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Abstract
The purpose of the research is to introduce a new kinds of sets called (A-I, and A-a-1,) sets also

(B-1, and B-a-1, ) sets and another types of sets in Ideal nanotopological space and study some of
these sets properties also we characterize the relations between them and the related properties.
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Introduction and Preliminaries

In topological space (X, 7°) [1] the I Ideal is set not equal empty that subsets of X which satisfy

the terms below;

I.K €l and Hc K implying that H €I and

.7 € I and H € I implying that X U H € I.

In a space of topology (X, 7) with Ideal. p (X) is the family of all subsets of X, the set operator
()*p (X) — p (X), referred to as a local function of K in relation to 7 and I is written as ; for X c
X, K (1,T)={»€X:UNK notbelong to I for all U € T (x) } where T(») ={U€ T: » € U}2].
The operator for closure established by CL*(.) = K U K ~, [3] is a Kuratowski the operator for
closure which generates a topology 7*(1 ,7) is written as *-topology. The ldeal on X with
topological space is topological space with Ideal or Ideal space being signified (X, T, I). We're able
to compose K for ZC*( 1, 7') and 7 for 7*(1, 7). [4, 5] Parimala et al. Some Ideas were added in the

notions of Ideal nanotopological spaces. [4]A nanotopological space (U, V') with the Ideal | on U
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is the Ideal nanotopological space and is denoted by (U, NV, I). G, (%) ={ G, | % € G, G, € NV }

,denotes [4] the family of nanoopen sets containing ».

The purpose of the research is to introduce a new kinds of sets called (A-I, and A-a-1,) sets
also (B-1, and B-a-I, ) sets and another types of sets in Ideal nanotopological space and study some
of these sets properties also we characterize the relations between them and the related properties.
Definition: 1.1. [6] The finite set U be a not-empty of objects (the universe) & the equivalence
relation R on U is the relation of Indiscernibility. Elements belonging to the same equivalence class
are said to be indiscernible from each other. Space of approximation denoted by (U, R).

Let X c U.

(1) Lr(X) =Sxev{R(») ; R (») € X}

(i) Uz (X) = Syep {R %) ; R (%) N X # @}.

(iii) Bz (X) = Uz (X) — Lz (X).

Definition: 1.¥. [6] The universe U for R be a relationship of equivalence on U and TR (X) =
{0,0, Lz (X), Uz (X), Bz (X)} where X € U, 1R (X) complies with The axioms below are:
() Vand @ € TR (X).

(ii) The (U) of components of any TR (X) sub collection is in TR (X).

(iii) The (n) of components for finite TR (X)) sub collection is in TR (X).

That's also , TR (X) creates on U a topology called as the nanotopology on U according to the X .
We say (U, tR(X)) as the space of nanotopology. The TR (X) components are named out as
nanoopen . A set X is closed in the form nano and complement is open in the form nano.

Definition: 1.¥. [6] If (U, TR (X)) is a nanotopology space according tothe X', X € U and if X S
U, The nanointerior of K is then known as the unions U,,of all nanoopen subsets in X, and nint
(7€) denotes it. The biggest open subset of & for nano is nint (X). The nanoclosure of K is known
as the intersections n,, of all nano closed set containing K. We denote a nanotopological space by
(O, V) where N= 1R (X).

Definition: 1.£. If X < U, the space (U, V) is named

1) nanoa- open [6] K < nint (nCL(nint (X))).

2) nanosemi- open [6] K < nCL(nint (X)).

3) nanopre- open [6] K < nint (nCL(X)).

4) nanoregular open [7] = nint (nCL(X))

Their respective closed sets are considered the complements of the above sets.

Definition: 1.5. [4] Let (U, IV, I) be a space. Let (.);, be the operator for set fromp ( U) to p( U) (p(
U) that is the collection of all items in U). Forasubset X € U, X, (I, V) ={x € U: G, N K not
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belong to I, V Gh€ G, (%)} is named out as nanoopen local function of & with I and V. We are

clearly going to write %, for 3¢;; (1, V).

Theorem: 1.6. [4] Let (O, IV, I) be a space and K and # be subsets of U. Then

1. K S H=> K S H,,

2. Kp=nCl(K;) € nCI(K) (K, is a nclosed subset of nCI(K)),

3. (¥X)n € Ka,

4. (K U H); =K, UH;,

5VEN = VNXK,;, =VNIVn X)cs(Vn X);,

6.J€l= (K UDH =% = (K =D

Theorem: 1.7. [4] Let (U, IV, 1) be a space with an Ideal | and K < X, then K, = CL (X;) =
nCL(¥X).

