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Abstract

In this study, we offer an emerging notion for triple high derivation, the third of which is triple
high derivation on a semiring of I'- According to our result, if the criteria on M are met, then any
Jordan triple high derivation on M is a triple high derivation on M.
Keywords: derivation, high derivation, Jordan triple high derivation.
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1. Introduction:

Through the present paper M will denote an associative I'-semiring, the set of natural numbers

including O will be denoted by N. [, , ] denotes the usual commutator operator such that [a,b,C]«g=
aabBc-cabpa, for all a,b,ceM and a,Bel.
The definition of prime I'-semiring and semi-prime I'-semiring was introduced in [2]. The
definition of 2-torsion free I'-semiring was introduced in [2].The definitions with multiplication of
commutative, identity element with invertible are introduce in [7].The definitions with additive of
abelian , identity element and invertible are introduce in [6].

In an attempt to generalize Hersteins result for high derivations, C.Haetinger [3] proved that on a
prime semiring with 2-torsion free every Jordan high derivation is a high derivation.

Now the main purpose of this paper is to extend this result for triple high derivations in I'-
semirings.
We need the following lemma.
Lemma 1.1: [8]

Let M be a two-torsion free semi prime I'-semiring with additive identity and inverse and
supposing that a,beM, if al'mI'b + bI'mI"a =0 for any meM, then al'mI'b = bI'mI'a = 0.
2. Triple High Derivations on Prime I'-Semirings:

Definition 2.1:
Let M be a I'-semiring and D= (di)ien is an additive mapping family of M such that do=Idy . Then
D is a triple high derivations of M if for each neEN , we get :

dn(aabBc) = Xi4jrk=n di(@)adj(b)Bdx(c) ...()
For any a,bi,c eM and a,f3 €T
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D is a Jordan triple-high derivations of M if for each neN , we get :
dn(aabBa) = Yi4jrk=ndi(@adj(b)Bdi(a) ... (ii)
Forany abeMand o, €r.
Lemmal:
Let M be a I'-semiring and D= (di)ien is Jordan triple high derivations of M. Then for any a,b,c
€M ; o, €l"and neN:

dn(aabBc + cabBa) = Xijsk=n di(@)ad;(b)Bdy(c) + d;(c)ad;(b)Bdy(a)

Proof: Substitute a+c for a in definition (2.1)(ii)

du((a + )abB(a + ¢)) =Xi+j+k=ndi(@a+ c)ad;(b)Bdy(a+ c)

=Xi+j+k=n(di(@) + di(c))ad;(b)B(dk(a) + dk(c))=LXi+j+k=n di(@) ad;(b)Bdx(a)+
di(a)ad;(b)Bdr(c) + di(c)ad;(b)Bdk (a)+ di(c)adj(b)Bdxk (c) (1)
On the other hand

dn((a + c)abB(a + ¢)) = dn (aabBa + aabBc + cabBa + cabfc)

= Yi+j+k=n di(@ad;(b)Bdk(a) + di(ic)a(b)Bdk(c) + dn (acbBc + cabBa)  ...(2)
Comparing (1) and (2) ,we get:

du(aabBc + cabBa) = Tiyjrin di(@)ad;(b)Bdi(c) + di(c)ad;(b)Bdy(a).

Ramerk?2.2:
Let D= (d;)ien be a Jordan triple high derivations of I'-semiring M with additive identity and
inverse .for eveiry neN and for each a,b,c M ; o, €I" we define

wn(a,b,c)ap = dn(aabBc) - X i+j+k=ndi(a)ad;(b) Bdr(c)

Lemma 2:

Let D= (d;) ien be a Jordan triple-high derivations of T'-semiring M with additive commutative,
identity and inverse. Then for any a,b,c,x €M ; a,B,y €I" and neEN then:

wn(a,b,C)ap =-wn(c, b, @) op

i) wn(a + x, b, ©) o8 = wn(a,bb,cc) o + wn(X,b,C) op

iii) wn(ai,i b + X, ) g = wn(a,bb,cc) o + Wn(a,x,c) op

iV) wn(ai,i b, ¢ + X) op = wn(a,bb,cc) op + wn(a, b, X) op

V) wn(a,bb,cc) o g+y,0 = wn(a,bb,cc) op + wn(a, b, €) y,6

Proof: i) By lemmal and since d, is additive mapping for each neN then:
dn(aabBet+cabBa)=24j+k=n di(@)ad;(b)Bdy(c) + dj(c)ad;(b)Bdy(a)

dn(acbBc)+dn(CabBa)=2;+j+1x=n di(a) ad;(b) Bdy (c) +Xi+j+r=n di(c)ad;(b)Bdk(a)

