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Abstract:  
    The aim of this research is to introduce a new technique to solve the un-constrained optimization 

problem with large dimension where the Hessian matrix becomes sparse matrix. The BFGS update is 

modified to a diagonal update, so called the 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 − 𝐵𝐹𝐺𝑆 update. Moreover that it is symmetric 

and positive definite are given. Give a numerical example to illustrate the effectiveness of technical.  
 

Keyword: Quasi Newton method, Hessian matrices and 𝐵𝐹𝐺𝑆 method. 

 

القطرية   𝑩𝑭𝑮𝑺 طريقة تحديث    
 

 د. سعد شاكر محمود    شهد جاسم حمود  
الرياضياتقسم , كلية التربية, الجامعة المستنصرية  

 : الخلاصة
مصفوفة  يسينالهدف من هذا البحث هو تقديم تقنية جديدة لحل مشكلة التحسين غير المقيدة بأبعاد كبيرة حيث تصبح مصفوفة ه

القطري . علاوة على ذلك، يتم إعطاء التناظر و  BFGSإلى تحديث قطري ، ويسمى ذلك بتحديث  BFGSمتفرقة. تم تطوير تحديث 
 لتوضيح فاعلية التقنية. عدديتعريف إيجابي. إعطاء مثال 

 .BFGSطريقة ، سيمصفوفات ه، الكلمات المفتاحية : طريقة شبه نيوتن
 

1. Introduction   

         Today, Quasi-Newton methods are considered one of the most Efficient methods for solving 

nonlinear unconstrained or bounded constrained optimization problems. These methods are often used 

when the second derivative matrix of the objective function is either inaccessible or too expensive to 

compute. They are quite Similar to Newton's method, But escape the need of computing Hessian 

matrices by repeating, from Iteration to Iteration, a symmetric Matrix, which can be considered as an 

approximation of the Hessian. They allow, therefor, the curvature of the problem to be exploited in the 

numerical Algorithm, despite the fact that only first derivative (gradients) and function values are 

required [2]. The Quasi-Newton methods are very  useful and  Efficient methods for solving the 

unconstrained minimization problem  

mailto:shjassem21@gmail.com
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min f(x) ;  x ∈ ℝ𝓃  

          Where  f ∶  ℝ𝓃 → ℝ  is twice continuously differentiable. Starting from point x0 and a symmetric 

and positive definite Matrix ℬ0 , a quasi-Newton  

         In this sense, they may describe BFGS method .This project includes a development, execution 

and testing of new method like which use data from several recent steps in carrying out the updating.  

The formula of BFGS update method which is 

ℬk+1 = ℬk −
ℬk𝒮k𝒮k

Tℬk

𝒮k
Tℬk𝒮k

+
ykyk

T

yk
T𝒮k

                                                    .… (1.1) 

Some researchers have also presented some important research see [3],[4],[5],[6] 

        We introduce Diagonal − BFGS update is propose to solve the unconstrained optimization 

problem with large dimension, moreover the prove of symmetric and positive definite are given.  

 

2.  𝐃𝐢𝐚𝐠𝐨𝐧𝐚𝐥 − 𝐁𝐅𝐆𝐒 update method  

Given f: D ⊆ ℝ𝓃 → ℝ , f is assumed to be continuous and differentiable on D. The problem is to 

generate a sequence of hessian matrix which has a diagonal form to minimize the compilation of 

element of hessian matrix and to solve the unconstrained optimization problem with large dimension. 

Let 

    𝑦 = (

𝑦1
:
𝑦𝓃
)  and   𝑦𝑇 = (𝑦1   …    𝑦𝓃)                                                           …. (2.1) 

Now  𝑦𝑦𝑇 =

(

 
 

𝑦1
2   . .   𝑦1𝑦𝑗     . .   𝑦1𝑦𝓃
:                                  ∶

𝑦𝑖𝑦1     . .    𝑦𝑖
2    . .      𝑦𝑖𝑦𝑗

:                                   ∶
𝑦𝓃𝑦1   . .   𝑦𝑗𝑦𝑖      . .     𝑦𝓃

2
)

 
 

                                                    …. (2.2) 

Let �́� = (
 �́�1
:
�́�𝓃

)  and  �́�𝑇 = (�́�1   …    �́�𝓃) 

�́�𝑘�́�𝑘
𝑇 =

(

 
 

�́�1�́�1   . .   �́�1�́�𝑗     . .   �́�1�́�𝓃
:                                  ∶

�́�𝑖 �́�1     . .    �́�𝑖 �́�𝑖     . .      �́�𝑖�́�𝑗
:                                   ∶

�́�𝓃�́�1   . .   �́�𝑗�́�𝑖      . .     �́�𝓃�́�𝓃)

 
 

