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Abstract:

The aim of this research is to introduce a new technique to solve the un-constrained optimization
problem with large dimension where the Hessian matrix becomes sparse matrix. The BFGS update is
modified to a diagonal update, so called the Diagonal — BFGS update. Moreover that it is symmetric
and positive definite are given. Give a numerical example to illustrate the effectiveness of technical.
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1. Introduction

Today, Quasi-Newton methods are considered one of the most Efficient methods for solving
nonlinear unconstrained or bounded constrained optimization problems. These methods are often used
when the second derivative matrix of the objective function is either inaccessible or too expensive to
compute. They are quite Similar to Newton's method, But escape the need of computing Hessian
matrices by repeating, from Iteration to Iteration, a symmetric Matrix, which can be considered as an
approximation of the Hessian. They allow, therefor, the curvature of the problem to be exploited in the
numerical Algorithm, despite the fact that only first derivative (gradients) and function values are
required [2]. The Quasi-Newton methods are very useful and Efficient methods for solving the
unconstrained minimization problem
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min f(x) ; x € R"

Where f: R™ — R is twice continuously differentiable. Starting from point x, and a symmetric
and positive definite Matrix B, , a quasi-Newton

In this sense, they may describe BFGS method .This project includes a development, execution
and testing of new method like which use data from several recent steps in carrying out the updating.
The formula of BFGS update method which is

_ BiSkSk Bk |, Yk
By+1 = Bk ——x + = (LD
Sk BkSk YrSk

Some researchers have also presented some important research see [3],[4].,[5],[6]

We introduce Diagonal — BFGS update is propose to solve the unconstrained optimization
problem with large dimension, moreover the prove of symmetric and positive definite are given.

2. Diagonal — BFGS update method

Given f:D € R”™ — R, fis assumed to be continuous and differentiable on D. The problem is to
generate a sequence of hessian matrix which has a diagonal form to minimize the compilation of
element of hessian matrix and to solve the unconstrained optimization problem with large dimension.

Let
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We substitute (2.4) in (2.3), to get
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Where a;; is the value can be determined to guarantee the symmetric and positive definite property
of By 1 for the Diagonal — BFGS update

Now, Replace yyT by yyT in (1.1), we have

9y BiSiSEBi (2.6)

B =B, +
fe+1 k STy SEBSK

Now, we will explain how to extract the value «;; that we used to obtain the formula By, in (1.1)

/C1C1 . C1C . C1Cy \

as shown below:

T _
Where BkSkSkBk—| Ci¢j .. C¢ .. CiCj I
CpuCi - CpCi .. CuCp
yi - Xy1Yi - @inYi1Vn
. . /C1C1 - C1Cj - clcn\
| 2 [ : :
| @yivy - ¥ - @yl e oo . e
2 : :
_ An1VnV1 - CujYnVj -~ Yn \Cncl - CjCi - C%C%/
Byy1 =B + 5T - oS ...(2.7)
k Yk kBrdk
To find aij
YiVj Ci¢j
Y STy T Tmer O - (28)
k Yk k BkSk
Yivj _ Ci¢j
UosTye  sEBrSk
_ _Skvk GiS
Sk BrSk ViV
Now, since

ViV = ij Vi ....(2.10)

We substitute (2.9) in (2.10), we get

. STy e
Yiyj STBeSk vy YViyj
;s Sty
Y = CiCi ...... 2.11
ViVi = gy €16 (2.11)
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Therefore By, in (2.6) is the formal of Diagonal — BFGS where B, ., always be a diagonal
matrix symmetric and positive definite such that

F

Bes1=|0 .. ¥

\6 L0 . bn/

Now, we will give two theories about symmetric and positive definite of Diagonal — BFGS

... (2.12)

Theorem (2.1): The Hessian matrix By, produced by Diagonal — BFGS update Bj,; = By +
Y T
YiYi _ BrSkSk Bk
STy STBySk

IS symmetric.