Definition: 1.8. [4] Let (U, 2V, 1) be a space. The operator «CL™ named a nano ~ -closure is
characterized by nCL () = % U K, when K < U. It can be easily observed that nCL™ (%) €
nCL(X).

Theorem: 1.9. [5] In a space (U, IV, 1), if KX and H are subsets of U, then the following results are
true for the set operator nCL".

1. KX € nCL™ (X),

2. nCL" (9) =¢ and nCL" (U) = U,

3. If X < H, then nCL" (X) € nCL" (H),

4. nCL" (¥) U nCL" (H) = nCL™ (K U H),

5. nCL" (nCL™ (X)) = nCL™ (X).

Definition: 1.10. [5] If X < U, the space (U, NV, I) is named to be nano I-open (briefly, I,,-open)
if ¢ € nint(7C;,).

Definition: 1.11. [9] If X < U, the space (U, IV, I) is named:

1. nanoa-I -open (briefly a- I,, -open) if X c nint(nCL*( nint(X))), a-1,,-closed is complement for
a- I,, -open set is.

2. nanosemi- I -open (briefly semi-1,,-open) if X c nCL*(nint(X)), semi-1,, - closed is complement
for asemi-I,, -open set.

3. nanopre- I -open (briefly pre-1,, -open) if X c nint(nCL*( X)), pre-1,, - closed is
complement for pre-I,, -open set.

4. nanosemi*- I -open (briefly semi*-1,, -open) set if X < nCL (nint* (X)). A subset X is said to be
a semi*- I,, - closed set (nint(nCL*( X))) c X if its complement is a semi* -1,,- open set.

Definition: 1.12.[10] If K < U, the space (U, NV, I) is named nano7 -1 set (briefly, T-1,, set) if
nint (K) = nint (nCL*(X)),

Theorem: 1.13. [9]In a space (U, IV,I), for a subset X is n -open = K is a- I,,-open.
2- (A-1, and A-a-1,) sets

Definition: 2.1. If KX < U, the Ideal nanotopological space (U, 2V, I) is named:

@ anA-I, set if X =UNV,Inwhich U isn -open and nCL*(nint (V)) =V.

(b) an A-a-1,, set if X =UNYV, InwhichU is a-1,, -open and nCL*(nint (V)) = V.
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Theorem: 2.2. Every A-1,, setis A-a-1,, Set.

Proof: It follows directly from Theorem 1.13 (for a subset K is n -open = X is a- I,, -0pen).
The converse of Theorem (2.2) is not true as shown in the following Example.

Example: 2.3. Let U ={ ¢1 , ¢z, c3} with U/R={{c; , c3},{c2}} and X ={c3},Then N
={X,0,{c1},{c1, ca}} and I={@,{c.},{cz2, c3}}, Then A={c;, c2} is A-a-l, set but is it not A-1,, set.

Lemma: 2.4. Let (U, IV, 1) be an Ideal nanotopological space and K < U. If is n-open, then U N
nCL* (K) € nCL* (U N K).

Proof: Let X € U and U is n -open, then U N nCL* () =UN (K UK =(UNK)U (U N K*)
c(UNXK)U(UNK) =nCL (UNXK).

Proposition: 2.5. If X < U , Ideal nanotopological space (O, NV, 1) is a-I,,-open and H < U is
semi-1,.-open = K N H is semi-1,, -open.

Proof: Thru the presumption XK c nint (nCL*(nint (X)))
and H c nCL*(nint (H)).
The operation of Lemma 2.4 Therefore,
K N H c nint (nCL* (nint (K))) N nCL* (nint (H))
c nCL* (nint (nCL* (nint (X))) N nint (H))
c nCL* (nCL* (nint (%) N nint (H)))
c nCL* (nCL* (nint (K) N nint (H)))
c nCL* (nint (X N H)).
This demonstrates that K N H is semi-1,,- open in (O, NV, ).

Theorem: 2.6. In Ideal nanotopological space (U, IV, |), every A-a-1,set is semi-1,, -open.

Proof: Let K be a A-a-1,set in (U, IV, I) by definition( 2.1), X =U NV , where U is a -1,-0pen
and nCL*( nint (V)) = V. Consequently, V is semi-I,-open. By proposition(2.5), X =U NV is
semi -1,,-open.

Definition: 2.7. If X <€ U, Ideal nanotopological space (U, IV, 1) is named
an C-1,, set if X =U NV, where U is n -open and nint (nCL*(nint (V))) = nint(V).

Theorem: 2.8. Every A-1I,, setisC-I, set.
As seen in the following, the converse of Theorem (2.8) is not true;
Example: 2.9. B={c,, c3} in example 2.3 is C-1,, set but not A-I,, set.

Theorem: 2.10. Let (U, 2V, I) be an Ideal nanotopological space and X < U. The

following conditions are equivalent:

(@) Kis m-open.