                                                          …. (2.3) 

where 𝑖 = 1,2,… , 𝑛  𝑎𝑛𝑑   𝑗 = 1,2,… , 𝑛   

�́�𝑖�́�𝑗 = {
 𝛼𝑖𝑗𝑦𝑖𝑦𝑗           , 𝑖𝑓 𝑖 ≠ 𝑗                                             

𝑦𝑖𝑦𝑗                , 𝑖𝑓 𝑖 = 𝑗 (𝑖. 𝑒.  �́�𝑖�́�𝑖 = 𝑦𝑖𝑦𝑖 = 𝑦𝑖
2)

                              .… (2.4) 

We substitute (2.4) in (2.3), to get 
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 �́�𝑘�́�𝑘
𝑇 =

(

 
 

𝑦1
2        . .        𝛼1𝑗𝑦1𝑦𝑗    . .    𝛼1𝓃𝑦1𝑦𝓃
  ∶                                                    ∶   

 𝛼𝑖𝑗𝑦𝑖𝑦𝑗          . .      𝑦𝑖
2     . .         𝛼𝑖𝑗𝑦𝑖𝑦𝑗

   ∶                                                    ∶   
 𝛼𝓃1𝑦𝓃𝑦1     . .      𝛼𝓃𝑗𝑦𝓃𝑦𝑗       . .      𝑦𝓃

2
)

 
 

                                        .… (2.5) 

     Where 𝛼𝑖𝑗 is the value can be determined to guarantee the symmetric and positive definite property 

of ℬ𝑘+1 for the 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 − 𝐵𝐹𝐺𝑆 update  

Now, Replace �́��́�𝑇 by 𝑦𝑦𝑇 in (1.1), we have  

ℬ𝑘+1 = ℬ𝑘 +
�́��́�𝑇

𝒮𝑘
𝑇𝑦𝑘
−
ℬ𝑘𝒮𝑘𝒮𝑘

𝑇ℬ𝑘

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

    ….. (2.6) 

     Now, we will explain how to extract the value 𝛼𝑖𝑗  that we used to obtain the formula ℬ𝑘+1 in (1.1) 

as shown below: 

Where  ℬ𝑘𝒮𝑘𝒮𝑘
𝑇ℬ𝑘 =

(

 
 

𝑐1𝑐1   . .   𝑐1𝑐𝑗    . .   𝑐1𝑐𝓃
:                                      ∶
𝑐𝑖𝑐𝑗     . .    𝑐𝑖𝑐𝑖    . .      𝑐𝑖𝑐𝑗
:                                      ∶
𝑐𝓃𝑐1   . .   𝑐𝓃𝑐𝑖     . .     𝑐𝓃𝑐𝓃)

 
 

 

ℬ𝑘+1 = ℬ𝑘 +
(

  
 

𝑦1
2        ..        𝛼1𝑗𝑦1𝑦𝑗    ..    𝛼1𝑛𝑦1𝑦𝓃
  ∶                                                    ∶   

 𝛼𝑖𝑗𝑦𝑖𝑦𝑗         ..      𝑦𝑖
2     ..         𝛼𝑖𝑗𝑦𝑖𝑦𝑗

   ∶                                                    ∶   
 𝛼𝓃1𝑦𝓃𝑦1      ..      𝛼𝓃𝑗𝑦𝓃𝑦𝑗       ..      𝑦𝓃

2
)

  
 

𝒮𝑘
𝑇𝑦𝑘

−
(

 

𝑐1𝑐1   ..   𝑐1𝑐𝑗    ..   𝑐1𝑐𝓃
:                                      ∶
𝑐𝑖𝑐𝑗     ..    𝑐𝑖𝑐𝑖    ..      𝑐𝑖𝑐𝑗
:                                      ∶

𝑐𝓃𝑐1   ..   𝑐𝑗𝑐𝑖     ..     𝑐𝓃𝑐𝓃)

 

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

         ….(2.7) 

To find  𝛼𝑖𝑗    

 𝛼𝑖𝑗  
𝑦𝑖𝑦𝑗

𝒮𝑘
𝑇𝑦𝑘
−

𝑐𝑖𝑐𝑗

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

= 0                                                                                   …. (2.8) 

 𝛼𝑖𝑗  
𝑦𝑖𝑦𝑗

𝒮𝑘
𝑇𝑦𝑘

=
𝑐𝑖𝑐𝑗

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

  

 𝛼𝑖𝑗 =
𝒮𝑘
𝑇𝑦𝑘

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

  
𝑐𝑖𝑐𝑗

𝑦𝑖𝑦𝑗
                                                                                           .…(2.9) 

Now, since  

�́�𝑖�́�𝑗 = 𝛼𝑖𝑗  𝑦𝑖𝑦𝑗                                                                                             …. (2.10) 

