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Abstract
In this research, we will introduce generalized high Homorphics, and explain certain features of
generalized high Homorphics, as well as discuss certain significant connections and distinctions..
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1.Introduction

The notions of high Homorphics are built upon in [3]. More details on the semiring named I' may
be found in [10, 11]. In this work, we investigate the connection between upper Homorphics, and
the related notions of Jordan high Homorphics and Jordan triple high Homorphics, which are all
connected to the study of prime semiring and I'semi-ring.
Lemma 1.1: [9]

Assume that M is a two-torsion free semiprime I'-semiring with additive identity and inverse.
a,beM, ifal’'mI'b + bI'mI"a = 0 for any meM, then al'mI'b = bI'mI'a = o.

2. Generalized High Homorphics on Prime I'-Semiring

Definition 2.1:

Letss F be the family of mappings of an arbitrary semiring into another semiring that add (in
addition) the specified members of the family. F is known as a generalized upper Homorphics from
M to M'. This means that a high Homorphics exist that does the same things as the one described.
0=( @i)ien from M into M, for any neN we have:
fa(aab) = X7, fi(@)ap;(b)
for any a,beM and a€I’, where 0 is the named high Homorphics.

Definition 2.2:

Lets, the mapping F = (fi)ieN is a family of additive mappings from a nonnegative integer
semiring to a nonnegative integer semiring. Therefore, F is named a Jordan generalized upper
Homorphics if a Jordan high Homorphics occurs. 8=( ¢ i)ien from M into M' for any neN we have:

fi(aca) = N, f,(a) a @y ()

for any aeM and a€r’.
0 is named the relating Jordan high Homorphics.
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Definition2.3:
Lets F=(fi)icn resulting in a set of additive mappings of I'-semiring M into I'-semiring M', then F
IS supposed to be a Jordan generalized triple high Homorphics if there exist a Jordan triple high
Homorphics 6=(¢;)ien 0f I'-semiring M into I'-semiring M' for any neN we have:
fitabBa) = ), (@) o (0) B o)
for any a,beM and o, eI". 6 is named the involving Jordan triple high Homorphics.
Lemma 1:
Lets F=(fi)ien be a Jordan generalized high Homorphics of I'-semiring M into I"-semiring M'
additive commutative, as for any a,b,ceM, a,B€I” and neN:
i) f, (aab+ baa) =X, fi(a) a @i(b) + fi(b) agi(a)
i) fr(acbpat+apbaa) =X7, fi(a)agi(b)Bwi(a) + fi(a)Bei(b)ayi(a)
i) fy(aobaa) =27, fi(a) a @i(b) a ¢i(a)
iv) fr(acbpc+cBbaa)= Y7, fi(a)a @i(b)B @i(c) + fi(c) B @i(b) a i(a)
V) fa(aobac+caboa)= Y7 fi(a) a @i(b)agi(c) + fi(c)api(b)a @i(a)
Proof:
i) fn((atb)a (a+h)) =X, fi(a+ b) a @i(a+b)
=, fi(@)agi(a) + fi(@)agi(b) + fi(b)a @i(a) + fi(b)agi(b) ...(1)
Alternatively,:
f, ((a+b)a (a+b)) = f, (aca+aab+baa+bab)
=y fi(d) a gi(@) + fi(b) a ¢i(b) + fn(aab + baa) ... (2)
Compare (1) and (2), we found :
fn(aab+baa) = X7, fi(a) a @i(b) + fi(b) a ¢i(a)
i) Replace apb+bpa for b in (i), we found :
fr(aa(apb+bpa)+(apb+bpa)aa) =X ; fi(a)aei(afb + bfa) + fi(ab + bpa)a ¢i(a)
=Xi=1 fi(@a( @i(a)Byi(b) + @i(b)Bei(a)) + (fi(a)Byi(b) + fi(b)Byi(a) ) @i(a)
=Xi=1 fi(@)agi(a)Bei(b) + fi(a)api(b)Bei(a) + fi(a)Bei(b)agi(a) + fi(b)Bpi(a)agi(a) ... (1)
Alternatively,:
f.(aa(apb+bpa)+(apb+bpa)aa) = f,(acapb+aabpa+afbaa+bpaca)
=2 fi@)agi(a)Bei(b) + fi(b)Bei(a)awi(a) + fn(aabBa + afbaa) ...(2)
Compare (1) and (2), we found :
fn(aobBat+apbaa) = X.; fi(a) api(b) Bpi(a) + fi(a) Bei(b) agpi(a)
iii) Substituting o for B in definition 2.3 we found the require result.
iv) Substituting a+c for a in definition 3.1.6, we found :
fa((at+c) abp(atc))=X", fi(a + c) a @i(b) B @i(a + ¢)
=Xi=1fi(a) a ¢i(b) B ¢i(a) + fi(a) a @i(b) B ¢i(c) + fi(c) a ¢i(b) B @i(a) +
fi(c) a @i(b) B @i(c) ... (1)
Alternatively,:
fa((a+c) abp(a+c)) = f,(aabpa+aabpc+cabpa+cabpc)
=Y1, fi(a)api(b)Bei(a) + fi(c)api(b)Bei(c) -..(2)
Compare (1) and (2), we found :
fa(aabpc+cabpa)=)", fi(a) a @i(b) B @i(c) + fi(c) a @i(b) B @i(a).
V) Substituting o for B in (iv) we found the require result.

