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Abstract

In this paper, we study Sakaguchi functions defined in the open unit disk U{z € C: |z| < 1},
certain subclasses of Sakaguchi functions are introduced. Further, some properties like coefficient
inequalities, and some properties of the classes S, (a) and T,(«), distortion and growth inequalities
are presented.
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INTRODUCTION
Let B be the class of analytic functions in the open unit disk U {z € C: |z| < 1} defined as follows:

f(2) =2+ ) by 2" (1)
m=2
Where (1) is the Taylor Extended equation. In fact, the function f(z) € B is said to be in the
class S(a) if it satisfies
R { zf'(z) }> )
o E ) i @

For some a(0 < a < %) and for all z € U where S(a) is class of analytic and univalent function with

order a. The class S(0) whena = 0 was introduced by Sakaguchi [1] and [6]. Therefore, a
function f(z) € S(a) is called Sakaguchi function of order a which is Univalent function. We also
denote by T(a) the subclass of B consisting of all functions f(z) such thatzf'(z) € S(«),
where T(a) is univalent function with negative coefficient of order a.

For f(z) belonging to S(a) and T(a), Cho, Kwon and Owa [2] and [5] have given the following
lemmas:

Lemma 1 Let f(z) € B, such that the following condition is satisfied:

Z {2(m = Dby | + 2m = 1 — 2a) by, 1} < 1 — 2a, 3)

m=2
(0 < a <3). Then f(z) € S(a).
Lemma 2 Let f(z) € B such that the following condition is satisfied:
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> {4 = Dby + @m = D=1 =200 by} S 1-2a, ()

m=2
a(0 < a <3). Then f(z) € T(a).
Based on Lemma 1 and Lemma 2, in [2], Cho et al. have introduced the sub-class S, (@) of S;(a)
which consist of functions that satisfy inequality (3) in Lemma 1, and the subclass T, (a) of T;(a)
consisting of function which satisfy inequality (4) in Lemma 2. It is easy to see that Ty(a) < Sy(«)

for0<a< %
The main results of [2], are given in the following theorems:
Theorem 1 If f(z) € Sy(a) with 0 < a < % then

f(2) 1
Re . >2(1—a) (z €E). (5)
Theorem 2 If £ (z) € Sy () With 0 < & < =, then
(1 2a) (1-2a)
D I— <
|z| — — |z|* — G- 2)|| < If@l
< lzl+ =21z + a2, (6)
3(1-2a) |, ,
— — _ < VA
1-(1-2a)lz| T |z| If' @)l o
— 4
< 1+(1—2a)|z|+—( )Izlz,
3—-2a
Theorem3Iff(z)eTo(a)WithOSa<%,then
1-2a 1-2a
— 2 _ - " 3
|| 2 || 3(3_2a)|Z| < If (@l
< |zl + 212 + s 2P, (7)
1-2a 1-2a
1 -zl —5—_lz* = If'@)
<1_|_1—20:| 4+ 1—2aI 2
. 2 T3 27
ForzeU.

In the rest of this paper, some properties like coefficient inequalities are stated, some properties of
the classes Sy(a) and To(a) are given. Finally, some distortion and growth inequalities are
presented.

COEFFICIENT INEQUALITIES
Applying Carathéodory function
P =1+ ) pnz™ ®

m=
In U, we first study the inequalities of coefficients for the function f(z) in S(a) and T ().
Theorem 4 If f(z) € S(a), then

l‘[m+1(] _ 20()

lagm| < W (m

v

1) 9
And

o¢
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i=1( — 20)
lzmal S ————— (m21). (10)
Proof We define the function p(z) by
1 22f'(z) c -
p(z) = 1—2a<f(z)—f(—z)_2a> — 1+ lemz 1)

For f(z) € S(a). Then p(z) is a Carathéodory function and satisfies lpml <2 (m=>1).
Since

2zf'(z) = (f(z) — f(—z))(l —2a)p(z) + 2a,
We obtain that

1-2«x
dom = om (P2m+1 + @3Pam-1 + =+ + azm+1P1) (12)
And
1—-2a
Aom+1 = om (P2m + @3Pam—z + *** + azm_1P2)- (13)
Taking m = 1, we see that
lag| < 1-2a (14)
And
1-2a
=—<(1-20)(2 - 2). 15
a2l = oy S (1~ 202~ 20) (15)

Thus, using the mathematical induction, we complete the proof of the theorem.
Theorem 5 If f(z) € T(a), then

mi_ 2
lazm| < % m = 1) (16)
And _
=20 — 20) (m > 1). (17)

Boms1l < G D mD

SOME PROPERTIES OF THE CLASSES S,(a) AND Ty (a)