We substitute (2.9) in (2.10), we get  

�́�𝑖�́�𝑗 =
𝒮𝑘
𝑇𝑦𝑘

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

 
𝑐𝑖𝑐𝑗

𝑦𝑖𝑦𝑗
  𝑦𝑖𝑦𝑗  

�́�𝑖�́�𝑗 =
𝒮𝑘
𝑇𝑦𝑘

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

 𝑐𝑖𝑐𝑗   ……(2.11) 
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         Therefore ℬ𝑘+1 in (2.6) is the formal of 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 − 𝐵𝐹𝐺𝑆  where ℬ𝑘+1 always be a diagonal 

matrix symmetric and positive definite such that  

    ℬ𝑘+1 =

(

 
 

𝔟1      . .     0       . .       0
:                                   ∶
0       . .      𝔟𝑖       . .       0
:                                    ∶
0       . .     0      . .      𝔟𝓃)

 
 

                                                           .… (2.12)  

 

 

        Now, we will give two theories about symmetric and positive definite of 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 − 𝐵𝐹𝐺𝑆 

Theorem (𝟐. 𝟏):  The Hessian matrix ℬ𝑘+1 produced by 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 − 𝐵𝐹𝐺𝑆 update   ℬ𝑘+1 = ℬ𝑘 +
�́�𝑘�́�𝑘

𝑇

𝒮𝑘
𝑇𝑦𝑘

−
ℬ𝑘𝒮𝑘𝒮𝑘

𝑇ℬ𝑘

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

   is symmetric. 

Proof: 

ℬ𝑘+1 = ℬ𝑘 +
�́�𝑘�́�𝑘

𝑇

𝒮𝑘
𝑇𝑦𝑘

−
ℬ𝑘𝒮𝑘𝒮𝑘

𝑇ℬ𝑘

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

  , so  ℬ𝑘+1
𝑇 = ℬ𝑘

𝑇 +
�́�𝑘
𝑇𝑇�́�𝑘

𝑇

𝒮𝑘
𝑇𝑦𝑘

−
ℬ𝑘
𝑇 𝒮𝑘

𝑇𝑇𝒮𝑘
𝑇  ℬ𝑘

𝑇

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

  

Since ℬ𝑘
𝑇 = ℬ𝑘  , �́�𝑘

𝑇𝑇 = �́�𝑘  and 𝒮𝑘
𝑇𝑇 = 𝒮𝑘 , we have 

ℬ𝑘+1
𝑇 = ℬ𝑘 +

�́�𝑘�́�𝑘
𝑇

𝒮𝑘
𝑇𝑦𝑘

−
ℬ𝑘 𝒮𝑘𝒮𝑘

𝑇ℬ𝑘 

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

  

Therefor ℬ𝑘+1 = ℬ𝑘+1
𝑇 .  Hence ℬ𝑘+1 is symmetric 

 

Theorem (𝟐. 𝟐):  The Hessian matrix ℬ𝑘+1 produced by 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 − 𝐵𝐹𝐺𝑆 update is positive definite 

if and only if  𝒮𝑘
𝑇𝑦𝑘 > 0 . 

Proof:  

Suppose that 𝒮𝑘
𝑇𝑦𝑘 > 0 to prove ℬ𝑘+1 is positive definite 

ℬ𝑘+1 = ℬ𝑘 +
�́�𝑘�́�𝑘

𝑇

𝒮𝑘
𝑇𝑦𝑘

−
ℬ𝑘𝒮𝑘𝒮𝑘

𝑇ℬ𝑘

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

  

And let z ≠ 0, then  𝑧𝑇ℬ𝑘+1𝑧 = 𝑧
𝑇ℬ𝑘𝑧 +

𝑧𝑇�́�𝑘�́�𝑘
𝑇𝑧

𝒮𝑘
𝑇𝑦𝑘

−
𝑧𝑇ℬ𝑘𝒮𝑘𝒮𝑘

𝑇ℬ𝑘𝑧

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

  

Since 
𝑧𝑇�́�𝑘�́�𝑘

𝑇𝑧

𝒮𝑘
𝑇𝑦𝑘

=
(�́�𝑘

𝑇𝑧)
𝑇
�́�𝑘
𝑇𝑧

𝒮𝑘
𝑇𝑦𝑘

=
‖�́�𝑘
𝑇𝑧‖

2

𝒮𝑘
𝑇𝑦𝑘

≥ 0   , because 𝒮𝑘
𝑇𝑦𝑘 > 0, 

And so, we get  𝑧𝑇ℬ𝑘+1𝑧 = 𝑧
𝑇ℬ𝑘𝑧 −

𝑧𝑇ℬ𝑘𝒮𝑘𝒮𝑘
𝑇ℬ𝑘𝑧

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

+
‖�́�𝑘
𝑇𝑧‖

2

𝒮𝑘
𝑇𝑦𝑘

  

𝑧𝑇ℬ𝑘+1𝑧 = 𝑧
𝑇 (ℬ𝑘 −

ℬ𝑘𝒮𝑘𝒮𝑘
𝑇ℬ𝑘

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

) 𝑧 +
‖�́�𝑘
𝑇𝑧‖

2

𝒮𝑘
𝑇𝑦𝑘
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Since ℬ𝑘 ∈ 𝑆++
𝓃  , then there exist ℒ𝑘 ∈ ℝ

