — 1 — B + Bk + 2ap]
MZQ#? arz

[w@)]I* =

k=t+1

Yo
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o0

< |zt Z [K"(1-13) + JBK(n)]kZ[k —1- B+ Bk + 2ap] a
k=1 H2ap
<|lz|]<1l.m

Definition (2)[5]: Let f; and £, be in the class M 4 (k,n, ), a, B, z).

Then the weighted mean w;of fiand f; is given by:

N| =

wi(2) =5[A-NHE@+ A+ DALE@)] 0<j<1

Theorem (5): Let f; and f, be in the classM 4 (k, n, 3, a, 8, z).Then the weighted

meanw;off; andf,is also in the class M 4 (k,n, 3, a, B, z)

Proof: By Definition (2), we have

w2 =210~ NAHE + A+ DAL (17)
1 = °°

o]

1
=z- Z 2—[(1 —Dags + A+ ag,]zx.
k=t+1

Since f; and f, are in the classM 4 (k,n, 3, a, B, z) so by Theorem (1),  we get

Z [K™(1— %) + 3B (W)]k[k — 1 — B + Bk + 2aB] ay, < p2ap,

k=t+1
and
Z [K™(1— %) + 3B (W]klk — 1 — B + Bk + 2aB] ay, < u2ap,
k=t+1
Hence

(K (1= 3) + 3B, (OIK[k = 1 = + B +2aB] 5 [(1 = Dayy + 1+ Do)

1 (o]
== (1-) Z [K"(1=23) + 3B, (W)k[k — 1 — B+ Bk + 2aB] ay.

2
k=t+1

+ %(1 +) Z [K"(1—3) + 3B, (m)]k[k — 1 — B + Bk + 2aB] ay-

k=t+1

i
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1 1
<sA-pu2ap +5 0 +pu2af = u2ap.

Therefore,w; € M 4(k,n,3 a,3,2). m
Theorem (6): Let f(z) € M 4(k,n, ), a, B, z), then the integral operator

FE(z)=0-0z+ (1) Z@ds (t=0,z€U),
0

isalsoin M4(k,n, ) a,B,z2)if 0<:<t+1+k.

Proof:If

f@)=z - i ar z

then

z _ oo k
E(z):(l—t)z+t(1)J <S Licztr1 G S >ds
0

S
o zk
=(1—l)Z+L(1)[Z— Z kk ]
k=t+1
=7z - :E: ££12Cl Zk
= Qe
k=t+1
=z - Z g z*
k=t+1

Where g, = %ak. But

[ee)

Z 2af
(k"(1 - 3) + 38, (n)k[k — 1 — g + Bk + 2a] Gk

k=t+1

[ee)

3 2ap (1)
B Z [K"(1—3) +3B,(n)k[k — 1 — B + Bk + 2ap] k T

k=t+1

[ee)

- Z 2ap (1)
- [K"(1—3) + 3B, (nk[k — 1 — B + Bk + 2aB] t+ 1%

k=t+1
where

t(1)
t+1

<1

Yv
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< z 2af
= Lk (1-3) +38,(Wklk — 1 - B + Bk + 2ap] D

k=2
(by (9))
< 2ap.

So F(z) e My(k,n,)a,B,z).m
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