With the definition of the classes S,(a) and T, (), we have

Theorem 6 If f(z) € Sy(a) then
R {zf’(z)} > 2 euU 18
e fz) oz , (18)

This leads to f(z) is starlike of order 2a in U.
Proof Using the result by Silverman [3] and (3), we see that

Z{Z(m — Dlagm_|+ (2m—1-2a)|azy_11} <1 -2«

m=2 o
> > (= 20)lan| < 1- 2
m=2
zf'(z)
:}Re{f(z)}>20( z € E.
Theorem 7 If f(z) € Sy (), then f(z) € R (2(11_a))-

Proof Since

Zlam|S1—a (O<a<1;z€E) (19)
m=2

00
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Implies f(z) € R(a), we have

£(2) € So(a) = z (m — 20)|ag| <1 - 2a

- m=2
Z la.| <1 !
= -
T )
m=2
> f(z) € R
Remark Taking o« = 0 in Theorem 7, we have

£(z) € So(a) = f(z) € R (%)

Therefore, noting that f(z) € Ty(a) if and only if zf’(z) € Sy(a), we also have
Theorem 8 If f(z) € T, (a), then

Re {1+

T

zf"' (z)
f'(z)
That is, f(z) is convex of order 2a in U.
Theorem 9 If f(z) € Ty(a), then zf'(z) € R( ! )

2(1-a)
Remark Letting a = 0 in Theorem 9, we have

£(2) € Ty(@) = ' () € R(%).

} >2a z€el, (20)

DISTORTION AND GROWTH INEQUALITIES

We derive the distortion and growth inequalities of function in the classes S, (a) and Ty ().
Theorem 10 If f(z) € S,(a), then

1-2a 1-2a
_ 2 _ 3 <
2] =5 |21 = 53— |zI* < If (@)
<1zl + o 4 e e 21
<l|z > z 3 2gq z (21)
And
3(1-2a), ,
— — - - < 4
1= =20zl = ————zI* < If'(2)]
3(1 — 2a)
S1+(1—2a)|Z|+m|Z|3 (22)
For z € U. Equalities are attained for functions
(2) = 1—2a2 1—2a3 23
flz) =z > z 3—2aZ (23)

Or
1—-2a 1—-2a
f(2)=z+ z% + 3 (24)

2 3_2a”
c 1-2a
Z|a2m—2| < 2
n=2

Proof Since we have
i I < 1-2a
fam-1l =300
m=2

And

For f(z) € Sy(a) we prove

h
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[ee] (0]
@I =1zl = 1212 ) lag sl = 12 ) aam s
m=2

1-%a 1-2
A4 — s
> — 2 _ 3
> |2 === a2 — ]
And
@I <12l + 1212 ) lagm ol + 12 ) 1aam s
1 m2=2 1 m=2
— L — s
< 2 3,
<tz + == 2l + L]

It follows from f(z) € S,(a) that

Z 2(m — Dlagm_,l < 1 - 2a
n=2

And
3 - 2a -
= ) @m = Dlag | < ) @m—1-20)ay | <1-2a
n=2 m=2

Which implies

- 3(1 - 2a)

2m—1 <=
> @m—Dlagm | < 5 —

m=2

Therefore, we obtain that
@Iz 1- 1 Z 2(m = 1) Jazm-2| = 2P Z<2m D lazms

3(1 Za)
>1- (1 - 2a)|z| —lel
And

o

@I <1+ Z 2(m = 1) lapmo | + |22 Z (2m = 1) lagm 4
=2
3(1 — 2«
<1+(1-20)lzl+ %mz
This completes the proof of Theorem 10.
Using the same manner in the proof of Theorem 10, we have

Theorem 11 If f(2) € Ty(a), then

1-2a 1-2a
— 2_— 3 <
ol == 12 35— 1A < /@
1-2a 1-2a
< 2 3
< lzl +——lzl +—3(3—2a)|Z| (25)
And
1-2a 1-2
1———lz| - II2 If'(2)]
1—2a 1-2a
<1+ 3 |Z|+3_2 |z|3 (26)
For z € E. Equalities are attained for functions
(2) = 1-2a 5 1—-2a 3 27
@ =z-——2" "33 37 @7)

or
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(2) = +1—2a 2 4 1—-2«a 3 28
f@) =24 — =2+ 35557 (28)

THE MAIN RESULTS
The main results in this paper that obtained by studying the specific Sakaguchi functions in the open
unit U disk, and certain subcategories of Sakaguchi functions were introduced. Moreover, some
properties such as modulus tolerances, some properties of classes S,(a) and Ty (), deformation
and growth inequality are presented. We mentioned and explained this through the theories that
stated in the body of the research.
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