𝓃×𝓃 be Lower triangle matrix such that ℬ𝑘 = ℒ𝑘ℒ𝑘
𝑇
 

Now, we get   𝑧𝑇ℬ𝑘+1𝑧 = 𝑧
𝑇ℒ𝑘ℒ𝑘

𝑇𝑧 −
𝑧𝑇ℒ𝑘ℒ𝑘

𝑇𝒮𝑘𝒮𝑘
𝑇ℒ𝑘ℒ𝑘

𝑇𝑧

𝒮𝑘
𝑇ℒ𝑘ℒ𝑘

𝑇𝒮𝑘
+
‖�́�𝑘
𝑇𝑧‖

2

𝒮𝑘
𝑇𝑦𝑘

  

Let 𝔞𝑘 = ℒ𝑘
𝑇𝑧 ⟹ 𝔞𝑘

𝑇 = 𝑧𝑇ℒ𝑘   and    𝔟𝑘 = ℒ𝑘
𝑇𝒮𝑘 ⟹  𝔟𝑘

𝑇 = 𝒮𝑘
𝑇ℒ𝑘   

Therefore, we have   𝑧𝑇ℬ𝑘+1𝑧 = 𝔞𝑘
𝑇𝔞𝑘 −

𝔞𝑘
𝑇𝔟𝑘𝔟𝑘

𝑇𝔞𝑘

𝔟𝑘
𝑇𝔟𝑘

+
‖�́�𝑘
𝑇𝑧‖

2

𝒮𝑘
𝑇𝑦𝑘

  

                                                        =
 (𝔞𝑘

𝑇𝔞𝑘) (𝔟𝑘
𝑇𝔟𝑘) −(𝔞𝑘

𝑇𝔟𝑘)
2

𝔟𝑘
𝑇𝔟𝑘

+
‖�́�𝑘
𝑇𝑧‖

2

𝒮𝑘
𝑇𝑦𝑘

 

By Cauchy-Schwartz inequality, we have   (𝔞𝑘
𝑇𝔟𝑘)

2 ≤ (𝔞𝑘
𝑇𝔞𝑘)(𝔟𝑘

𝑇𝔟𝑘)  

𝑠𝑜  
 (𝔞𝑘

𝑇𝔞𝑘) (𝔟𝑘
𝑇𝔟𝑘) −(𝔞𝑘

𝑇𝔟𝑘)
2

𝔟𝑘
𝑇𝔟𝑘

> 0 ,then 𝑧𝑇 (ℬ𝑘 −
ℬ𝑘𝒮𝑘𝒮𝑘

𝑇ℬ𝑘

𝒮𝑘
𝑇ℬ𝑘𝒮𝑘

) 𝑧 > 0  

Therefore 𝑧𝑇ℬ𝑘+1𝑧 > 0 . Hence  ℬ𝑘+1  is positive definite 

Now, suppose that ℬ𝑘+1 is positive definite to prove 𝒮𝑘
𝑇𝑦𝑘 > 0 

Since ℬ𝑘+1𝒮𝑘 = 𝑦𝑘  , so   𝒮𝑘
𝑇ℬ𝑘+1𝒮𝑘 = 𝒮𝑘

𝑇𝑦𝑘   

Since ℬ𝑘+1 is positive definite,  𝑡ℎ𝑒𝑛 𝒮𝑘
𝑇ℬ𝑘+1𝒮𝑘 > 0  

Therefore, 𝒮𝑘
𝑇𝑦𝑘 > 0 

  

𝟑.  𝑫𝒊𝒂𝒈𝒐𝒏𝒂𝒍 − 𝑩𝑭𝑮𝑺 Algorithm  

Let 𝑥0 be an initial point be given as well as an initial 𝓃 × 𝓃 diagonal matrix ℬ0 . 

Step1: Set 𝑘 = 0 and compute ℊ𝑘 = ∇𝑓(𝑥𝑘) 

Step2: Find 𝒫𝑘  by using 𝒫𝑘 = −ℬ𝑘
−1ℊ𝑘 

Step3: Set 𝑥𝑘+1 = 𝑥𝑘 + 𝜆𝑘𝒫𝑘  , and compute 𝜆𝑘 by exact or inexact line search  such that  𝑓 (𝑥1) ≤
𝑓 (𝑥0) 

Step4: Find a vector 𝒮𝐾 where  𝒮𝐾 = 𝑥𝑘+1 − 𝑥𝑘 

Step5: Compute ℊ𝑘+1 = ∇𝑓(𝑥𝑘+1) 

Step6: Find a vector 𝑦𝐾  where  𝑦𝐾 = ℊ𝑘+1 − ℊ𝑘   

Step7: Update the matrix ℬ𝑘 to obtain  ℬ𝑘+1 by using (2.6) 

Step8: If ‖ℊ𝑘‖ < 𝜖 stop. Other wise  𝑘 = 𝑘 + 1 , go to step 1 

 