0n(a00BC)- 14 1cn di (@) ad (b) By (c)=-0n(ColbBa) +Xi 5. kmn di (axd; (D) By ()
wy, (a,b,C) ap = - wn (C,b,8) up

i) w(a+x,b,c) «,p = dn((a+Xx)abBc) - 4j41=n di(a + x)ad;(b)Bdy (c)

= din(aabBe+XabBe)-2i 4 di(@)ad; (b)Bdy(c) + d; (x)ad; (b)Bdy (c)

=dn(aabBc)+dn(XabBC)-Xi+j 4+ k=n di(@) ad;(b) Bdy (€)-Xi+j+x=n di () ad; (b) Bdy ()

=0n(aabBC)-Xi+j+k=n di (@) ad;(b) Bdy () +Un(XabBC)-X; 4+ 1=n di (x) ad; (b) Bdyc ()
=w(a,b,c) op + wn(X,0,C) ap .

ii),(iv) As the same way of (ii).
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v) As the same way of (i) by interchanging a,B+y,t by interchanging a & 8 in (i).
Remark 2.3:

Note that D=(di)ien is a triple high derivations of a I"-semiring M with additive identity and
inverse iff wy(a,b,c) « g =0 for any a,b,c €M ;a, €l"and neN.

Now, we prove some lemmas which make us able to give the next results.

3. The Main Results
Lemmas3:

Let D= (di)ien be a Jordan triple high derivations of a I'-semiring M with additive identity and
inverse , assume that neN, a,b,c,meM ; a,B,y,t €I if wi(a,b,c) « g =0 for each t< n then:
D)wn(a,b,c) g tme [8,b,C] o.p + [a,b,C] «.p TMT Wi(a,b,C) op =0
i) wn(a,b,c) « g BMP [a,b,C] op + [a,0,C] o.p BMP wn(a,b,C) o.p =0
i) wn(a,b,C) o gama [a,b,C] op + [a,b,C] o g M wy(a,b,C) o =0
IV) wn(a,b,C) oo ama [a,0,C] aa + [a,0,C] .« M wr(a,b,C) oo« =0
V)wn(a,b,C) o gy, ama [a,b,Clap+y,c +[A,D,Clap+y,c Mo wn(a,b,C) o g4y, = 0
Proof:i) By using Definition( 3.1.1)(ii) we can commute
W= aabBctmrtcba+tcabBatmrtaabfc
dn(W)=dn(aabBctmrtcha+cabBatmrtaabfc)=
Zi+j+k+p+q+t+m=n di(a)(xdj (b)Bdk(C)po (m)qu (C)(th(b)ﬁdm @+
d;(c)ad;(b)Bdy(a)td,(m)tdg(a)ad(b)Bdp, (c)

=2i+j+k=n di(a)ocd]- (b)Bdk(c)tmtcabfa+

S qr trmen 4 @ad; () Bdi(c)Td,, (m)Td () ad, (b) Bd, () +actbBcTme
Zq+t+m=n dq (c)ad(b)Bdy(a)+

S ket qstemen di @ad;(b)Bdi(c)td, (m)Tdq () ad e (b) Bdyy (a) +

Yi+j+k=n di(c)ad;(b)Bdy(a)tmt aabBc+

St ermrq+trmen di (©ad; (b)Bdy (@) tdy (M)Tdg (a)ad, (b) B () +
cabBatstiqst+m=n dq(@)ad:(b)Bdy (c)+

ket qetemen i (©ad;(b)dy (a)td, (m)dq (a) ad (b) Bdy, () (1)
On the other hand

dn(W)=dn(aabBctmtcha+cabBatmranbBc)= ¥;4j+k=n di (@cbfc)td;(m)tdy (cabBa) +
d; (cabBa)td;(m)tdy(aabpBc)

=dn(aabpc) Tmt cabpBa +Z§I§I§;+q+t+m=n d;(@)ad;(b)Bdy(c)td,(m)tdg(c)ad,(b)Bdy, (2)+
aabfctmt dy(cabBa)+