Proof:

T T
s'sL _ os] s 5]
STy STBySK

YV _ BrSkSk Bk
STy STBySK

Since BT =B, , ¥ =y, and ST’ = S, ,we have

YV _ Bi SkSi Bk

Bl =B, +
k+1 k SZyk SgBkgk

Therefor By, = Bl ,. Hence By, is symmetric

Theorem (2.2): The Hessian matrix By, produced by Diagonal — BFGS update is positive definite
ifand only if STy, >0.

Proof:
Suppose that STy, > 0 to prove By, is positive definite

YV _ BrSkSk Bk
STy STBySk

By+1 = By +

ZT)'/k)'/,ZZ ZTBkSksgBkZ
STy STBySk

And let z # 0, then z7By,,z = zTB,z +

TN T 2
Tylz _ (072) 9k7 _ vk
SEyk SEyK Sty

Since >0 ,because STy, > 0,

B STBz | vhel
STBySk STy

And so, we get z"By,,1z = 2T B,z

2

BLSLSTB Tz

ZTBk+1Z = 5T (Bk _ ka k k>Z + ||y,; |
SkBkSk Skyk
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Since B, € S7, , then there exist £, € R”*" be Lower triangle matrix such that B, = L, L;"

Te T T T 1%

2 L Ly SiSg Lk z | |19zl
T

STLiLy Sk STy

Now, we get z"By, 1z = 2T L, L, z —
Letay =L, z = o =27L, and b, =L, S, = b," =SIL,

Thybr” T z||”
Therefore, we have 27By,.z = aTa;, — Stk %k 4 ezl

by by Sk Yk
2 2
_ (axTar) (bx"by) —(axTog) + ezl
kabk SEYk

By Cauchy-Schwartz inequality, we have (a,”b,)? < (a,"a;) (b, by)

2
(axTa) (bx by) —(axToy)
by by

B1SkSk B
STBySK

S0 > 0 ,then zT (Bk )z >0

Therefore zTB,,,,z > 0. Hence By, is positive definite
Now, suppose that By, is positive definite to prove Sy, > 0
Since By+1Sk = Yk + SO Si Bies1Sk = Sk Yk

Since By, is positive definite, then ST By,,S, >0

Therefore, STy, > 0

3. Diagonal — BFGS Algorithm

Let x, be an initial point be given as well as an initial n x n diagonal matrix B, .
Stepl: Set k = 0 and compute g, = Vf (xi)

Step2: Find P, by using P, = —B; g

Step3: Set x, ., = x, + 1Py , and compute 4, by exact or inexact line search such that f (x;) <

f (xo)

Step4: Find a vector S, where Sg = Xj1q1 — Xy

Step5: Compute g1 = Vf(Xks1)

Step6: Find a vector y, where yyx = g1 — Sk

Step7: Update the matrix B, to obtain By, by using (2.6)
Step8: If ||g«ll < € stop. Other wise k =k +1,gotostep 1

Example(3.1):

1%
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0.01

Let min f = 2x% + 2x3 + 2x3 — 2x,x3 — 2x,x3 , form the starting point x, = ( 0 ) and using
0.02

B, =1, € =0.0004

Solution:
Iterationl (k = 0)

4‘x1 - ZX3
The gradient of f(x) is Vf = <4x2 — 2X5 )
4‘X3 — 2X1 — 2x2

0
go = Vf(xo) = (—0.04)
0.06

0
The initial search direction is P, = —By'g, = < 0.04)
—0.06

0.01
Now, x; = x¢ + 4,P, .thenx; = ( 0.0441, )
0.02 — 0.064,

Now, we will find 1, 3 f (x;) < f (x)

0.01

fl) = f( 0.044, ) = 0.0006 — 0.00521, + 0.01524,°
0.02 — 0.064,

With respect to A, . Since ;Tf =0atd, =0.1710, we get

0

0.01 0.0206
X1 = (0.0068) and g, =Vf(x;) =(0.0078
0.0097 0.0052

0
Now, 8§, = x; —x, thens§, = ( 0.0068)
—0.0103

0.0206
Yo =¢1— o ,theny, =| 0.0478
—0.0548

Yo¥§ _ BoSoSq Bo

Update the matrix B; = B, + STy STBoSo

STy, = 0.0008

0 0 0
BySoSIBy = (0  0.00004 —0.00007
0 —0.00007 0.0001

A
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SIByS, = 0.0001
)’12 Ny Y3
Now, to find y,yg suchthat yoyd = | y19.  ¥2 9,73
VY3 YV2V3 3’??