Example(𝟑. 𝟏):  
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Let 𝑚𝑖𝑛 𝑓 = 2𝑥1
2 + 2𝑥2

2 + 2𝑥3
2 − 2𝑥1𝑥3 − 2𝑥2𝑥3 ,  form the starting point 𝑥0 = (

0.01
0
0.02

)  and using 

 ℬ0 = 𝐼  ,  𝜖 = 0.0004 

Solution:  

Iteration 1  ( 𝒌 =  𝟎 )  

The gradient of 𝑓(𝑥) is   ∇𝑓 = (
4𝑥1 − 2𝑥3 
4𝑥2 − 2𝑥3

            

4𝑥3 − 2𝑥1 − 2𝑥2

)   

 ℊ0 = ∇𝑓(𝑥0) = (
0

−0.04
0.06

)  

The initial search direction is   𝒫0 = −ℬ0
−1ℊ0 = (

0
    0.04
−0.06

) 

Now,  𝑥1 = 𝑥0 + 𝜆0𝒫0   ,then 𝑥1 = (
0.01
0.04𝜆0

0.02 − 0.06𝜆0

)  

Now, we will find  𝜆0  ∋  𝑓 (𝑥1) ≤ 𝑓 (𝑥0) 

𝑓(𝑥1) = 𝑓 (
0.01
0.04𝜆0

0.02 − 0.06𝜆0

) = 0.0006 − 0.0052𝜆0 + 0.0152𝜆0
2
        

With respect to 𝜆0 . Since 
d𝑓

d𝜆0
= 0 at 𝜆0 = 0.1710, we get 

𝑥1 = (
0.01
0.0068
0.0097

)  and ℊ1 = 𝛻𝑓(𝑥1) = (
0.0206
0.0078
0.0052

)  

Now, 𝒮0 = 𝑥1 − 𝑥0   then 𝒮0 = (
0

   0.0068
−0.0103

)  

𝑦0 = ℊ1 − ℊ0  , then 𝑦0 = (
0.0206
0.0478
−0.0548

)  

Update the matrix ℬ1 = ℬ0 +
�́�0�́�0

𝑇

𝒮0
𝑇𝑦0
−
ℬ0𝒮0𝒮0

𝑇ℬ0

𝒮0
𝑇ℬ0𝒮0

  

𝒮0
𝑇𝑦0 = 0.0008  

ℬ0𝒮0𝒮0
𝑇ℬ0 = (

0                 0                      0     
0       0.00004     − 0.00007
0      − 0.00007        0.0001

)  
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𝒮0
𝑇ℬ0𝒮0 = 0.0001  

Now, to find �́�0�́�0
𝑇 such that �́�0�́�0

𝑇 = (

𝑦1
2       �́�1�́�2     �́�1�́�3
�́�1�́�2      𝑦2

2      �́�2�́�3 

�́�1�́�3     �́�2�́�3        𝑦3
2

)  

�́�1�́�2 =
𝒮0
𝑇𝑦0

𝒮0
𝑇ℬ0𝒮0

 𝑠1𝑠2 =
0.0008

0.0001
( 0 ) = 0  

�́�1�́�3 =
𝒮0
𝑇𝑦0

𝒮0
𝑇ℬ0𝒮0

 𝑠1𝑠3 =
0.0008

0.0001
( 0 ) = 0   

�́�2�́�3 =
𝒮0
𝑇𝑦0

𝒮0
𝑇ℬ0𝒮0

 𝑠2𝑠3 =
0.0008

0.0001
(−0.00007 ) = −0.0006   

𝑦1
2 = 0.0004  ,  𝑦2

2 = 0.0022 and  𝑦3
2 = 0.0030 

Hence  �́�0�́�0
𝑇 = (

0.0004                 0                          0
0                  0.0022         − 0.0006
0             − 0.0006             0.0030 

) 

Therefore, ℬ1 = (
1.5           0             0
0             3.3            0
0              0           3.7 

)  and  ‖ℊ1‖ =  0.0005 > 𝜖  

Iteration 2    ( 𝒌 =  𝟏 )  

The initial search direction is  𝒫1 = −ℬ1
−1ℊ1 = (

−0.0137
−0.0023
−0.0014

)  

Now, 𝑥2 = 𝑥1 + 𝜆1𝒫1  , then 𝑥2 = (
0.01 − 0.0137𝜆1
0.0068 − 0.0023𝜆1
0.0097 − 0.0014𝜆1

)  

Now, we will find  𝜆1  ∋  𝑓 (𝑥2) ≤ 𝑓 (𝑥1) 

𝑓(𝑥2) = 𝑓 (
0.01 − 0.0137𝜆1
0.0068 − 0.0023𝜆1
0.0097 − 0.0014𝜆1

)  

= 2(0.01 − 0.0137𝜆1)
2 + 2(0.0068 − 0.0023𝜆1)