Z?ﬁi{?;ﬂqﬂm:n d; (a)ad;(b)Bdy(c)td, (m)td4(c)ad:(b)Bdy, (a)+dn(cabBa)tmraabBc +
Zi:}:fﬁ:&wwm:n d; (c)ad;(b)Bdy(a)td,(m)tdg(a)ad(b)Bdy,(c)+ cabfarmtds(acbfc)+
I e (O adj() By ()Td (M) Tdg (e (D)BAm(@) - (2)

Compare(1),(2) and by assumption we get

0=(c(aabBC)- S e di (a)ad; (b) B (c) ) rmrcabBa+(dn(cabBa)-

Yi+j+k=n di(c)ad;(b)Bdy(a))tmTaabfc + aabBctmt(dn(cabpBa)-

2i+j+k=n di(c)ad;(b)Bd(a))+ cabBa tmr(dn(@aabBc)- Xitjix=n di(@)ad;(b)Bdy(c))
0= wy(a,b,C) « g TMT cabfa + wy(c,b,a) « g TMTACbPC + aabBcTtmrTey(C,b,a) o« g + cabBa TMT wy(a,b,C) o p
0= wn(a,b,C) « g TMT cabfa - wn(a,b,C) o,pg TMTACDBC - a0tbBcTtmTen(a,b,C) o g + cabfa Tmt wy(a,b,C) o p
0= (- wn(a,b,c) «,g TMT cabfa + wy(a,b,C) « g TMTacbBc) -( aabfctmtwn(a,b,C) « p - cabfa tmt
wn(a,b,C) a.p)

0= -wn(a,b,c) « g TMT [a,b,C] o.p — [a,0,C] g TMT ¥n(8,b,C) u p
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Hence

wn(a,b,C) o gTmT [a,b,C] 0 p + [a,b,C] o,p TMT wn(a,b,C) o =0.

il) Replacing 3 for T in (i) we get the require result.

iii) Replacing o for T in (i) we get the require result.

iv) Interchanging o and t and o for B in (i),we obtain(iv).

V) As the same way of (i) by interchanging a,p+y,t by interchanging o and t in (i),we obtain(v).

Lemma 4:
Let D= (di)ien be a Jordan triple high derivations of a I'-semiring M with addative identity and
inverse. Then for any a,b,c,meM ; a,,y,t €l"and neEN:
i)wn(a,b,c) « gTMT [a,b,C] o, =[a,b,C] « g TMT wy(a,b,C) « g =0
i) wn(a,b,c) «.s BMP [a,b,C] «p = [a,0,C] o, BMP wn(a,b,C) ap =0
i) wno(a,b,C) « gaxma [a,b,¢] o g = [a,b,C] « g M wy(a,b,C) o, =0
IV) wn(a,b,C) e.c ama [a,0b,C] a.« = [a,0,C] .« M wr(a,b,C) oo« =0
V) ) wn(a,b,C) o g4y, ama [a,0,C]a gy, =[2,0,Cla g4y, ama wn(a,b,C) o p+y,=0

Proof:i) By Lemma 3 (i), we get:

wn(a,b,c) g TMT [a,b,c] o p + [a,b,c] « g TMT wn(a,b,c) «g =0
by Lemmal.l we get:
wn(a,b,¢) ag TMT [a,b,c] up = [a,b,c] o p TMT wn(a,b,c) «p =0.

(ii),(iii),(iv) and (v) As the same technique of (i).

Lemma 5:
Let D= (di)ien be a Jordan triple high derivations of a two-torsion free prime I'-semiring M with
additive identity and inverse .Then for any a,b,c,m,x,y,z €M ; a,B,y,T €’ and nEN:
)wn(a,b,c) o gTMT [X,Y,2] o p =0
i) wn(a,b,c) o8 BMP [X,¥,2] g =0
iii) wn(a,b,C) o gama [X,y,z] «g =0
Iv) wq(a,b,C) «. o xma [X,Y,2] o« =0
V) w,(a,0,C) o py,c ama [X,Y, 2]« g4y, =0

Proof:i) Substitute a by a+x in Lemma 4(i) ,we get:
wn(a+X,b,C) o.p TMT [a+X,b,C] o3 =0

¥n(a,b,C) op TMT [a,b,C] 0p + ¥n(X,D,C) op TMT [a,b,C] op + ¥n(a,b,C) o3 TMT [X,b,C] 0p + ¥n(X,D,C) op
tmt [x,b,c]op =0