T
i = 515, =200 (0) =
, S&yo 0.0008
Y1Y3 = $Tp,s, 5158 = 0_0001( )=0
. S&yo 0.0008
Y2Y3 = 5T, 5253 = Sooer (—0:00007) = —0.0006

yZ =0.0004 , y? = 0.0022 and y? = 0.0030

0.0004 0 0
Hence y,yd = (o 0.0022 - 0.0006)
0 —0.0006 0.0030
1.5 0 0
Therefore, B; = (0 3.3 0) and |lg,|l = 0.0005 > ¢
0 0 3.7

Iteration2 (k = 1)

—0.0137
The initial search direction is P, = —Bjlg, = <—0.0023)
—0.0014
0.01 —0.013744
Now, x, = x; + 1, P, ,thenx, = (0.0068 — 0.0023/11>
0.0097 — 0.00144,

Now, we will find A; 3 f (x,) < f (xy)

0.01 — 0.01372,
Flx,) =f (0.0068 - 0.0023,11)
0.0097 — 0.00144,

=2(0.01 — 0.01371,)% + 2(0.0068 — 0.00231,)? + 2(0.0097 — 0.00144,)2 — 0.00032592 +
0.000357441, — 0.00004481,>

With respect to 4, . Since % =0atA;, = 0.4454 , we get

1
0.0038 —0.0028
X, = <0.0057> and g, = Vf(x,) = ( 0.0048 )
0.0090 0.017
—0.0062
Now, §; = x, —x; then §; = (—0.0011)
—0.0007

¢9
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—0.0234
Y1 =¢,—¢1 theny, =( —0.003
0.0118

191 B151S{By
STy, STB, S,

Update the matrix B, = B; +

STy, = 0.0001

0.00007 0.00003 0.00002
B,5,5{B; =| 0.00003 0.00001 0.000007
0.00002 0.000007 0.000004

SlTBlSl = 0.00005
Y12 Y2 V1Y
Now, to find y; y{ suchthat y,v{ = 3,9, y7 9,93
V1Y3  Y2Y3 }’3?

;. STy __0.0001 _

Y2 = 5p s S152 = Go000s (0.00003) = 0.00006

;. STy __0.0001 _

V1Y3 = 555 5153 = Go0008 (0.00002) = 0.00004
S{ya 0.0001

Ya¥s = st S253 = o= (0.00002) = 0.000014

y2 =0.0005 , y2 = 0.000009 and y2 = 0.0001

0.0005 0.00006 0.00004
Hence y,y{ =(0.00006 0.000009 0.000014
0.00004 0.000014 0.0001

5.1 0 0
Therefore, B, = (0 3.2 0) and ||g,|l = 0.0003 < e stop.
0 0 4.62

4. Numerical Results

This part devoted to numerical experiments .We present the performance of the Diagonal —
BFGS algorithm from the performance of the BFGS algorithm, using starting points and convergence
criteria and limits. The computer programs are written in MATLAB version (5.3). The results are
presented in Table (4-1).
The test functions are chosen as follows:
1 — A quartic function . [9]

Fx) =Xk, (107 1xt + xf + 1017ix?)
2 — Rosen rock's function [7]

00 = Z311000x — xP)? + (1~ x)?].
3 — Watson function [7]

F(x) =X, f2(x)
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£ = Bi,0 - Dt 2 — (T, it ™) - 1
And t; = i
4 — Rosenbroc'k cliff function [8]
flx) =107*(x; — 3)% = (1 — x,) + e20017%2)
5 — Trigonometric function [1]
fx) =Xty [n— YT cosxj+ i(1 - cosx;) —sinx; + e* — 1]2

6 — Generalized Edger function . [1]
n/2
FG) =) [ =20+ Craiog = 2% + G + 17
1=

The table (4-1) gives the Diagonal — BFGS for our selected test functions. At the first, we give the
number of iterations then Feval of each function from deferent starting point. Then after that, we give
all the results of this analysis

The table (4-2) gives the Hessian matrix.