2 + 2(0.0097 − 0.0014𝜆1)
2    −      0.00032592 +

0.00035744𝜆1 − 0.0000448𝜆1
2
  

With respect to 𝜆1 . Since  
𝑑𝑓

𝑑𝜆1
= 0 at 𝜆1 = 0.4454 , we get 

𝑥2 = (
0.0038
0.0057
0.0090

)  and ℊ2 = 𝛻𝑓(𝑥2) = (
−0.0028
0.0048
0.017

)  

Now, 𝒮1 = 𝑥2 − 𝑥1  then 𝒮1 = (
−0.0062
−0.0011
−0.0007

)  
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𝑦1 = ℊ2 − ℊ1    then 𝑦1 = (
−0.0234
−0.003
0.0118

)  

Update the matrix ℬ2 = ℬ1 +
�́�1�́�1

𝑇

𝒮1
𝑇𝑦1
−
ℬ1𝒮1𝒮1

𝑇ℬ1

𝒮1
𝑇ℬ1𝒮1

  

𝒮1
𝑇𝑦1 = 0.0001  

ℬ1𝒮1𝒮1
𝑇ℬ1 = (

0.00007      0.00003      0.00002
0.00003      0.00001    0.000007
0.00002     0.000007    0.000004

)  

𝒮1
𝑇ℬ1𝒮1 = 0.00005  

Now, to find �́�1�́�1
𝑇 such that �́�1�́�1

𝑇 = (

𝑦1
2       �́�1�́�2      �́�1�́�3

�́�1�́�2      𝑦2
2      �́�2�́�3 

�́�1�́�3     �́�2�́�3         𝑦3
2

)  

�́�1�́�2 =
𝒮1
𝑇𝑦1

𝒮1
𝑇ℬ1𝒮1

 𝑠1𝑠2 =
0.0001 

0.00005
( 0.00003 ) = 0.00006  

�́�1�́�3 =
𝒮1
𝑇𝑦1

𝒮1
𝑇ℬ1𝒮1

 𝑠1𝑠3 =
0.0001 

0.00005
( 0.00002 ) = 0.00004  

�́�2�́�3 =
𝒮1
𝑇𝑦1

𝒮1
𝑇ℬ1𝒮1

 𝑠2𝑠3 =
0.0001 

0.00005
( 0.00002 ) = 0.000014  

𝑦1
2 = 0.0005 , 𝑦2

2 = 0.000009 and  𝑦3
2 = 0.0001 

Hence  �́�1�́�1
𝑇 = (

0.0005          0.00006         0.00004
0.00006      0.000009      0.000014
0.00004        0.000014         0.0001

) 

Therefore, ℬ2 = (
5.1               0                 0
0                3.2               0
0                 0           4.62 

)  and  ‖ℊ2‖ =  0.0003 < 𝜖   stop. 

 

4. Numerical Results 

      This part devoted to numerical experiments .We present the performance of the 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 −
𝐵𝐹𝐺𝑆 algorithm from the performance of the 𝐵𝐹𝐺𝑆 algorithm, using starting points and convergence 

criteria and limits. The computer programs are written in MATLAB version (5.3). The results are 

presented in Table (4-1). 

The test functions are chosen as follows: 

1 − A quartic function . [9] 

 𝑓(𝑥) = ∑ (10𝑖−1𝑥𝑖
4 + 𝑥𝑖

3 + 101−𝑖𝑥𝑖
2)4

𝑖=1  

2 − Rosen rock's function [7] 

       𝑓(𝑥) = ∑ [100(𝑥𝑖 − 𝑥𝑖
3)2 + (1 − 𝑥𝑖)

2].
𝑛∕2
𝑖=1  

3 − Watson function [7] 

          𝐹(𝑥) = ∑ 𝑓𝑖
2(𝑥)

𝑗
𝑖=1  
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          𝑓𝑖(𝑥) = ∑ (𝑗 − 1)𝑥𝑗𝑡𝑗
𝑗−23

𝑗=2 − (∑ 𝑥𝑗𝑡𝑗
𝑗−13

𝑗=1 )
2
− 1. 

 And  𝑡𝑗 =
𝑖

29
 .         

 4 −  Rosenbroc'k cliff function [8] 

 𝑓(𝑥) = 10−4(𝑥1 − 3)
2 − (𝑥1 − 𝑥2) + 𝑒

20(𝑥1−𝑥2) 

5 − Trigonometric function [1] 

        𝑓(𝑥) = ∑ [𝑛 − ∑ cos 𝑥𝑗 + 𝑖(1 − cos𝑥𝑖) − sin 𝑥𝑖 + 𝑒
𝑥𝑖 − 1𝑛

𝑗=1 ]
2𝑛

𝑖=1  

6 − Generalized Edger function . [1] 

        𝑓(𝑥) =∑ [(𝑥2𝑖−1 − 2)
4 + (𝑥2𝑖−1 − 2)

2𝑥2𝑖
2 + (𝑥2𝑖 + 1)

2]
𝑛∕2

𝑖=1
 

      The table (4-1) gives the Diagonal − BFGS for our selected test functions. At the first, we give the 

number of iterations then Feval of each function from deferent starting point. Then after that, we give 

all the results of this analysis 

The table (4-2) gives the Hessian matrix. 