(b) Kis a-1,-open and A-I, set.

Proof: (a) — (b) Since every n -open set is a-I,-open and K =K N U, where K is n -open set and
nCL* (nint (U))=0
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(b) = (a) K'is a-1,-openand A-I, set. Since every A-I, setis C -1,, set. This mean XK is C-1,, set.
Therefore, it follows that K is » -open.

Definition: 2.11. If X < U, Ideal nanotopological space (U, 2V, I) is named nanoJ-a-l set
(briefly, T-a-1,, set) if nint (¥X) = nint (nCL*(nint (K))).

Example: 2.12. LetU = {ei,er, e3,es with U /R = {{ 62} , { 64}, { e, 63}} and X = {63, 84}.
Then V' = {o, {es}, {e1, es}, {e1, e3, es}, U}. Let the Ideal be | = {p, {e3}}. Then the set K =
{e2} is T-1,, set and H = {es} is T-a-1,, set.

Proposition: 2.13. If X and H are T-a-I,, sets of a space (U, NV, I), then K N H is T-a-1,, set.
Proof: Let K and H be T-a-1,, sets. We have got then
nint (5 N H) < nint (nCL* (nint (X N K)))
c nint [#CL* (nint (X)) N nCL* (nint (H))]

= nint (nCL* (nint (K))) N nint (nCL* (int (H)))

= nint () N nint (H) = nint (KX N H).
Then nint (K N H) = nint (nCL*(nint (X N H))) > K N H isa T-a-1,, set.
- (B-1, and B-a-1, ) sets ¥
Definition: 3.1. If X < U, Ideal nanotopological space (U, IV, 1) is named
1. nano B-I set (briefly, B-1,, set) if  =U N V, In which U is n -openand V is 7-1,, set,
2. nano B-o-1 set (briefly, B-a-1,, set) if X =U N V, in which U is n -openand V is T-a-1,, Set.

Example: 3.2. LetU = {61, e, ez, 64} with U /R = {{62}, {64}, {61, 83}} and X = {63 , 64}.
Then IV = {0, {es}, {e1, es}, {ea, €3, es}, U}. Let the Ideal be I= {0, {e3}}.Then the set C
={ey, e3} is B-1, set and D = {ey, e3} is B-a-1,, set

Remark: 3.3. Inaspace (U, IV, I)
each » -open set is B-I,, set and each 7-1,, set is B-I,,-set.
The converse of remark (3.3) is not true as shown in the following;

Example: 3.4. In example (4.2 ) K = {e,} is B-I, set but not » -open set and H = {e, e3, eq} is B-
I set but not 7-1,, set

Theorem: 3.5. For a subset K of a space (U, IV, 1), the set K is n -open if and only if X is pre-1,,-
open and B-1,, set.

Proof: (1) = (2): Let K be n -open. Then X = nint (K) c nint (nCL* (X)) and XK is pre-l,-open.
This mean X is B-1,, set by (3.3) .

(2) = (1): let X is B-I,, set. So K =U N V where U is n -open and nint (V) = nint (nCL* (V))
Then K c U = nint (U). Also, K is pre-1,.- open implies KX c nint (nCL* (K)) € nint (nCL*(V)) =
nint (V) by assumption. Thus KX c nint (U) N nint (V) = nint (U N V) = nint (K) => K isn -
open.
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Remark: 3.6. Inaspace (U, IV, I)

each » -open set is B-a-1,, set also each 7-a-1,, set is B-a-1,, Set.
The converse of remark (3.6) is not true as shown in the following;

Example: 3.7. In example (3.2) the set = {e1} is B-a-1,, set but not » -open set and the set H =
{ea, es, es} is B-a-1,, set but not T-a-1,, set.

Theorem: 3.8. For a subset K of a space (U, IV, 1), K is n —open iff K is a-1,, - open and a B-a-
1, set.

Proof: (1) = (2): Let K be n -open. K = nint (X) € nCL* (nint (X)) and K = int (K)c< nint
(nCL*(nint (K))) Therefore K is a-1,.- open. by remark(3.6) is B-o-1,, set.

(2) = (1): Given X is a B-a-1,, set. S0 K =U NV where U is n -open and nint (V) = nint (nCL*
(nint (V))) Then K c U = nint (U). Also K is a-1,.- open implies K cnint (nCL*(nint (X))) c
nint (nCL*(nint (V))) = nint (V) by assumption. Thus K c nint (U) N nint (V) = nint (U N V) =
nint (K) and XK is n -open.

Definition: 3.9. If K < U, the Ideal nanotopological space (U, 2V, 1) is named

semi pre*-1,, - closed set (nint (nCL*(nint (X))) c X if its complement is a semi pre * - I,,-open
set.