By Lemma 4(i), we get:

wn(a,b,C) o.p TMT [,D,C] 0,p= ¥n(X,b,C) o3 TMT [X,b,C] ¢,p=0
n(X,b,C) o,p TMT [a,b,¢] 0p + ¥n(a,0,C) o.p TMT [X,b,c] 0 = 0
Therefore we get:

n(X,0,C) o,p TMT [a,b,C] o.p TMT ¥n(X,D,C) o.p TMT [a,b,c] 0 =0
- wn(X,b,C) o.p TMT [a,b,C] o,p TMT ¥n(a,0,C) o, TMT [X,b,C] 0 = 0
Hence, by the primness of M:

wn(a,b,C) op TMT [X,b,c] 0p =0 ....(1)

Substitute b by b+y in Lemma 4(i), we get:

wn(a,b+Y,C) p TMT [2,bFy,c] 0 p =0

¥n(a,b,C) p TMT [a,b,C] 0p + ¥n(8,Y,C) op TMT [a,b,C] op + ¥n(a,0,C) o3 TMT [&,Y,C] op + ¥n(a,Y,C) o.p TMT
[ay.Clap=0

By Lemma 4(i),we get:

¥n(a,b,C) op TMT [a,b,C] .= ¥n(&,Y,C) op TMT [,Y,C] 0p = O

¥n(a,Y,C) op TMT [a,b,C] o.p + ¥n(a,b,C) o.p TMT [2,y,C] 3 =0
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Therefore, we get:

¥n(a,Y,C) op TMT [a,b,C] o.p TMT ¥n(a,Y,C) o,p TMT [a,b,c] 0 = 0
- ¥(a,X,C) o,p TMT [a,b,c] o.p TMT ¥n(a,0,C) o,p TMT [2,y,C] 0p = O
Hence, by the primness of M:

¥(a,b,C) op TmT [2,y,c]0p =0 ....(2)

Now, Substitute ¢ by c+z in Lemma 4(i), we get:

wn(a,b,c+2) op T [a,b,c+2] o p =0

¥n(a,b,C) op TMT [a,b,C] 0 + ¥n(8,0,2) op TMT [a,b,C] op + ¥n(a,0,C) op TMT [a,b,Z] op + ¥n(a,0,Z) o.p TMT
[a,b,z] =0

By Lemma 4(i), we get:

¥n(a,b,C) op TMT [2,b,C] 0.p= ¥n(8,0,2) o,p TMT [2,b,2] 0. = O

¥n(a,0,2) op TmT [2,b,C] o + ¥n(a,b,C) .p TMT [2,b,2] 3 =0

Therefore, we get:

wn(a,0,2) op TmT [2,b,C] op TMT Wn(a,0,2) op TMT [2,b,c] 0 = O

- wy(a,0b,2) op TmT [a,b,c] o,p TMT Wn(a,0,C) op TMT [2,b,2] 0y = O

Hence, by the primness of M:

wn(a,b,C) op Tmt [2,b,2] g =0 ...(3)

Thus: wn(a,b,C) op Tmt [a+X,bty,c+2Z] o3 = 0

wn(a,b,C) o.p TMT [a,b,C] op +¥n(a,,C) o.p TMT [a,b,2] o3 + ¥n(a,D,C) o3 TMT [a,y,C] 0.p + ¥n(a,0,C) o.p TMT
[ay,z] op + ¥n(@,b,C) up TmT [X,b,C] 0p +¥n(a,0,C) op TMT [X,b,2] 0p + ¥n(a,0,C) op TMT [X,y,C] upt
¥n(a,b,C) o.p TMT [X,Y,Z] 0p = 0

by (1),(2) and (3) and lemma4(i), we get:
¥n(a,b,C) opTm1[X,y,2] o =0.

(i), (iii),(iv) and (v) As the same technique of (i).

Theorem 6:

Every Jordan triple high derivations of a two-torsion free prime I'-semiring M with additive
identity and inverse is triple high derivations of M.
Proof: Let D= (d;)ien be a Jordan triple high derivations of a two-torsion free prime I'-semiring M.
Since M is prime we get from Lemma5(i) either wn(a,b,c)«g = 0 Or [X,y,2] o, =0 for any a,b,c,x,y,z
€M o, el'and neEN.
If [X,y,2] o, #70 for any x,y,zeM, a,p €I" . Then w,(a,b,c) «.p = 0 for any a,b,c EM a,3 €I’ and neN
then by Remark 2.3 we get, D is triple high derivations on M.
If [x,y,2] «g =0 for any Xx,y,z EM, a, €I" and neN, then M is a commutative I"-semiring and by
Lemmal we get
dn(2aabBc) = 2Xi4j4k=n di(@)a d;(b)Bdx(c)
Since M is two-torsion free we get D is a triple high derivations of M.
Proposition7:

Every Jordan high derivations of two-torsion free I'-semiring M with additive identity and inverse
such that acbpc=aBbac for any a,b,ceM and o,B T is Jordan triple high derivations of M.