 

 

 

Table (4-1) : Numerical Results for 𝑫𝒊𝒂𝒈𝒐𝒏𝒂𝒍 − 𝑩𝑭𝑮𝑺 update 

Fun. Starting point Dim. Feval Iter. 

1 [−1; 0; 0; 0]𝑇  4 -0.1055 3 

2 [0; 1; 1; 1; 1; 1; 1; 1]𝑇 8 3.5935e-011 3 

3 [0;0; 0; 0; 0; 0; 0; 0; 0; 0]𝑇 10 5.3614e-010 2 

4 [0.5; 0.5; 0.5; 0.5; 0.5; 0.5; 
0.5; 0.5; 0.5; 0.5; 0.5; 0.5]𝑇 

12 0.2004 3 

5 [2;2; 2; 2; 2; 2; 2; 2; 2; 2; 2; 2]𝑇  12 1.5555e-004 4 

6 [−1;−1;−1;−1;−1; −1 
; −1;−1;−1;−1;−1;−1; 
−1;−1;−1;−1;−1; −1]𝑇 

18 4.6834e-007 10 

6 [0; 5; 0; 5; 0; 5; 0; 5; 0; 
5; 0; 5; 0; 5; 0; 5; 0; 5]𝑇 

18 2.9758e-007 5 
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Table (4-2): Numerical results for Hessian matrix for 𝑫𝒊𝒂𝒈𝒐𝒏𝒂𝒍 − 𝑩𝑭𝑮𝑺 

Fun. Starting 
point 

Hessian matrix 

1  
 
[−1; 0; 0; 0]𝑇 

 
2.3283           0                 0               0 
 0           1.0000               0               0
  0                     0        1.0000            0 
    0                     0                 0      1.0003

 

2  
 
 
 
 
[0; 1; 1; 1;
1; 1; 1; 1]

𝑇

 

1.0e+004 * 
 

1.7168             0         0         0         0         0         0         0 
0    0.1520         0         0         0         0         0         0 
0         0    0.1520         0         0         0         0         0 
0         0         0    0.1520         0         0         0         0 
0         0         0         0    0.1520         0         0         0 
0         0         0         0         0    0.1520         0         0 
0         0         0         0         0         0    0.1520         0 
0         0         0         0         0         0         0    0.1520 

3  
 
 
 
[0; 0; 0; 0; 0 
; 0; 0; 0; 0; 0] 

 

1.0000              0         0         0         0         0         0         0         0         0 

0   53.7883         0         0         0         0         0         0         0         0 

0         0    3.2597         0         0         0         0         0         0         0 

0         0         0    1.0000         0         0         0         0         0         0 

0         0         0         0    1.0000         0         0         0         0         0 

0         0         0         0         0    1.0000         0         0         0         0 

0         0         0         0         0         0    1.0000         0         0         0 

0         0         0         0         0         0         0    1.0000         0         0 

0         0         0         0         0         0         0         0    1.0000         0 

0         0         0         0         0         0         0         0         0    1.0000 

 

4  
 
 
 
[0.5; 0.5;0.5 
; 0.5;0.5; 0.5;  

0.5;0.5;0.5
; 0.5;0.5; 0.5]

𝑇

 

 
81.7495         0         0         0         0         0         0        0         0         0         0         0 

0   83.5242         0         0         0         0         0        0         0         0         0         0 

0         0    1.0000         0         0         0         0         0         0         0         0         0 

0         0         0    1.0000         0         0         0         0         0         0         0         0 

0         0         0         0    1.0000         0         0         0         0         0         0         0 
0         0         0         0         0    1.0000         0         0         0         0         0         0 

0         0         0         0         0         0    1.0000         0         0         0         0         0 

0         0         0         0         0         0         0    1.0000         0         0         0         0 
0         0         0         0         0         0         0         0    1.0000         0         0         0 

0         0         0         0         0         0         0         0         0    1.0000         0         0 

0         0         0         0         0         0         0         0         0         0    1.0000         0 

0         0         0         0         0         0         0         0         0         0         0    1.0000 
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5  
 
 
 
[2; 2; 2; 2; 
2; 2; 2; 2; 
2; 2; 2; 2] 

 

37.4068            0         0         0         0         0         0         0         0         0         0         0 

0   43.4020         0         0         0         0         0         0         0         0         0         0 
0         0   49.5533         0         0         0         0         0         0         0         0         0 

0         0         0   55.2181         0         0         0         0         0         0         0         0 

0         0         0         0   59.9907         0         0         0         0         0         0         0 

0         0         0         0         0   63.7766         0         0         0         0         0         0 