Definition 2.4:
Lets F=(fi)ien be a Jordan generalized high Homorphics of I'-semiring M into I"-semiring M" with
additive identity and inverse. As for any a,beM and a€l’, we define 6, (a, b) - MXM— M’ by:

Sn(a, b) « = fa(aab)-Xiz, f; (@) a ¢;(b)

Lemma 2:
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If F=(fi)ien Is @ Jordan generalized high Homorphics from I'-semiring M into I'-semiring M' with
additive commutative, identity and inverse as for any a,b,ceM and a,Ber".

I) On(@a+h, ¢) o = 6n(a,c) o+ 3n(b,C) o

“) dn(a, b+c) o = dn(a,b) o+ dn(a,C) o

) 8na, b)erp = 3n(a, b)o + Sn(a, b) p

IV)  &n(a, b)e = - Sn(b,a),

Proof:

i) dn(ath, ) o = fa((atb)ac)-X7; fi(a + b) a @i(c)
=f, (aac +bac)-Y 7, fi(a)a @i(c) - X, fi(b)a @i(c)
= fy(aoc) -2, fi(@)a @i(c) +y(bac)- X7, fi(b)api(c)
= 0n (a,C) ot 0n (b,C) o

i) by the same way of (i).

i) 8n (a, D)asp = T (a(atP)b) - X4 fi(@) (a + B) @i(b)

Since f, is additive mappings for any n.
=fn(aab)-X;2 fi(a) a ¢i(b) + fn(aBb) -XiL, fi(a) B ¢i(b)

= dy, (ai,ib), + & (ai,ib) p.
iv) T.P.5, (ai,ib)o= - 6, (b,8)«
by lemma 1(i) and since f, is additive for each ne N then:

f,(aab + baa) = Z fi(a)a @;(b) + f;(b)awi (a)

fy(acb)+ £, (baa) = 31y £, )ap;(b) + Ty f, (b))
en(aab) — X, fi(a)ag;(b) = —f, (baa) + X7, fi (b)ai (a)
S0 (ai,ib)o = - O (D,2),

3. The Main Results
Lemma 3:

Lets F=(fi)ien be a Jordan generalized high Homorphics of I'-semiring M into I'-semiring M’
with additive identity and inverse. As for any a,b,meM , a,Bel” and neN.
) Sn(a,b) B @n(M) P Gn(b,a). + Sn(0,a)s B @n(mM) B Gn(a,b) =0
i) dn(a,b)e @ @n(mM) a Gp(b,a)q+ dn(b,a), a @n(mM) o Gn(a,b) ,=0
i) 30(ai,ib)p o pa(m) @ Go(b,a)p + 8n (0,2)g & Go(M) o Go(a,b) p=0
Proof:

We proceed by induction on neN. If n=1,
Lets w=aabpmpbaa + boafmpacb
since F is a Jordan high Homorphics, then:
fi(w) = fi( aa(bpmpb)aa + ba(apmpPa)ab )
= fu(a)api(bpmpb)ags(a) + 1 (b)ap:(apmpPa)aps(b)
= f1(a)ap1(b)Be1(M)Be1(P)ags(a)
+ f1(b)ag1(2)Ber(M)Bea(a)aps(b) (D
Alternatively,:
f1 (w) = f1 ((acb)pmp(baa) + (boa)pmp(aab))
= f1 (aab)Bo1(m)Bes(baa) +fi(baa)Bpi(m) Pea(aab)
=f1(aab)Be1(m)B(p1(a)apa () +T1(b)agps(a) - fi(aub))
+(-f1(aab)+f1(a) a1 (b)+fi(b)aps(a)) Bpi(mM) Po1(aab)
= —f1(aab)Bo1(m)B(1(aab)-f1(a)ags(b))-f1(acb) p
¢1(M)B(e1(aab)—fi(b)apa(a)) +fi(a) a1 (b) Bepi(mM)

Y4



2 e I/ B il 4l dlra — by gomiaall dealyll

Bo1(aob) +fi(b)aps(a) Ber(mM) Pei(aab) ... (2)
By comparing (1) and (2), we found :
0 = -f1(ach)Be1(m) BG4 (ai,ib),—f1(acb)Bei(m) PGi(b,a),
+f1(a)ap1(b)Bp1(M)Bo1(acb) +fi(b)aps(a)Bei(m)
Bo1(aab)—fi(a)agpi(b)Ber(M)Be1(b)ags(a)
—f1(b)ag1(a) Bpi(M) Pesi(a)api(b)
=-f1(ach)Bp1(m)BGy(ai,ib) ,-f1(aab)Bei (M) BGi(b,a) .
+f1() a1 (D) B2 (M) BG1(b,8) a1 (D) ap1(8) B) p1(M)BGa(ai,ib) o
=-(fu(aob)-f1(b)ops(a)) B2 (M)BGa(ai,ib) o
-(fu(aab)-f1(a) a1 (b)) Bpa(M)BCa(b,a) o
Thus we found:

G1(a,b)oBe1(m) BG1(b,a), + Gi(b,a)«Be:(m) BGa(ai,ib) =0
for any a,b,meM and o, €T
Then, therefore, we assume:
Gs(a,b)a Pos(m) BGs(b,a), + Gs(b,a)ufos(m) BGs(a,b) =0
for any a,b,meM, and n,seN, s<n.
Now, Lets w=aabpmpbaa + baapmpaab, then:
fo(w) = £, (ac(bpmpb)aa + ba(apmpPa)ab)
=Xi=1 fi(@)agi(bpmpb)agi(a) + X, fi(b)api(apmpa)api(b)
=X fi@a Xf=1 fi(b)Bej(m)Bej(b)) api(a)
+ 2in fi(b)a(Xi-, fj (@) Bej(m)Bej(a)) agi(b)
=X.i=1 fi(@)agi(b) Bpi(m)Byi(b) aepi(a)
+X.i=1 fi(b)agi(a) Bei(m)Byi(a) ayi(b)
=X~ fi(@)aei(b)Bei(m)B Xj-, fj(b) ayj(a)
+2i= 1 fi(b)agi(a) Bei(m)B X, fj(a) apj(b)
= fo(@)apn(b)Ben(mM)BXT-, fi(b) apj(a)
+2i=1 9i(@)agi(b)Bei(m)B Xi-; ¢j(b) apj(a)
+ on(0)apn()Ben(M)BXT-; @j(a) apj(b)
+X1 @i(b)agi(a)Bei(m)B X, @j(a) apj(b)
Alternatively,:
fo(w) = fo( (acb)pmpB(baa) + (baa)pmpB(aab) )
fo(w) = X1, fi(aab)Bei(m)B (Xi-, fj(a) agj(b) + fj(b)apj(a)
- fi(aab)) +X, X_, (fi(a) apj(b) + fi(b) apj(a)
- fi(aab)) Boi(m)Bei(aab)
= Xi=1 fi(aab)Bei(m)B Xi-; ¢j(a) agj(b) +Xj-; i(aab)Bepi(m)
BYj=11i(b) agj(a) -Xi-, fi(aab) Bei(m)Bei(aab)
+ Xi=1 fi(a) agi(b) Bpi(m)Byi(aab)
+ Xi=1 fi(b)agi(a) Bei(m)Byi(aab)
- 3, fi(aob) Bepi(m)Bepi(aab)
= -7, fi(aob) Bpi(m)B (fi(aab)- Ti_, fi(a)aj(b) )
- X fiaab) Bei(m)B (fi(aab)- Xi-, fi(b)awj(a) )
+ X1 fi(@) agi(b) Bpi(m)Byi(aab)
+ X1 fi(b)agi(a) Bei(m)Byi(aab)
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= -Xi=1 fi(aab) Bei(m)BGi(ai, ib)a - Xi-, fi(aab) Bei(m)P
Gi(b,a)« - Xi=; fi(@)ki() @i(b)Bei(m)Bepi(aab)
+ =1 fi(b) agi(a) Bi(m)Bepi(aab)
=-f(aah) Ben(mM)BGn(ai, ib). - L= fi(aob) Bepi(m)B
Gi(ai,ib)-fr(aab)Ben(m)BGn(b,a),
— Y tHi(aab)Bei(m)B Gi(b,a)a + fn(a)axen(b)Ben(m)Ben(aab)
+XI5 fi(@)agi(b)Bei(m)Bei(aab) + fn(b)apn(a)Ben(m)Ben(aab)
+ XI5 fi(b) agi(a) Bei(m)Bepi(aab)
Compare the right hand sides of f,(w), we found :
0 = - fu(acb) Ben(M)BGn(ai,ib)a - fn(ach) Ben(mM)BGn(b,a)u
+ (@) a@n(D) Ben(M)B(en(aab) - X7 fi(b)agi(a))
+ o (b) apn(@) Bon(M) B(¢pn(acb) - XiL, fi(a) agi(b))
- Y fi(aab) Bei(m)BGi(ai, ib)a - Y1 fi(aab) Bei(m)BGi(b, a)a
+ X151 fi(@) api(b) Bei(m)B (pi(aob) - X, fi(b)agj(a))
+ XI5 fi(b)agi(a) Bei(m)B (ei(aab) - Xi-; fi(a)apj(b))
= - fo(aob) Ben(M)BGn(ai, ib), - fn(acb)Ben(mM)BGn(b,a).
+ fn(2) 2n(P) Ben(M) BGn(b,a)a
+ fa(b)apn(2) Ben(M)BGn (ai,ib),
- Y fi(aab) Bei(m)BGi(ai, ib)a - X2 fi(aab) Bei(m)BGi(b, a)a
X7 fi(a) ai(b) Bepi (m) BGi(b, a)a +X75 fi(b) api(a) Bepi (m) BGi(ai, ib)x
= - Gn(b, @)afen(m)BGn(ai,ib)e- Gn(a, b)a Ben(M)BGn(b,a)a
- X1 Gi(b, a)a Bei(m)BGi(ai, ib)a - X! Gi(ai, ib)a Bei(m)BGi(b, a)a
=-(Gn(b,8)oBpn(M)BGn(ai,ib)a+ Gn(ai,ib)a Ben(M)BGn(b,a))
-(Z7=3 Giai, ib)aBei(m)BGi(h, a)a +37; Gi(b, a)a Bepi(m)BGi(ai, ib)a )
Our assumption is that we have::
Gn(ai,i0)o Bon(M)BGn(b,a)a+Gn(b,a)« Ben(M)BGi(ali,ib),=0,
for any a,b,meM, o,Bel” and neN.
Replacing B by a in I and continuing in the same manner as we did in the proof of I we discovered
(ii).
When we interchange o and 3 in I we discovered that (ii1).
Lemma 4:
Lets F=(fi)ien be a Jordan generalized high Homorphics of I'-semiing M into I'-semiring M' with
additive identity and inverse. As for any a,b,meM, o,B€l” and neN.
i) 3n(a,0)o Ben(M)B Gn (b,8)o= Sn(0,)oBpn(M)B Gn (a,0),=0
i) n(a,b) o apn(M)a Gy (b,a)e= 6n(b,a), apa(M)a Gn(a,b),=0
i) 80(a,b)p apn(M)a Gn (b,2)= 8n(b,2) c@n(M)x Gy (2,b)5=0