Proof:Let D=(di)ien be a Jordan high derivations of M.

Substitute b by apb+bpa in definition 2.1(i), we get:

dn(aa(apbtbpa)+(apb+bpa)aa)=

Yi+j=n di(a) ad;(aBb + ba) + d;(apb + bBa)ad;(a)=X;+j=n di(aA)A(Xh+w=j dn(a) Bdy,(b) +
dh(b)Bdw(a))+(Zr+e=i dr(a)Bde(b) + dr(b)Bde(a))adj (a)

=2i+j=n Zh+w=j di (@) ady (@)Bdy (b) + dj(a)ady (b)Bdy, () +

Zi+j=n Yir+e=i dr(a)Bde(b) O(dj (a) + dr(b)Bde(a)adj (@
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=Yi+h+w=n di(@ad, (a@)Bdy (b) + d;(a)ady (b)Bd,,(a) + d;(a)Bd,(b)ady(a) +
d;(b)Bdp(@)ady, (@) ....(1)

On the other hand:

dn(ac(apbt+bpa)+ (afbtbpa) oa)

= dn(acafbtaabpatapboatbfaca)

=Xi+h+w=n di(@ady (@)Bdy,(b) + di(b)Bdy(a)ady (a) tdn(aabPatapboa) ... )
Compare (1) and (2) and since aabBc=aBbac for any a,b,ceM and a.,p<l” we get:
2dn(aobBa) =2 11 +w=n di(@)ady (b) Bd,,(a)

Since M is a two-torsion free we get :

dn(aabBa) =X +h+w=n di(@)ady (b) Bd,,(a) .

References

[1] Salah Mehdi Salih and Claus Haetinger, 2015,"Jordan Triple High Derivations on Prime Rings"
Mathematical Theory & Modeling, Vol.5, No.10, pp. 69-67.

[2] M. Ashraf and N. Parveen, 2016, “On Jordan Triple Higher Derivable Mappings on Rings,”
Mediterr. J. Math., vol. 13, no. 4, pp. 1465-1477.

[3] I.N.Herstein , 1957," Jordan derivations of prime rings" Proc. Amer. Math. Soc.8 , PP.1104-
1110.

[4] H .Hasse, Noch eine begrundung, 1936, " der hohere Differentiaquotienten in einem
algebraischen Funktionenkorper einer unbestimmten” J. Reine Angew. Math.177 PP. 215-237.

[5] M.M.K.Rao, 1997 "T"-Semiring I1" Southeast Asian BulLet’sin of Mathematics, 21, pp.281-287.

[6] M. Ch. Ramouleeswarn and V.Thiruveni , 2010,"On derivation of semiring”, Advances in
Algebra, Vol.3, No.1: 123-131.

[7] M. Murali and K. Rao, 2020, “Soft bi-interior ideals over I — semirings,” no. December.

[8] M. M. K. Rao and B. Venkateswarlu, “Right derivation of ordered I'-semirings,” Discuss. Math.
- Gen. Algebr. Appl., vol. 36, no. 2, p. 209, 2016, doi: 10.7151/dmgaa.1258.

[9] J. C. Paul, “A.K.JOARDAR AND A.C.PAUL * Department of Mathematics, University of
Rajshahi, Rajshahi University-6205, Rajshahi, Bangladesh,” vol. 2, no. 5, pp. 1161-1169, 2012.

[10] Q. Xiao and W. Liu, “On derivations of quantales,” Open Math., vol. 14, no. 1, pp. 338-346,
2016, doi: 10.1515/math-2016-0030.

[11] A. H. Mahmood and H. J. Radi, On Jordan Generalized Triple Z igh Derivations on Prime I'-
Semirings, To appear.

[12] A. H. Mahmood and H. J. Radi ,On Jordan Triple Z igh Derivations on Prime Semirings, To
appear.

[13] A. H. Mahmood and H. J.Radi, On Jordan Generalized Triple Z igh Derivations on Prime
Semirings, To appear.

Y1