0         0         0         0         0         0   69.2009         0         0         0         0         0 

0         0         0         0         0         0         0   81.5635         0         0         0         0 

0         0         0         0         0         0         0         0   99.3627         0         0         0 

0         0         0         0         0         0         0         0         0  115.8179        0         0 

0         0         0         0         0         0         0         0         0         0  127.4266        0 

0         0         0         0         0         0         0         0         0         0         0   79.4963 

6  
 
 
 
[−1;−1;−1; 
−1;−1;−1 
;−1;−1;−1 
; −1;−1;−1; 
−1;−1;−1;
−1;−1;−1]

𝑇

 

 

4.8391         0         0         0         0         0         0         0         0         0         0         0         0         0         0         0         0         0 

0    1.6453         0         0         0         0         0         0         0         0         0         0         0         0        0        0        0        0 

0         0    4.8391         0         0         0         0         0         0         0         0         0         0         0        0        0        0        0 

0         0         0    1.6453        0         0         0         0         0         0         0         0         0         0        0        0        0        0  

0         0         0         0    4.8391         0         0         0         0         0         0         0         0         0        0        0        0        0 

0         0         0         0         0    1.6453         0         0         0         0         0         0         0         0        0        0        0        0 

0         0         0         0         0         0    4.8391         0         0         0         0         0         0         0        0        0        0        0 

0         0         0         0         0         0         0    1.6453         0         0         0         0         0         0        0        0        0        0 

0         0         0         0         0         0         0         0    4.8391         0         0         0         0         0        0        0        0        0 

0         0         0         0         0         0         0         0         0    1.6453         0         0         0         0        0        0        0        0 

0         0         0         0         0         0         0         0         0         0    4.8391         0         0         0        0        0        0        0 

0         0         0         0         0         0         0         0         0         0         0    1.6453         0         0        0        0        0        0 

0         0         0         0         0         0         0         0         0         0         0         0    4.8391         0        0        0        0        0 

0         0         0         0         0         0         0         0         0         0         0         0         0    1.6453        0        0        0        0 

0         0         0         0         0         0         0         0         0         0         0         0         0         0    4.8391        0        0       0 

0         0         0         0         0         0         0         0         0         0         0         0         0         0         0    1.6453       0       0 

0         0         0         0         0         0         0         0         0         0         0         0         0         0         0         0    4.8391     0 

0         0         0         0         0         0         0         0         0         0         0         0         0         0        0        0       0       1 .6453 

6  
 
 
 
 
[0; 5; 0; 5; 
0; 5; 0; 5; 0; 

5; 0; 5; 0;
5; 0; 5; 0; 5]

𝑇

 

 

6.8088         0         0         0         0         0         0         0         0         0         0         0         0         0         0         0         0         0 

0    1.7214         0         0         0         0         0         0         0         0         0         0         0         0        0        0        0        0 

0         0    6.8090         0         0         0         0         0         0         0         0         0         0         0        0        0        0        0 

0         0         0    1.7214         0         0         0         0         0         0         0         0         0         0        0        0        0        0 

0         0         0         0    6.8090         0         0         0         0         0         0         0         0         0        0        0        0        0 

0         0         0         0         0    1.7202         0         0         0         0         0         0         0         0        0        0        0        0 

0         0         0         0         0         0    6.8088         0         0         0         0         0         0         0        0        0        0        0 

0         0         0         0         0         0         0    1.7214         0         0         0         0         0         0        0        0        0        0 

0         0         0         0         0         0         0         0    6.8090         0         0         0         0         0        0        0        0        0 

0         0         0         0         0         0         0         0         0    1.7214         0         0         0         0        0        0        0        0 

0         0         0         0         0         0         0         0         0         0    6.8090         0         0         0        0        0        0        0 

0         0         0         0         0         0         0         0         0         0         0    1.7202         0         0        0        0        0        0 

0         0         0         0         0         0         0         0         0         0         0         0    6.8088         0        0        0        0        0 

0         0         0         0         0         0         0         0         0         0         0         0         0    1.7206        0        0        0        0 

0         0         0         0         0         0         0         0         0         0         0         0         0         0    6.8090        0        0       0 

0         0         0         0         0         0         0         0         0         0         0         0         0         0         0    1.7206       0       0 

0         0         0         0         0         0         0         0         0         0         0         0         0         0         0         0    6.8090     0 

0         0         0         0         0         0         0         0         0         0         0         0         0         0        0        0       0    1.7206 
 

5. Conclusion 
      In this work, we proposed new techniques to solve the unconstrained optimization problem with 

large dimension where the Hessian matrix becomes sparse matrix. The BFGS update is modified to a 

diagonal update, so called the diagonal BFGS update. Moreover that it is symmetric and positive 

definite are given. 

    Finally, We provided the numerical results show that the proposed is efficient for unconstrained 

optimization problem of diagonal BFGS update on function is selected, which suggests that a good 

improvement has been achieved. 
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