Table (4-1) : Numerical Results for Diagonal — BFGS update

Starting point

1 [—1;0;0;0]7 4 -0.1055 3
2 [0;1;1;1;1;1; 1;1]7 8 3.5935e-011 3
3 [0; 0; 0; 0; 0; 0; 0; 0; 0; 0] 10 5.3614e-010 2
4 [0.5;0.5;0.5;0.5;0.5;0.5; 12 0.2004 3
0.5;0.5;0.5;0.5; 0.5;0.5]7
5 [2;2;2;2;2;2;2;2;2;2;2;2]7 12 1.5555e-004 4
6 [-1,-1;,-1,-1;-1; -1 18 4.6834e-007 10
;—1L-1L,-1,-1,-1,-1;
-1;-1;-1;-1;-1; -1]"
6 [0;5;0;5;0;5;0;5;0; 18 2.9758e-007 5
5;0;5;0;5;0;5;0;5]7

e\
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Table (4-2): Numerical results for Hessian matrix for Diagonal — BFGS

Hessian matrix

Fun. Starting

Ayl 42 dlra — Ay semisanal] dealpll

point
1
23283 0 0 0
0 0 1.0000 0
0 0 0 1.0003
2 1.0e+004 *
1.7168 0 0 0 0 0 0 0
0 0.1520 0 0 0 0 0 0
0 0 0.1520 0 0 0 0 0
0 0 0 0.1520 0 0 0 0
[O;l;l;l;T 0 0 0 0 0.1520 0 0 0
1L111] 0O 0 0 0 00150 0 O
0 0 0 0 0 0 0.1520 0
0 0 0 0 0 0 0 0.1520
3
1.0000 0 0 0 0 0 0 0 0 0
0 53.7883 0 0 0 0 0 0 0 0
0 0 3.2597 0 0 0 0 0 0 0
[0; 0;0; 0;0 0 0 0 1.0000 0 0 0 0 0 0
;0;0; 0; 0; 0] 0 0 0 0 1.0000 0 0 0 0 0
0 0 0 0 0 1.0000 0 0 0 0
0 0 0 0 0 0 1.0000 0 0 0
0 0 0 0 0 0 0 1.0000 0 0
0 0 0 0 0 0 0 0 1.0000 0
0 0 0 0 0 0 0 0 0 1.0000
4
81.7495% 0 0 O O O 0O O 0O 0 0 0
08542 0 0 0 0 0 0 0 0 0 0
O 0100000 0 O O O O 0O 0 0 0
;[00;?09;55;?00.;; O 0 0120000 0 O O O 0 o0 0 0
0805057 o 0 0 010000 O O O O 0 0 0
.0.5.05,0.5] o 0 0 0 010000 0O O O 0O 0 0
o 0 0 0 0 010000 0O O 0O 0 0
o 0 0 0 O 0 0 10000 0 0 0 0
o 0 0 0 O 0 0 010000 0 0 O
o 0 0 O0 0O 0O 0 0 0 10000 0 0
o 0o o0 o0 O0O O 0 0 0 0 10000 O
o 0 o0 o0 O0O O 0 0 0 0 0 10000
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5
37.4068 0 0 0 0 0 0 0 0 0 0 0
0 43.4020 0 0 0 0 0 0 0 0 0 0
0 0 49.5533 0 0 0 0 0 0 0 0 0
(2:2:2:2 0O 0 055218 0 0 O O 0O 0 0 O
adatn 0O 0 0 05907 ©0 0 0 0 0 0 0
2’2f2’2j 0 0 0 0 0 63.7766 0 0 0 0 0 0
P 0 0 0 0 0 0 69.2009 0 0 0 0 0
0 0 0 0 0 0 0 81.5635 0 0 0 0
0 0 0 0 0 0 0 0 99.3627 0 0 0
0 0 0 0 0 0 0 0 0 115.8179 0 0
0 0 0 0 0 0 0 0 0 0 127.4266 0
0 0 0 0 0 0 0 0 0 0 0 79.4963
6 4831 0 o O O O O O O 0O 0O O 0O O 0O 0 0 0
0 16453 0 O O O O O O 0 0 0 0 O0 0 0 0 0
0O 0489 o0 0O O O O O O 0 0 0O 0 0 0 0 O