Every semi*- [,,- closed set is a semi pre*-1,,- closed. Theorem: 3.10.

Proof: It follows directly from definition( 3.9 and 1.11(4))
But the following example illustrates that the opposite is not true.

Example: 3.11. Consider the Ideal nanotopological space (U,N,1) where U = {e1, €2, €3, €4 },
with U/R = {{e,}, {es}, {e1, es}}and X ={ e3, e}, Then N = {0, {es }, {e1,e3 }, {e1,e3, es },
U } and I = {0, {es}, {es}, {es, es}}. If K = {e1}, then nint (nCL*(nint (X))) = nint (nCL* (@)) =
@ c K and K is semi pre*-1,-closed. Since nint (nCL*(X)) = nint (nCL* ({e1})) = nint ({e, e,
es}) ={e1, es} € {e1}, K is not semi*-I,,- closed.

Theorem: 3.12. If X < U, ldeal nanotopological space (U, IV, 1) is semi pre* -1,,- closed. If K is
semi-1,,- open, then X is semi*-1,,- closed.

Proof: If K is semi- I,, - open, then K c nCL* (nint (X)) and so nCL* (K) c nCL* (nint (X)).
Now #nint (nCL* (X)) € nint (nCL*(nint (X))) € K and so XK is semi*-1,, - closed.

Theorem: 3.13. If X < U, Ideal nanotopological space (U, IV, I). Then both of these are equal
(1) Xisa 7, set.

(2) XK isasemipre* I, -closed and B-I, set.

Proof: (2) < (1). Suppose X is a semi pre*-1,,-closed and B-1,, set.

Then K =U NV where U is n -open and V isa 7-1,, set. &

< Now zint (nCL* (X)) = nint (nCL* (U N'V))

c nint (nCL*(U) N nCL*(V)) = nint (nCL*(U)) N nint (CL*(V)) nint (nCL*
(W) N nint (V) = nint (nCL* (U) N nint (V)) =
c nint (nCL* (U) N nint (V)) = nint (nCL* (nint (U NV)))
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= nint (nCL* (nint (X))) c K
< S0 mint (nCL* (X)) nint (K).

But nint (X) c nint (nCL* (X))
So nint (K) = nint (nCL* (X)) <«
<>which demonstrates that X is a 7-1,, set.

Theorem: 3.14. If K < U, ldeal nanotopological space (U, IV, I) is semi*-I,-open & nCL (K)
= nCL (nint *(X)).

Proof: If X is semi*-1,,-open set, then K < nCL (nint* (X)) and nCL (K) € nCL (nint *(X)). But
nCL (nint* (X)) € nCL (X). Hence nCL (KX) = nCL (nint*(K)). Conversely, X € nCL (X) = nCL
(nint*(K)) by assumption. Consequently, K is semi*- I,, -open.

Corollary: 3.15. If X € U, Ideal nanotopological space (U, NV, 1) is semi*-1,,-closed & K isa J"
-1,, set.

Proof: X is semi*-I,-closed in U & (U - K) semi*- I,, - open
& nCL (U — K) = nCL (nint* (U — X)) by Proposition 3.14
& U — (nint (X)) =0 — (nint (nCL*(X)))

& nint (K) = nint (nCL*(K))

& isa g1, set.

Theorem: 3.16. If X < U, ldeal nanotopological space (U, IV, 1). Then the set () is semi*-1,,-
closed & XK is semi pre*-1,,- closed and B-1,, set.

Proof: X is semi*- I,, -closed in U, this mean K is a 7-1,, set (by remark 3.6) and X is semi pre*-
1,, -closed and B-I,, set (by theorem 3.13)

Remark: 3.17. The union of two semi*-I,, -closed (semi pre*-I,- closed) set is not semi*-I,,-
closed (semi pre*-1,,- closed) set

Example: 3.18. Desire of Ideal nanotopological space (U, IV, I) of example(3.11) If K = {es, es}
and H = {es}, nint (nCL*(K)) = nint (nCL* ({e1, es})) = nint ({e1, ez, e3}) = {e1, e3} = K and
so XK is semi*-1,,-closed and hence semi pre*-I,,-closed.

Also, nint (nCL* (H)) = nint (nCL* ({es})) = nint ({es}) = {es} = H. Consequently, H is
semi*-1,,-closed and so semi pre*-1,,-closed. But nint (nCL*(nint (X U H))) = nint (nCL* (nint
({ea, €3, e4}))) = nint (CL*({ey, e3, e4})) = nint (V) =0V € K U H and so K U H is not semi pre*-
1,,-closed and hence K U H is not semi*-I,,-closed.
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