Theorem 5:
Lets F=(fi)ien be a Jordan generalized high Homorphics of I'-semiring M into prime I"-semiring

M’ wth additive identity and inverse. As for any a,b,c,d,meM, o,B€I” and neN:
i) 3n(@,0)a Pen(M)BGn(d,c)e= 0
ii) on(a,b)«apn(Mm)aGn(d,c),=0
i) Sn(@,b)a agn(M)aGn(d,C)s=0
Proof:
1) Substituting a+c for a in lemma 4(i) , we found ::
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dn(a+c,b)y Bon(M)BGn(b,a+c),=0
On(a,b)a Pen(M)BGn(0,8)o+ Sn(@,0)« Bea(M)BGn(b,C),
+ 0n(C,b) o BEn(M)BGn(b,a)st+ 6n(C,0)o Pn(mM)BGn(b,c),=0
By lemma4 (i), we found :
0n(@,0)o Ben(M)BGn(D,C )ot 3n(C,0)o Ben(M)BGn(b,a), =0
Therefore, we found :
Sn(a,0)a Ben(M)BGn(b,C)a Ben(M)BGn(ai,ib)o Ben(mM)BGn(b ,c)e=0
== 6n(a,0)aBen(MBGn(D,C)ofpn(M)BGn(C,b)o Ben(M)BGn(b,2),=0
Hence, by the primness of M'

dn(a,b)q Pen(m)BGn(b,c),=0 .. (1)
Now, substituting b+d for b in lemma 4(i), we found :
dn(a, b+d), Ben(mM)BG, (b+d,a),= 0
6n(a,0)a Ben(M)BGn(b,a)at 3n(a, b)o Pen(M)BG(d,a)a
+ 3n(a,d)o BEn(M)BGn(b,a)ut 3n(a,d)a Pen(M)BGn(d,a)e=0
By lemma 4(i), we found :
0n(@,0)o Ben(M)BGn(d,a)e+ dn(a,d)o Ben(M)BGn (b,a),=0
Then we found :
0=3n(a,b)oBen(M)BGn(d,a)«Pen(M)BGn(a,b)«BPn(M)BGn(d,a)«
0=—3n(a,0)«Ben(M)BGn(d,a)«Ben(M)BGn(a,d)u Pen(M)BGn(b,a)«
Since M" is prime I'-semiring, then:

n(a,b)a Ben(m) B Gy(d,a),=0 .. (2)

Thus:
dn(ai,ib)y Ben(m) BGn(b+d,a+c),=0
dn(ai,ib)e Pea(M)PGn (b,a)e+ Sn(ai,ib)y Pen(M)BGn(b,C)q
+ 3n(ai, ib)o Ben(M)PBGn (d,a) + Sn(ai,ib)e Pon(M)BGn(di,ci), =0

Since by (1) and (2) and lemma 4(i), we found :

Sn(al,ib)a Ben(M)BGn (di,ci), =0
ii) Replace o for B in (i), we found (ii).
iii) By the same way of (i).

Theorem 6:

Every Jordan generalized high Homorphics of I'-semiring M into prime I'-semiring M' with
additive identity and inverse is either a generalized high Homorphics of M into M’ or high anti-
Homorphics from M into M'.