0 0 01643 0O o0 O O O O O 0O O 0 0 0 0 0
[—1;—1; —1; 0 0 0O 0489 0 0 O O O 0O 0 0O 0 0 0 0 O
T T 0 0 o0 O0O 01643 o0 0O O 0O O 0 0 0 0 0 0 ©°
-1-1;-1 0 0 0O 0O 0O 04891 0 0 0 0O 0 0 0 0 0 0 0
i—1;-1; -1 0 0 o OoO O0O 0 01643 0 0 0O O O O 0 0 0 0
11 —1- 0 0o o ©oO O0 0O 0O 0489 0 0 0O 0O 0 0O 0 0 ©
T 0 0o o OoO OoO o0 O O 016453 0 0 0 0 O 0 0 0
-1,-1,-1 o o 0 O O 0 O O 0 0489 0 0O 0 0 O 0 0
-1;-1; 1] 0o o o ©o0 O O O O O 0O 01643 0 0 0 0 0 0
0 0o o o o0 o0 0O O 0 0O O 0489 0 0 0 0 O
0o 0o o o o0 o0 O O 0O 0O 0O O 0 16453 0 0 0 O
o o o ©o0O O OoO OoO O0O 0O O 0O 0O 0 0 48W9L 0 0 0
0o 0o o o o0 o0 O O 0 0O 0O 0O 0 0O 016453 0 O
0o o o o o0 o0 O O 0 0 0O 0O 0 0 0 0 4891 0
o o o o O O o0 o0 O 0O O O 0 0 0 0 0 16453
6 68088 0O o0 O O O 0 OoO O0O O0O O0O 0O 0 0 0 0 0 o0
01724 0 ©O0O O O O O O 0 0 0 0 O0 0 0 0 O0
0 068% 0 0 0 0O O O O 0 0 0O 0 0 0 0 0
0 0 017224 o0 O O O O O O O 0O O 0 0 0 O
0 0 O 068% 0O O O O O 0 0 0 O0 0 0 0 0
0 0 0O O0 017202 0 O O O O O O 0 0 0 0 0
0 0 o o OoO 06888 0O 0O O O O O O 0 0O 0 O
[0;5;0;5; 0 0o o o0 O O ©0 17214 0 O O O O O O O 0 O
0;5:0;5; 0; 0 0o o OoO OoO o0 O 0®68% 0 0 0O O O 0 0 0 0
5.0:5 0 T 0o 0o o o OoO 0 O 0 01724 0 0 0O O O O 0 O
Ui 0U; 0o 0o o o ©OoO o O O O 068% 0 0O 0 0 0 0 O
5;0;5;0; 5] 0o 0o o O o0 O 0 O O 0 0117200 0 0 0 0O 0 0
0o o o o ©oO o O O O O O 0688 0 0 0 0 O©
0o o o o0 OoO o O O 0O 0 0O 0 0 17206 0 0 0 O
o o o o o0 o0 OoO OoO o0 O O O O 0689 0 0 0
0o o o o o0 o0 O O O 0O 0O 0 0 0O 0172086 0 O
o o o o0 o0 o O O O 0O O 0O 0 0 0 0 6809 0
o o o o0 0O o0 0O o 0O 0O O O 0 0 0 0 0 17206

5. Conclusion
In this work, we proposed new technigques to solve the unconstrained optimization problem with

large dimension where the Hessian matrix becomes sparse matrix. The BFGS update is modified to a
diagonal update, so called the diagonal BFGS update. Moreover that it is symmetric and positive
definite are given.

Finally, We provided the numerical results show that the proposed is efficient for unconstrained
optimization problem of diagonal BFGS update on function is selected, which suggests that a good
improvement has been achieved.
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