Proof:
Lets F=(f;)ien be Jordan generalized high Homorphics of I'-semiring M into prime I'-semiring
M'.
Since M' is prime, we found from theorem5 (i):
dn(a,b),=0 or Gn(d,c),=0 for any a,b,c,deM and a€T.
If Gn(d,c),£0 for any ¢,deM, a€l'and neN then d,(a,b),=0 for any
a,beM, o€l and neN and hence we found F is high Homorphics
from I'-semiring M into prime I"-semiring M'.
But if Gny(d,c),=0 for any c,deM, o€l and neN then we found F is high anti-Homorphics
from M into M'.
Proposition 7:
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Lets F=(fi)ien be a Jordan generalized high Homorphics from I"-semiring M into 2-torsion free I'-
semiring M" with additive commutative
, identity and invers such that acbpc=apbac, for any a,b,ceM, a,B€I’, and a'ab'Bc'=a'pb'ac’, for any
a',b',c'eM"and a,B€I then F is Jordan triple high Homorphics.
Proof:
Replace b by apb+bpa in the definition 2.1, we found
fo (ac(apb+bpa) + (apb+bpa)aa)
=21 fi(@ag;(apb + bBa) + XL, f;(aBb + bBa)ayp;(a)
=X fi@a (T fi(@Be;(b) + fi(b)Be;(a) )
+0r 1 (Bio fj (@B (b) + f;(b)Be;(a) ) ag;(a)
=YL, 2 fi@ag;(@PBe;(b) +X7k, Xi_, fi(@)ag;(b)Be;(a)
+ X1 Xinr @B (M) ag () +X, Xj-; fi(b)Be (@) ap;(a)
Since a'ab'Bc'=a'pb'ac’, for any a',b',c'eM" and a,f€ I', we found
=Xi=1 fi(@ag;(2)Be;(b) +2Xi, fi(@)ap;(b)Be;(a)
+X1, fi(b)Bo;(@)ag;(a) (D
Alternatively,:
f, (ac(apb+bpa) + (apb+bpa)aa )
= f, (acapb+ aabpa + apboa +bpaca)

=Z1: fi(@oadi(a)Boi(b) + fi(b)Boi(d)adi(a) + fu(aabpatapbaa)  ...(2)

Compare (1) and (2) and since acbPa=afbaa, for any a,beM and a.,fI’, and a'ab'Ba’=a’fb'aa’, for
any a,b'eM' and o,fel’, we found

f,(2aabpa) = 2 Zl fi(@)adi(b)Boi(a)

Since M and M' are 2-torsion free we found

n

fo(aabBa) = ), fi(a)oudi(b)Bhi(a)

i=1
Hence, F is Jordan generalized triple high k-Homorphics.

Reference
[1 ] M.Chandramouleeswaran and Thiruveni, " On derivations of semirings, Advances in Algebra",

3(1) (2010) 123-131.

[2] I.N.Herstein, "Topics in ring theory", University of Chicago Press (1969).

[3 ] M.F.Hoque and A.C.Paul, "Centralizers on semiprime gamma rings", Italian Journal of Pure
and Applied Mathematics, 30 (2013) 289-302.

[4] J.S.Golan, "Semirings and their Applications”, Kluwer Academic Press(1969).

[5] Majeed .A.H and Shaheen .R.C.," Generalized Jordan Homorphicss and Jordan Triple
Homorphicss onto Prime Rings", Iraqi Journal of Science,VVol.50,No.2,pp.221-225,2009.

[6] Nobusawa N., "On a Generalization of the Ring Theory", Osaka Journal Math., Vol .1 ,pp.81-
89, 1964.

iy



2 e I/ B il 4l dlra — by gomiaall dealyll

[7] Salih M. S., "On Prime TI'-Rings with Derivations”, Ph.D.Thesis, Department of Mathematics,
College of Education, Al-Mustansiriya University, 2010.

[8] Shaheen . R.C, "On High Homorphicss of CompLetsely Prime Gamma Rings", Journal of Al-
Qadisiyah For Pure Science, Vol.13, No.2,pp. 1-9, 2008.

[9]S. Chakraborty and A. C. Paul, "On Jordan K-derivations of 2-torsion free prime I'N-rings"
Punjab university J. of Math., Vol. 40, pp. 97-101, 2008.

[10] Liagat Ali, M. Aslam and Yagoub Ahmed Khan"SOME COMMUTATIVITY CONDITIONS
ON#*-PRIME SEMIRINGS"Volume 46, Number 2, 2020, Pages 109-121.

[11] B. Venkateswarlu , M. Murali Krishna Rao and Y. Adi Narayana "Orthogonal Reverse
Derivations on semiprime semirings"7 (1) 71-77 (2019).

[12] S.M. Salih and S. K. Jawad" On Jordanian High Homorphics on Prime I'-Semirings"To appear

[13] S.M. Salih and S. K. Jawad "On Jordanian High Homorphics on Prime Semirings"To appear.

[14] S.M. Salih and S. K. Jawad" On Jordanian Generalized High Homorphics on Prime
Semirings"To appear.

¢



